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PREFACE TO SECOND EDITION 


In this second edition of Fundamentals of Business Mathematics 
several changes in content and order of presentation have been 
made, but the general plan of presentation has been retained. Data 
used in many examples and exercises have been brought up to date, 
and algebraic topics have been reduced to include only the essentials 

needed for mastery of the text material. 

The success of the book during the past seven years has encour¬ 
aged the authors to attempt to realize more fully the aims set forth in 
the preface to the first edition. Greater emphasis has been placed 
upon actual applications of mathematics in business, but ample 
opportunity is afforded for practice and the development of skills 
needed in making these applications. 

In response to many requests by students, instructors, and per¬ 
sons engaged in business, the authors have placed increased empha¬ 
sis upon the statistical aspects of business mathematics. The dis¬ 
cussion of probability has been woven into the chapter on further 
statistical methods, and a section dealing with sampling and esti¬ 
mation has been added by way of introduction to these important 
applications of statistical methods in the business world. 

The authors are grateful for the many helpful suggestions given 
by those who have used this text. They hope that the results of 
the efforts of all concerned will increase the usefulness of the text, 
and that this edition will, in part, express their thanks for the fine / 
success that the first edition has enjoyed. 


W. R. V. V. 
C. W. T. 

















PREFACE TO FIRST EDITION 


This book is designed to meet the needs of students of business. 
It aims to provide the kind and amount of mathematical background 
needed for success in the study of finance, commerce, accountancy, 
business statistics, and related topics. It is particularly adapted 
for use in schools and colleges of business administration, commerce, 
and finance, and in junior colleges. 

The material in the book has been tested over a period of five 
years in classes of students majoring in business at Fenn College, 
where it was used in mimeographed form. As a result of the 
experience gained from the reactions of students and instructors, the 
authors have, after several revisions, included only those funda¬ 
mentals upon which later study depends. The carefully selected 
topics are presented in a simple manner and lead the student gradu¬ 
ally from one to another. 

General principles are approached through simple illustrations. 
The student is then given opportunity to prove to himself that he 
understands developments by beginning with simple problems 
patterned after those illustrations, and continuing with more com¬ 
plicated problems which require intelligent use of material already 
covered. For example, the principles involved in the application 
of geometric progressions to problems of finance are first developed 
through carefully selected illustrations, and additional simple 
problems are suggested for practice. More than 3,000 drill and 
practical problems of graded difficulty are included in the text, and a 
self-test is given at the end of each chapter. 

For students who need extra training or review in arithmetic and 
algebra, there is sufficient material in the first two chapters where 
the treatment is thorough from the most elementary beginnings. 
Those who are proficient in algebra may begin with the third 
chapter, Introduction to Statistics, and then continue with percent¬ 
age, simple interest, and discount, and probability. The second 

half of the book begins with further algebraic operations as pre- 

• • 
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PREFACE TO FIRST EDITION 


VIII 

liminary to the study of progressions, compound interest, annuities, 
and applications of equations in business problems, and ends with 
further statistical methods so important in the analysis of business 
data. The entire book can be covered in a one-year course of about 
100 hours. For most groups of students the first semester should 
include the first six chapters and the second semester the remainder 
of the book. 

The authors are grateful to their colleagues in the Department 
of Mathematics of Fenn College for their encouragement and help¬ 
ful suggestions—especially to Professor M. B. Tolar, at whose 
suggestion the book has been written, to Miss Alberta Prasse, who 
was mainly responsible for the preparation of the mimeographed 
material after each revision, and to Professor K. D. Kelly, who read 
the proofsheets critically. They wish to thank their wives, June 
Van Voorhis and Jane Topp, for their assistance during the course 
of the book’s writing, and are under special obligation to Dr. A. A. 
Bennett of Brown University, who made valuable suggestions for 
the final revision of the manuscript. 


W. R. V. V. 
C. W. T. 
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Chapter I 


SIMPLE ARITHMETIC OPERATIONS 

Introduction. In every field of modern business there are 
many problems that must be solved by the use of arithmetic or ele¬ 
mentary algebra. In fact, the operation of certain phases of many 
businesses depends primarily upon the application of some phase of 
mathematics. The computation of interest on loans, the deter¬ 
mination of profit on investment, the measurement of the effective¬ 
ness of different advertising media, the calculation of monthly pay 
rolls, and the keeping of records of student grades in the office of 
the college registrar are but a few examples of the multitude of sit¬ 
uations where the fundamentals of business mathematics are 
applied. 

The skills required for the successful performance of arithmetic 
and algebraic operations can be developed through review and prac¬ 
tice. For this reason, the first two chapters are devoted to some 
of the fundamental elements of arithmetic and algebra needed in 
business mathematics. Other phases of these topics are taken up 
later in the book as they are needed. 

From a logical point of view, one might wish to begin the discus¬ 
sion of arithmetic operations with the real number system and 
examine some of the properties of real numbers. However, since 
most persons are probably familiar with the simpler aspects of our 
number system, we shall begin with a review of the fundamental 
operations with positive numbers. 

1. Addition. In addition, numbers may be arranged vertically 
in columns with respect to the decimal point. We may add one 
column at a time, taking each digit as we come to it, or we may 
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32.97 

105.12 

7.84 

0.50 

468.06 


group the figures as we proceed through the column. In some 
instances we may find it convenient to add more than one column 
at a time. In short, the method we use depends largely upon the 
nature of the column of numbers to be added. Consider, for 
example, the following illustrations: 

^ Starting at the bottom of the first column of (a), we 
321 63 ma y sa y menta Uy> “0, 4, 6, 13, 16.” Write 6, and carry 1. 
Continuing downward through the second column, “7, 16, 
17, 25, 30.” Put down 0 and carry 3, and so forth. We 
could have begun, of course, at the top of the first column 
and then continued upward through the second column, or 
we could have treated each column in the upward or down¬ 
ward direction, as we preferred. 

If we prefer to group numbers as we add, we might begin at the 
top of the first column, taking the 3 and 7 together, saying “10,” 
and then, upon grouping the 2 and 4, saying “ 16.” Many persons, 
however, prefer to add each digit as they come to it. 

In adding (6), it might be desirable to add the two columns 
at one time. Starting at the bottom, we could say, “25, 35, 
50, 56.” On the other hand, we might prefer to accumulate 
the tens column first and then include the units column, say¬ 
ing, “20, 30, 40, 45, 50, 56,” again reading from the bottom. 

In horizontal addition the numbers are connected by plus 
signs and are added without arranging them in a column. It is 
well to become adept at this sort of adding because it quite fre¬ 
quently eliminates the necessity of recopying numbers into col¬ 
umns. Care must be taken with the decimal point so that no error 
is made in adding the corresponding digits of the numbers. 


(5) 

6 

15 

10 

25 

56 


(c) 23.27 + 13.54 + 22.76 + 106.89 + 5.29 = 171.75. 

Starting at the right-hand digit of the last number to be added 
In (c), we add the corresponding digits, saying mentally, “9, 18, 
24, 28, 35.” Put down 5 and carry 3. Then for the next corre¬ 
sponding digits, say “5, 13, 20, 25, 27”; put down 7 and carry 2. 
This process is continued for all sets of corresponding digits. 


Problems 

1. Find the sum by adding one column at a time, taking each 
digit as you come to it. 
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(a) 

(6) 

to 

20.63 

112.26 

129 

12.17 

15.37 

348 

92.39 

86.17 

265 

14.65 

137.59 

521 

27.84 

209.24 

659 

56.19 

8.73 

196 

63.76 

126.87 

843 

29.35 

13.72 

381 


(d) 


(e) 


32,945. 

24 

23,125,218. 

37 

95,472 

53 

63,294,146. 

07 

6,195 

.29 

80,217,729. 

23 

2,948 

.15 

62,102,275. 

15 

7,800 

.62 

86,837,325. 

76 

10,763 

97 

24,453,479 

.98 

23,801 

.03 

22,092,468 

.08 

90,765 

.25 

98,723,554 

.55 


2. Work the above problems by grouping figures as you proceed 
through the columns. 

3. Try the method of picking out groups of ten as you proceed 
through the columns. [Starting at the bottom of the first column 
in (a), think 10 as a part of the sum of 5 and 6, and visualize the 
excess 1 as combining with the 9 to make another 10, and say “20,” 
and so forth.] 

4. Find each of the following sums without arranging in vertical 
columns: 

(а) 27 + 314 + 129 + 684 + 27 + 960 + 395 + 724, 

(б) 327.45 + 850.45 + 963.74 + 63.86 + 300.27 + 362.91, 

(c) 64.257 + 961.360 + 286.317 + 10.587 + 619.035 + 900.572, 

(d) 457.36 + 589.84 + 6,904.75 + 313,829.10 + 16,946.87. 

5. Complete the following sales record. Check by adding both 
vertical and horizontal totals. 


Sales¬ 

man 

Monday 

Tuesday 

Wednes¬ 

day 

Thurs¬ 

day 

Friday 

Satur¬ 

day 

Total 

A 

$165.35 

S193.27 

$112 59 

$ 98.55 

$107.94 

$208.59 

S 

B 

87.28 

123.93 

111.83 

84.80 

97.63 

119.98 


C 

97.37 

153 95 

88.87 

103.35 

76.67 

99.10 


D 

126.49 

95.50 

125.25 

115.15 

85.45 

76.85 


E 

77.56 

63.82 

79.56 

91.10 

77.99 

63.47 


F 

89.63 

97.95 

96.29 

126.04 

75.50 

129.58 


Total’ 

ft 

S 

$ 

S 

S 

$ 

$ 

3 
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6. The following list of exercises should require no more than 
five minutes. Work the entire list while timing yourself. If it takes 
you longer than five minutes, practice the methods suggested in 
the preceding exercises, and repeat, working the exercises below 
- until you have attained the desired degree of proficiency: 


(a) 

( b) 

(c) 

(d) 

(«) 


332 

375 

280 

251 

660 


107 

277 

76 

6,235 

699 


209 

648 

757 

687 

7,196 


888 

349 

606 

2,915 

5,673 


(/) 

(9) 

(h) 

( i) 

(i> 


3,046 

2,632 

1,076 

2,073 

207 


5,839 

566 

6,074 

214 

86 


7,215 

492 

2,625 

8,731 

509 


7,643 

3,007 

3,538 

640 

8,176 


2,073 

445 

5,368 

1,257 

2,064 


(k) 

(D 

(m) 

(n) 

(*) 

237.41 

10,076.8 

226. 

35 7. 

63 2,503.61 

652.28 

3,096.3 

2,567. 

55 8. 

01 221.90 

392.27 

654.7 

505. 

95 

,74 

63.12 

6,182.96 

5,079.8 

107. 

,58 

.99 __ 

9.00 


2. Subtraction. Probably most persons find the difference 
between two numbers by placing the subtrahend underneath the 
minuend and obtaining the difference column by column, “borrow¬ 
ing” from the column of next higher order whenever necessary. 
Thus in example (a) one could say, “6 from 8 leaves 2, 9 from 1 

leaves 7, 1 from 1 leaves 0, and 3 from 7 leaves 4.” 

This method of borrowing involves a mastery ol ai 
the subtraction combinations, just as addition involves the 
addition combinations. Thus, corresponding to 7 plus 9 
16 we must recognize immediately 16 minus 9 — we wis 
to perform the subtraction with speed and accuracy. 


(a) 

7,268 

3,196 

4,072 


^V/**v**“ — - - - . 

Many errors in subtraction can be traced to the failure on e P a ^ 
of the student to remember that a digit has been reduced by the 



a 1, W SUBTRACTION 

borrowing process. Thus he might forget that after saying, “9 
from 16 leaves 7,” the next subtraction must be “ 1 from 1,” and not 
“ 1 from 2.” These errors can be eliminated by making subtraction 
a process of addition. Consider example (6). Instead of ‘‘ borrow¬ 
ing,” as above, say “9 and 7 is 16.” Write the 7, then 

(b) add the 1 to the 5 of the subtrahend, and say “6 and 6 is 
8 326 12.” Write the 6, then add the 1 to the 8 of the subtrahend, 
4,859 and say, “9 and 4 is 13.” Write the 4, then add the 1 to 
3,467 the 4 of the subtrahend, and say, ”5 and 3 is 8.’ Write 
the 3. The subtraction may, of course, be indicated by the 

minus sign: 8,326 — 4,859 = 3,467. 


Problems 

1. Practice the “addition” method in performing the following 
subtractions: 


(a) 

0 b) 

(c) 

W 

(e) 

3,214 

56,934 

6,209.56 

6,283,986 

79.39 

2,947 

24,834 

1,693.75 

5,103,059 

37.48 


2. Find the following differences without recopying the numbers: 

(а) 67 - 32, (e) 473 - 238, (i) 78.62 - 19.88, 

(б) 39 - 27, (/) 794 - 596, O') 10.34 - 8.61, 

(c) 86 - 48, (i g) 6,643 - 3,957, (k) 799.84 - 555.55, 

(d) 71 - 27, {h) 395,593 - 139,685, (l) 2,085.38 - 1,997.69. 

3. What amount of change is to be given from $5 for each of 
the following purchases? (o) S3.75, (6) $2.30, (c) SI.65, ( d ) SI.45, 

(e) $4.87, (/) S3.16, (g) $4.72, (h) S2.28, (i) $2.32, (j) S0.13, (k) 
$3.91, (Z) SI.58. 

4. What amount of change is to be given from $10 for each of 
the following purchases? (a) S2.59, (6) $4.17, (c) S6.66, (d) S8.23, 
(e) $3.78, (/) $5.82, (g) $7.35, (h) S9.44, (i) $1.27, (j) $2.33, (k) 
$3.48, (Z) $4.56. 

5. Complete the following sales summary. (Sales less cost 
equals gross profit; gross profit less expenses equals net profit.) 
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Item 

Sales 

Cost 

Gross Profit 

Expenses 

Net Profit 

A 

$397.27 

$376.79 

$ 

$ 4.16 

$ 

B 

937.46 

711.38 


96.43 


c 

892.16 

529.85 


78.96 


D 

663 48 

552.05 


93.37 


E 

734.23 

611.61 


82.62 


Totals 

S 

S 

S 

S 

$ 


6. The following table shows the per-capita receipts and expendi¬ 
tures of the Federal government during World War II. Complete 
the deficit column, and find the totals. Explain the smaller deficits 
for 1942 and 1946. 


Year 

Receipts 

Expenditures 

Deficit 

1942 

% 95.25 

$241.80 


1943 

163.25 

572.83 


1944 

319.92 

679.29 


1945 

332.78 

719.25 


1946 

305.25 

461.17 


Totals 

S 

$ 

S 


7. The following list of exercises should require no'more than three 
minutes. Work the entire list while timing yourself. If it takes 
you longer than three minutes, practice the “addition” method, 
and repeat the exercises until you have attained the desired degree 
of proficiency. Subtract: 


(a) 

0 b ) 

to 

(d) 

to 

367,938 

845,295 

376,468 

657.84 

653,896,396 

153,694 

537,692 

226,999 

339.77 

497,396,290 

(/) 

(9) 

(h) 

to 

U) 

4,985,908 

985,043 

935,739 

489,756 

8,945,678 

3,785,444 

668,833 

777,999 

233,355 

5,666,888 

(k) 

0 1 ) 

(m) 

(n) 

to 

555,323.71 

65,444.35 

83,684 

2,568.856 684.9567 

263,578.68 

” ,864.56 

38,957 

1,005.357 264.4738 
















Ch.1,§3] MULTIPLICATION 7 

3. Multiplication. Multiplication of positive whole numbers 
is simply a shortened process of addition. To multiply 4,328 by 
562 for example, we could write 4,328 down 562 times in a column 
and then add the column. This would be a waste of time. The 
shortened process makes use of the fact that multiplying by 562 is 
equivalent to multiplying by 2, then by 60, then by 500, and then 
adding together the partial products. Thus we write 


4328 

(Multiplicand) 

4328 


562 

(Multiplier) 

562 


8656 

Multiplying by 2 

8656 

(Omitting unnecessary 

259680 

Multiplying by 60 

25968 

zeros) 

2164000 

Multiplying by 500 

21640 


2432336 

(Product) 

2432336 



Using the multiplication sign, X, the product may be written 
562 X 4,328 = 2,432,336. 

A number of short cuts in multiplication are of practical value 
if they are mastered. Most of these are self-evident, and many 
will suggest themselves if one will take the time to familiarize one¬ 
self with multiplication number combinations. A few of the most 
useful short cuts are: 

To multiply by 10, move the decimal point one place to the right; 

by 100, two places to the right; by 1,000, three places, and so forth. 
To multiply by 25, multiply by 100 and divide by 4. 

To multiply by 50, multiply by 100 and divide by 2. 

To multiply by 99, multiply by 100 and subtract the number. 

To multiply by 101, multiply by 100 and add the number. 

To multiply by 75, multiply by 300 and divide by 4. 

A useful short cut in multiplying a number by 11 is evident 
from an illustration. To multiply 693 by 11, proceed as follows: 

3 (Right-hand digit of 693) 

9 + 3 = 12 (Sum of two right-hand digits of 693) 

6 + 9 + 1 = 16 (Sum of digits 6 and 9, plus 1 carried over from 

the 12) 

= 7 (Sum of first digit, plus 1 carried over from 16) 


6 + 1 
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The answer is 7,623. This method requires no written compu¬ 
tation. 

Problems 

1. Multiply mentally: 


(a) 240 X 25, 

(i) S0.85 X 1,000, 

(?) 

420 X 51, 

(6) 356 X 99, 

U) 32 X 40, 

(r) 

3,273 X 50, 

(c) 823.84 X 50, 

(ifc) 7.24 X 500, 

(s) 

972 X 11, 

(d) 15 X 101, 

(l) 250 X 98, 

(0 

6,354 X 11, 

(e) 56 X 21, 

(m) 23.16 X 250, 

(u) 

87,314 X 11, 

(/) 75 X 8, 

(n) 75 X 9, 

(V) 

90,721 X 11, 

(i g ) 326.49 X 10, 

(o) 250 X 102, 

(w) 

1,613,962 X 11. 

(h) 752.35 X 100, 

( v) 124 X 75, 




2. Visualize the partial products, and write the answers only: 


(a) 

(6) 

(c) 

( d ) 

(e) 

(/) 

32 

53 

76 

65 

66 

49 

24 

25 

89 

27 

88 

57 


3. Find the total pay roll: 


Number of 
Employees 

Hours Worked 

Rate per Hour 

Amount 

57 

43 

81.85 

8 

98 

45 

1.80 


102 

44 

1.87 


49 

40 

1.95 


125 

44 

1.82 


74 

45 

1.85 



4. The following list of multiplication exercises should require no 
more than four minutes. Work the entire list while timing yourself. 
(The student should practice the exercises until he is able to com¬ 
plete them in the given time.) 

(a) (b ) (c) (d) (e) 

61,429 5,973 42,854 8,943 32,741 

184 69 256 68 320 
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(/) 

(g) 

(h) 

(0 

O') 

7,368 

1,604 

94,085 

72,396 

749 

859 

2,068 

327 

58 

84 


5. Multiply mentally the following numbers by 11:56, 217, 489, 
3.46, 1.06, 2,673. 

6. Multiply mentally the following numbers by 25, 50, 99, and 
101:44, S450, S4.60, 1.035, $150.20, 0.007. 

4. Division. Division may be thought of as a shortened process 
of subtraction. When we write 39 -s- 13 = 3, or 13)39 = 3, we 
imply that 39 contains 13 three times. The quotient 3 repre¬ 
sents the number of times 13 can be taken out of 39 by continued 
subtraction: 

39 - 13 = 26, 

26 - 13 = 13, 

13 - 13 = 0. 

It is evident that this process would ordinarily be too lengthy to be 
practical. The method in common use is essentially a rapid way 
of performing the continued subtractions and is obviously the 


inverse of multiplication, 
the familiar process: 

The following example will illustrate 

14 

(Quotient) Check: 

(Divisor) 375)5287 

(Dividend) 

375 

375 X 14 = 5,250. 

1537 

5,250 + 37 = 5,287. 

1500 


37 

(Remainder) 


Problems 

1. Perform the following divisions, and check your results: 
(a) 36 4)94,572 , (6) 5,275)328,408, (c) 352)69^02, (< d) 627)10^10* 
(e) 903)68,320. 

2. The following device is very useful in practicing simple short 
division. Divide the first dividend by the first divisor, and then 
use the quotient thus obtained as the dividend for the next division, 
lhe final quotient should be the same for each column. 
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(a) 

W 

(c) 

(d) 

2)4,354,560 

3)4,354,560 

9)4,354,560 

9)4,354,560 

3) 

5) 

7) 

8 ) 

4) 

7) 

5) 

7) 

5) 

9) 

3) 

6 ) 

6 ) 

2 ) • 

8 ) 

5) 

7) 

4) 

6 ) 

4) 

8 ) 

6 ) 

4) 

3) 

9) 

8 ) 

2 ) 

2 ) 

3. The student 

should make 

certain that he can complete the 


following list of division exercises in five minutes or less. (a)23) 6,430, 
(i b ) 206)1,372,074, (c) 37)40,327, (d) 65)67,839, (e) 39)37,497, 
(/) 60)47,892, (g) 678)678,356, (h) 501)601,368, (i) 93)39,750, 
(j) 43)100,574. 

5. Factoring a Positive Integer. Quite frequently in carry¬ 
ing out arithmetic computations it is desirable to express a num¬ 
ber as the product of two or more numbers. We may, for example, 
wish to write the number 30 as 3 X 10 or as 2 X 15 or as 6 X 5 or 
as 2 X 3 X 5. Of course, we could include the number 1 with 
each of these groupings and write 3 X 10 X 1, 2 X 15 X 1, and so 
forth, since it is obvious that every number can be written as the 
product of itself and 1. Each of the numbers 2, 3, 5, and 10 (as 
well as 30 and 1) is called a factor of the number 30. It is seen 
that each factor is an exact divisor of 30. In general, we say that 
a factor of a number is any exact divisor of a number. 

A number that is divisible only by itself and 1 is called a prime 
number. Thus, 2, 3, 5, 7, 11, 13, 17, and 19 are the prime numbers 
between 1 and 20. The factors of a number which are prime are 
called the prime factors of that number. Thus, the prime factors 
of 30 are 2, 3, and 5, the number 1 being excluded. 

The process of expressing a number as the product of its factors 
is called factoring. There is little need to memorize a set of rules 
to be followed in performing this process, if one will remember such 

simple truths as the following: 

(а) Every number ending in 0, 2, 4, 6, 8 is divisible by 2. 

(б) A number is divisible by 3 if the sum of the digits is a 

multiple of 3. 
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(c) A number is divisible by 4 if the number represented by the 

last two digits is divisible by 4. 

(d) Numbers ending in 5 or 0 are divisible by 5. 

(e) A number is divisible by 9 if the sum of the digits is a mul¬ 
tiple of 9. 

Other number properties will suggest themselves as the student 
practices factoring numbers. 


Illustrations: 

1. Find the prime factors of 420. 

We observe that 420 is divisible by 4. Write 4 as 2 X 2. Then 
divide 105 by 5. Continue the process until all prime factors are 
found. 

2 X 2 4 )420 
5 5 )105 
7 7 ) 21 
3 3 

The prime factors of 420 are, therefore, 2, 2, 5, 7, 3—that is, 2 X 
2X5X7X3 = 420. 

2. Find the prime factors of 3,528. 

2 X 2 X 2 8 )3528 

3 X 3 9 )441 

7 7)49 

7 7 

The prime factors of 3,528 are, therefore, 2, 2, 2, 3, 3, 7, 7—that is, 
2X2X2X3X3X7X7 = 3,528. 


Problems 

1. Find the prime factors of (a) 168, (6) 300, (c) 363, (d) 480, 
to 784, (/) 1,512, (g) 1,125, (A) 884, (») 722. 

2 . Write the prime numbers between 1 and 100. 

3. State the prime factors of 35, 21, 77, 121, 49. 

4. The numbers 3, 5, 5, 7, and 11 are the prime factors of what 
number? 

5. What prime factor is common to the two numbers 360 and 
2,695? 

6 . Name two prime factors common to 30 and 48. 
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7. Which of the following numbers have no factors except 1 
and themselves: 4, 5, 6, 7, 10, 11, 12, 13? 

8. From this list select the numbers divisible by 2: 4,907, 660, 
6,235, 4,027, 2,356, 37,264. 

9. From this list select the numbers divisible by 3: 2,467, 
6,075, 9,636, 8,124, 1,872, 12,475. 

10. From this list select the numbers divisible by 5: 1,835, 
6,778, 3,100, 2,348, 4,345, 21,035. 

11. From this list select the numbers divisible by 9: 1,001, 
5,004, 9,009, 0,264, 2,244, 12,342. 

6 . Greatest Common Divisor. Tw r o rolls of curtain material 
contain 360 yd and 300 yd, respectively. The sales manager desires 
to cut the material of both rolls into pieces of equal length. It 
is desired, further, that these equal pieces be as great as possible. 
What should be the length of each piece? 

It is seen that the length of the piece decided upon must, if pos¬ 
sible, be such that it will divide an exact number of times into both 
360 and 300. It could be 1 yd long or 2 yd or 3 yd long or any of 
a number of lengths; but we must find the greatest length into which 
the material could be cut and still obtain an exact number of pieces 
from each roll. That is to say, we desire the greatest common divi¬ 
sor of the numbers 360 and 300. How shall we find this number? 

The greatest common divisor (written GCD) of the numbers 
360 and 300 must contain as many prime factors of each magnitude 
as are common to both of these numbers. If, therefore, the prime 
factors of the two numbers are written, we should be able to obtain 
by inspection the GCD by making up a number containing every 
prime factor the least number of times it appears in each number. 
Thus, 

360 = 2X2X2X3X3X 5, 

300 = 2 X 2 X 3 X 5 X 5. 

The prime factor 2 appears twice in 300 and three times in 360; 
the prime factor 3 appears once in 300 and twice in 360; finally, the 
prime factor 5 appears once in 360 and twice in 300. The number 
we seek, therefore, will be the product of 2 taken twice, 3 taken 
once, and 5 taken once. Thus, the greatest common divisor of 360 
and 300 equals 2 X 2 X 3 X 5 = 60. The two rolls of curtain 
material can be cut as desired into pieces 60 yd long. 
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The greatest common divisor of more than two numbers may 
be found in a similar way. It is simply the largest number that 
“goes into” each of the numbers exactly. 

To find the GCD of two or more numbers, express each number as 
the product of its prime factors, and then take all the prime factors com¬ 
mon to all the numbers the least number of times they appear as fac¬ 
tors of any one number. The product of the prime factors selected is 
the GCD. 


Illustration: Find the GCD of the numbers 60, 96, and 180. 

60 = 2X2X3X5, 

96 = 2X2X2X2X2X3, 

180 = 2 X 2 X 3 X 3 X 5. 

The prime factors common to all three numbers are 2 and 3. Since 
2 appears twice the least number of times and 3 appears once the 
least number of times, the GCD is 2 X 2 X 3 = 12. Notice that 
the 5 does not enter into the GCD since it is not common to all 
three numbers. 


Problems 

1. Find the GCD of the following sets of numbers: (a) 72, 90, 
and 54; (6) 96, 120, and 360; (c) 152 and 368; (d) 245 and 875; 
(«) 12, 400, and 9,800; (/) 726, 1,210, and 440. 

2. A plot of ground measures 35 by 42 by 77 by 140 ft. What 
is the greatest length of board that can be used in fencing the plot 
without cutting any of the boards? 

3. Find the greatest common divisor of 75 and 100. 

4. In reducing |4 to lowest terms, is it sufficient to cancel the 
common divisor 2? What kind of divisor must be canceled in 
reducing a fraction to lowest terms? 

5. Find the greatest common divisor of 9, 15, 21, and 60. 

6. An agent having on hand three balls of rope containing 1,680, 
1,584, and 3,120 ft, respectively, decides to sell the rope as clothes- 

. What length must he decide upon to obtain the longest 
clotheslines without any waste? 
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7. Least Common Multiple. Units of tile blocks are formed 
by placing together 6-in. tile blocks; similarly with 8-in. and 10-in. 
tile blocks. What is the length of the shortest common unit that 
can be formed by using each of the three sizes of blocks? 

The length of the unit of blocks must be such that it is exactly 
divisible by 6, 8, and 10. It must be, therefore, a common multiple 
of all three of these numbers. But since there are many numbers that 
are common multiples of 6, 8, and 10, our task will be to find the 
smallest of these common multiples, or the least common multiple. 

The least common multiple (written LCM) of the numbers 
6, 8, and 10 must contain as many prime factors of each magnitude 
as are found in any one of the numbers. The smallest number that 
will be exactly divisible by each of the three numbers will be found 
by multiplying together each different prime factor the greatest 
number of times it appears in any one of the numbers. Thus, 

6 = 2X3 
8 = 2 X 2 X 2 
10 = 2 X 5 

We must use the prime factor 2 three times in order to be assured 
that 8 will be a divisor of the LCM. The factor 3 must appear 
once, and the factor 5 must appear once, in order to have 6 and 10 
as exact divisors. Thus, the LCM of 6, 8, and 10 equals 2 X 2 X 
2X3X5 = 120. The shortest common unit that can be formed 
by using each of the three sizes of tile blocks is 120 in. long. 

The least common multiple of two or more numbers is simply 
the smallest number that will be exactly divisible by each of the 
several given numbers. 

To find the LCM of two or more numbers , express each number as 
the product of its prime factors, and then take all the prime factors the 
greatest number of times they appear as factors of any one number. 
The product of the prime factors selected is the LCM. 

Illustration: Find the LCM of the numbers 14, 18, and 300. 

14 = 2 X 7, 

18 = 2 X 3 X 3, 

300 = 2 X 2 X 3 X 5 X 5. 
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The greatest number of times that the prime factor 2 appears is twice 
(in the factors of 300). Likewise, the factor 3 appears twice (in 
the factors of 18), 5 twice (in the factors of 300), and 7 once (in the 
factors of 14). The LCM is2 X 2 X 3 X 3 X 5 X 5 X 7 = 6,300. 


Problems 

1. Find the LCM of the following sets of numbers: (a) 24 and 
54; (6) 72, 48, and 90; (c) 121, 55, and 132; (d) 15, 25, 30, and 35; 
(e) 34, 20, and 66; (/) 48, 120, 36, and 60. 

2. Find the LCM of (a) 6, 10, 15, 18; (6) 63, 12, 84, 7; (c) 54, 
81, 63; (d) 8, 12, 20, 24, 25; (e) 2, 3, 4, 5, 6, 7, 8, 9; (/) 21, 64, 72, 
18, 98. 

3. Why is it that SO.50 is the smallest sum that can be paid 
by using either all nickels, all dimes, or all quarters? 

4. What is the smallest container that may be filled by emptying 
full 2-qt, 2-gal, or 5-gal measures? 

8. Common Fractions. A fraction is one or more of the 
equal parts into which a unit has been divided. For example, 
in expressing 2 ft as a part of a yard, we might think of the 
yard as being made up of three equal parts (3 ft) and write the 
fraction The number below the line (3), the denominator , indi¬ 
cates the number of equal parts into which the yard is divided. 
The number above the line (2), called the numerator , indicates the 
number of equal parts expressed. If we thought of the yard in 
terms of inches, there would be 36 equal parts, and 2 ft would rep¬ 
resent 24 of these equal parts. The resulting common fraction 
would be f$. 

For convenience, common fractions, other than integers, may 
be classified as proper or improper. A proper fraction is one whose 
numerator is less than its denominator and represents, therefore, only 
a P° r fion of a unit. Examples of proper fractions are f, |, |, yf, 
and so forth. An improper fraction represents more than enough 
e qual parts to make up a whole unit. Examples of improper frac¬ 
tions are £, f, 1™, and so forth. 

When an improper fraction is expressed as a whole number and 
a raction, it is called a mixed number. Thus, 1|, 2|, 4§, 2f£, and so 
orth are examples of mixed numbers. It may be observed that 
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improper fractions may be converted into mixed numbers by 
dividing the numerator by the denominator. Conversely, mixed 
numbers may be expressed as improper fractions by multiplying 
the whole number by the denominator of the fraction and then 
adding the numerator to the product for a sum which is the numer¬ 
ator of the improper fraction. Thus, to express 5f as an improper 
fraction, we calculate “4 times 5, plus 3,” or 23, as the numerator 
and write 

A fraction whose numerator and denominator contain one or 
more common factors may be reduced to a fraction of equivalent 
value expressed in “lower terms” by dividing both numerator and 
denominator by the common factor or factors. For example, £§ 

can be written which, upon dividing both numerator and 

5X1^ 

denominator by 12, we may reduce to 

The process of dividing both terms of a fraction by the same 
number is called cancellation. It may be used to save much of the 
labor of long multiplication in problems involving a series of multi¬ 
plications and divisions. For example, 

2. 4 % 

KX^Xl^Xll _ 88 _ 0Q 1 

M X 7 X X JS 3 3 

3 


9. Addition and Subtraction of Fractions. Fractions hav¬ 
ing the same denominator may be added or subtracted by adding 
or subtracting the numerators and placing the result over the com¬ 
mon denominator. For example, 


, , 3 , 2 , 5 _ 10 



14 

12 ' 


If the denominators of the fractions to be added or subtracted 
are different, the fractions must first be changed so as to have the 
same denominator. 
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Thus, 


/x 2,5_4 5_ 

^ 3 + 6 6 + 6 


4 + 5 _ 9 
6 6 


,,7 1 , 2 _ 21 

(d) 8 “ 6 + 3 “ _ 

(e) o + y — y + - 


-4 + 16 
24 

-?■ 



If mixed numbers are to be added or subtracted, there are two 
methods that may be used. By the one method, all mixed numbers 
are changed to improper fractions and added or subtracted as 
above. Thus, 


w®a + 16 5 


- 12 = 


119 82 12 
13 + 5 1 

(119 X 5) + (82 X 13) - (12 X 65) 


65 

595 + 1,066 - 780 
65 


881 _ _ 36 
65 " 16 65 


By the other method, the whole-number parts of the mixed 
numbers and the fractional parts may be added or subtracted sepa¬ 
rately and then the two sums added or subtracted for the final 
answer. Thus, using example (/) above, we have 


(ff) 9 + 16 - 12 = 13, 

10 + 26 


A + ? 

13 ' 5 

13 + 36 

6 + 65 


65 

13 

6o 



Problems 

1. Find the value of: 2. Reduce to their lowest terms; 


( a ) T + A + A» 

(a) n, 

(e) 

6 15 
& 1 5> 

(k) 1 + A + TT, 

(b) 

(/) 

12 0 
T‘2T> 

(c) 3y + 9+j + A> 

(c) AV, 

(9) 

7 7 7 
TO 9 8> 

(d) 16 - f + f. 

(d) Af, 

0 h) 

585 

TT5T> 
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3. Reduce to lowest terms: (a) £f£; (6) J||; (c) tH; (d)*4f£; 


/*\ 210 
\fi) STX 


(/) 


W; (g) 


325 . 
TF> 



1058 
2T1"6 • 


4. Add: 


W 4 17 4 8 7 6 29 

■5T) "ST? "STi *5T> ana FT? 

/M 1 9 29 1 0 1 Qnr I 1 1 

W T5T> TTT? TTTj ana TT¥> 

(„\ 6 15 18 12 on J 19 

\W T2"> T2 - ) ‘3T> T5") <AUU TJ) 

(d) | and £, 


(e) £ and £, 


(/) t> 1> an( f i4> 

(i g ) 2^ and 3*, 

W , and 1\, 

(t) 16|, 12f, 2i, and 8f. 


5. Subtract: (a) f from f; (6) iV from ff; (c) * from (d) | ^ rom 
£; (e) | from £; (/) 4£ from 5£; ( 0 ) 3| from 12*; ( h ) 4£ from 8; 
(t) 23A from 87f 

6. A roller in a steel mill rolls 112* tons, 225| tons, 173* tons, 
185* tons, and 205f tons in 5 days. What is the total number of 
tons rolled? 

7. Four automobiles finish a race in the following time: 7f hr, 
8** hr, 7* hr, 9** hr. Find the difference between the winner’s 
time and each of the others. 

8. The following entries were found in a weekly summary of the 
New York Stock Exchange: 


Stocks 

Sales, 

hundreds 

High 

Low 

Close 

Net 

Change 

Am. Tel. & Tel. 

562 

175.2 

173.6 

175.1 

+ 1.4 

duPont. 

167 

158 

149.4 

158 

+8 

Gen. Mot. 

437 

94.2 


93 

+2.6 


The first line, for example, means that American Telephone and 
Telegraph common stock sold 56,200 shares during the week, had 
a high selling price of $175* and a low selling price of $173*, and 
ended at a selling price of $175* per share, for a net change of 81* 
in selling price from the end of the previous week to the end of the 
current week. For each of the entries, calculate the range from 
low to high selling price during the week. 

9. Refer to Problem 8, and calculate the closing selling price 
for each stock for the previous week. 
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10. Multiplication of Fractions. It is clear that 1 + 1 + 
1 + 1 equals 4 whole units. It should be equally clear that | + 
f 4- f + * equals 4 half units. Since multiplication is essentially 
a shortened process of addition, the 4 half units would equal 4Xi 
or f. In general, any fraction may be multiplied by an integer by 
multiplying the numerator by the integer. Thus, 6 X 1 = 

8 X 1 = t> and so forth. 

Suppose we wish to find a fractional part of a fraction. What, 
for example, is f of 9 tenths? The answer, 3 tenths, may be found 
by taking 

i v 9 — 9 — 3 

i a T5 - iii - nr- 
To find | of we write 


2 y 9 _ 18 _ s 

TT S' TTF TU TV 


3 

IT- 


In general, to multiply fractions, we multiply numerators for a new 
numerator and denominators for a new denominator. We may, 
of course, cancel common factors and thus shorten the work in 
arriving at the product. 



Illustrations: 


1 

' W AS ~ 9 


32 

2. 42?X6i = ^|*'xf = 


266 Sj 


3.19 vi? 

50 30 24 -50 X 30 XM 


4 

5 


Problems 


1. Find mentally: 

(«) I of f, 

(*» TS Of if, 

(«) T Of ff, 

(d) f of U, 


(«) fi of ff, 

(/) I Of #f, 

(g) f of |, 

(h) tv of f, 
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(*) t X 44, 

U) i X 44, 

(&) tA X 4, 

(0 A X 444, 

2. Simplify by cancellation: 

130 X 64 X 19 X 16 
W 65 X 38 X 8 X 40 ’ 

(h) 105 X 58 X 28 X 9J 
[ ) 12 X 54 X 34 X 203’ 

3. Find: 

(a) f X 10|, (/) 7| X 8 X 44, (*) 14 X 1| X 4, 

(b) 4 X 54 X ¥, (flf) 54 X 3| X 74, (i) 16 X 5 X 2A, 

(c) 124 X 2f X 64, (A) 220 X 64, (m) 44 X 34, 

(d) 4 X 24 X 5f, (t) 12 X 22A, (») 27 X 54 X 3|, 

(c) 84 X | X 5, 0) 9 X 4 X 124, (o) A X A X A. 

4. Refer to Problem 8 of the preceding section and calculate for 
each entry the profit made by an investor who bought 100 shares 
of common stock at the closing price of the previous week and sold 
them at the closing price of the current week. 

5. For each entry of Problem 8 of the preceding section calcu¬ 
late the profit realized by an investor who bought 50 shares at the 
low price for the week and sold them at the high price for the week. 

11. Division of Fractions. The instruction 20-4-4 means 
that 20 is to be divided into 4 equal parts, and one of these equal 
parts can be found by writing 20 X 4 = 5. Likewise, A **■ 4 
means that A is to be separated into 4 equal parts, and one of 
these equal parts can be found by writing A X 4 = A- To divide 
an integer or a fraction by an integer, therefore, it appears that we 
may invert the divisor and change division to multiplication. 

Suppose, now, we wished to find A 4- Since each unit of 
the dividend must necessarily contain 4 quarter units, it must 
follow that the quotient equals A X 4 = 44. Likewise, inr “ z 
may be written A X f = m, or 4- In general, division by frac¬ 
tions may be accomplished by inverting the divisor and changing 
division to multiplication. 

When mixed numbers are involved, we may change them to 
improper fractions before starting to divide. Thus, 


( m ) 44 X A, 

(n) t X 44, 

(o) -4 X ¥, 

(p) A x 46. 


M 34 X 6| X 74 

w iof x A 
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7 

4 ^„ 7 _ 49 ^_ 63 _ A3 v — = — 
9 ' ' 8 9*8 9 X jSS'81 

v 

9 


Illustrations: 

1 16 . Q _ 16 v 1 - 2 _ 1 

A * n " 0 " n A 8 — TT — T3T) 

2. 121 h- V- = 121 X tt = 22, 

3 5 . 1 5 __ 5 w 4 __ 1 

• ^ T t - ^ a ry - 

4. 9£ ^ 13 = -V- ^ 13 = ^ X A = f- 

Sometimes the division of quantities is indicated in the form of 
a complex fraction in which the main division is denoted by a heavy 
line. Thus, 

5 I 1 
■ff 

2 

T 

is a complex fraction in which the numerator, the sum of £ and £, 

is to be divided by f. The simplification of this expression is as 
follows: 


t±i = l±J __5_7 2__7 7 49 1 

f r f 6*7~6 X 2~l2 = 4 l2' 


We must keep in mind, when operating with complex expressions, 
the full intent of the directions given by the form of the expression. 
A common error arises out of the failure to observe that the heavy 
line means to divide the entire quantity above it by the entire quan¬ 
tity below it. The following problems will serve to give practice 
m simplifying a few of the types frequently met: 

Problems 


1. Perform the following divisions, simplifying by cancellation 
when possible: 



(/) 14 - 24 , 
(ff) 3i H- 54, 
(A) 13f 64, 

(*) 154 -5- 64, 
U) 164 -i- 21. 
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2. Simplify: 

(a) | 

<*> I 

(c) I- 

s 

12 

(a) —> 


(e) 


(/) 


6 + | 
134 - 7- 


0) 


(A) 


0) 


0) 


(*) 


2|X If 


(m) 


1 I 1 I x 
I + TTI 


5A - 10 


T¥¥ 


t h> X 3 
Os -5- I) 


+ 


8 


4(34 + 7|) 

24 “ 4 

27 h- (5 — 

3 

¥ 

(1 ^ 5) X 34 

-1- 1 

¥ 


in) 


io) 


ip) 


l + 3| 


19# - 144 


100 

~2T~ 


6 X ({ t 9) 


3 


U) (6 - !) - (6 X |), iq) 99 + 


~ A 
A + 1? 

4 

IF 


3. Simplify: 

. . 2f 

(fl) I' 


0 ) 


(6) 


(c) 


(<*) 


2}X? 

0 V 3 
nr X y 

34 -f- 74 


¥ 


44-11* 

12(54 + 9f) 
7-4 — 4 


ih) 


(i) 


17# - 12j 
100 ' 

3 w 15 
¥ X -g- , 5 

I-r s 

¥ _ 

27 ’ 

T¥ 

2# 4-4- , 64 X 4 


124-1 


+ 


(e) 56 i 


4-4 


O') 23 + 


_T¥ 

AX 26’ 
64 — 34 _ jj-i 


1' 

¥ 


(A) 


23 6 

124 X 374 X 66 4 
334 X 64 X 75 


Z) 


if) (4 — 4) — 04 — 4)> 

4. What number multiplied by 4 will give 10 for a product? 

5. What part of 3 is 4 of 2? 

6. What part of 14 ft is 34 in.? 

7. A student read 96 pages of a 432-page book. What part of 
the book remained to be read? 

8. What part of a day is 13 hr 30 min? 

9. A floor tile A S Q ft in area se ^ s f° r 
per square foot? 

10. Carpeting 27 in. wide sells for $6 a yard, 
per square foot? 


What is the price 
What is the price 
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12. Decimals. The divisions of an integral unit into 10, 100, 
1,000 (and so forth) equal parts are called decimal divisions. These 
divisions may be expressed, in words, as seven-tenths, twelve-hun¬ 
dredths, and so forth, or they may be stated, as common fractions, 
as tV> Tiny. and so forth, or they may be written as decimal fractions, 
or decimals, in which a period, or decimal point, is employed. The 
position of a digit to the right of the decimal point determines 
whether it represents tenths, hundredths, and so forth; its position 
to the left of the point determines whether it represents ones, tens, 
hundreds, and so forth. Thus, 24.375 means that there are 2 tens, 
4 ones, 3 tenths, 7 hundredths, and 5 thousandths, and the number 
is read “24 and 375 thousandths” as an abbreviated equivalent. 
In reading a decimal number, the word “and” should be said only 
when the decimal point is reached. Thus, 4,862.028 is read “four 
thousand eight hundred sixty-two and six hundred twenty-eight 
thousandths.” We have a familiar example of decimal quantities 
in the writing of dollars and cents; for example, $24.63 means 
“twenty-four and sixty-three hundredths dollars.” 

Problems 

1. Read: (a) 0.25; (6) 0.06; (c) 0.002; (d) 0.225; (e) 0.203; 
(/) 0.0005; (g) 0.0092; (h) 0.32578; (i) 0.243675; (j) 47.6; (k) 295.65; 
(/) 1,211.005; (m) 1,001.1001; (n) 8,000.008; (o) 700.07; ( p ) 0.00875. 

2. Write as fractional expressions: (a) 0.25; ( b ) 0.9; (c) 0 045- 
(d) 0.0025; (e) 0.37^; (/) 0.06|; (, g) 0.12i; {h) 0.66f; (t) 0.14f; 
(j) 0.62j; (k) 0.33-g-; (l) 0.83^ 

13. Addition and Subtraction of Decimals. In addition 
and subtraction it is necessary to keep in the same column all digits 
having the same place value with respect to the decimal point, 
ihe decimal points should, therefore, be kept in a column. 

Problems 

!• Add as indicated, and check results: 

0.37 -f 84.24 + 6.7 + 0.807 = 

7.56 + 8.032 + 0.405 + 1.55 = 

16.257 + 115.25 + 75. + 10.003 = 

50.316 + 0.462 + 2.35 + 8.294 = 



24 


SIMPLE ARITHMETIC OPERATIONS 


[Ch. 1, §13 


2. Change first to decimals, and then add: 

(а) 4* 66* + i (c) Slf + $2^- + $6£ + $151, 

(б) ¥ + f + 1641, (d) 1 + 1 + 1 + 1. 

3. Complete the following statement of profit: 


Gross Profit 
Expenses 
Selling expenses 
Administrative expenses 
Overhead expenses 
Other expenses 

Total Expenses 
Net Profit 


$97,024.80 

$42,480.37 

21,500.00 

2,376.72 

1,294.05 

$ 

$ _ 


4. Balance the following cash account: 


Cash Account 


Date 

Receipts 

Date 

Expenses 

Mar. 1 

Cash on hand $37.55 

Mar. 1 

Streetcar tickets $1.10 

2 

Part-time work 14.00 

5 

College play .75 

3 

Allowance 4.00 

6 

Cigarettes 2.30 



7 

Bond paper . 60 



8 

Balance 

Mar. 8 

Cash on hand $ 

• 



5. Complete the balance column of the following bank state¬ 
ment: 


Checks Paid 


Balance Brought Forward July 1 
$15.35 $ 2.45 $22.74 

2.54 5.48 9.95 


54.60 

32.90 

12.53 

8.43 

2.55 


23.71 


20.05 


Deposits 


$197.50 


23.84 


Balance 


$457.39 

398.88 
596.38 


Date 

1 

3 

4 
14 
20 
23 
25 
29 
31 
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6. Complete the following statement of sales: 


Gross Sales 
Discounts 
Returns 
Freight 
Deductions 
Net Sales 


S 1,375.92 
13,458.94 
237.38 

$ 


§87,264.45 


8 


14. Multiplication of Decimals. When numbers involving 
decimals are multiplied together, the number of decimal places in 
the product equals the sum of the number of decimal places in 
the multiplier and multiplicand. Thus 0.004 X 0.02 = 0.00008, a 
product having three plus two, or five, decimal places. In all 
other respects the multiplication is the same as for whole numbers. 

In most business problems decimal products are approximated 
to two or more decimal places. Usually, where money is involved, 
the product is rounded off to two decimals—that is, to the nearest 
cent. It should be pointed out that the rounding off should take 
place in the product after the numbers are multiplied, not in the 
individual factors before they are multiplied. Otherwise, the 
approximation may be too far off to be of practical use. The 
process of rounding off will be discussed in Section 17. 


Problems 

1. Perform the following multiplications: 

(а) 3 X 0.003, (d) 2.4 X 10, 

(б) 0.03 X 0.3, (e) 13 X 2.15, 

(c) 4 X 0.12, (/) 4.7 X 23.45, 

2. Find the cost of: 


(g) 150 X 0.25, 

(h) 5.25 X 67, 

(i) 25.875 X 2.5. 


(а) 15 lb sugar at SO. 13, 

(б) 7 doz oranges at $0.35, 

(c) 8 lb coffee at SO.88, 

(d) 14 yd cloth at S0.67^, 


(e) 6^ lb meat at S0.62£, 

(/) 16f lb butter at S0.96, 

(g) 2| gal cider at $0.33^, 

(h) 5 cans cleaner at $0.08^. 


3. Find the amount of each of the following sales, 
the totals: 


and calculate 
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(a) 48 yd at $0.12! = 
124 yd at 0.37! = 
78 yd at 0.62! = 
84 yd at 0.87! = 
132 yd at 0.06! = 
Total $. 



12 cases corn at 

$5.08 = 

25 cases beans at 

6.87 = 

7 cases beets at 

4.20 = 

38 cases peaches at 

7.12! = 

12 cases peas at 

6.15 = 


Total $. 


Find the total pay roll: 


Number of 
Employees 

Hours Worked 
per Employee 

Rate per Hour 

Amount 

67 

44 

$2.40 

$ 

108 

42! 

2.64 


124 

46 

2.32 


135 

45 

2.20 


192 

43! 

2.80 


207 

43 

2.70 

Total 

a 


5. Find the total production cost: 


Item 

Number Produced 

Cost Each 

Amount 

A 

224 

$11.24 

$ 

B 

68 

7.45 


C 

309 

2.25 


D 

152 

19.20 


E , 

69 

45.96 




Total 

$- 


15. Division of Decimals. When a decimal is divided by a 
whole number the decimal point in the quotient is placed directly 
above the decimal point in the dividend. In case the divisor is 
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not a whole number, it can be made a whole number by multiplying 
by 10, 100, 1,000, and so forth, as needed. But then we must 
multiply the dividend by the same multiple of 10. All this amounts 
to moving the decimal point to the right in both divisor and dividend 
the same number of places before dividing. The decimal point 
in the quotient is then placed directly above the decimal point in 
the dividend; and division proceeds as in the case of whole numbers. 
The following illustrations will serve to review the process: 

Illustrations: 

1. Find the quotient of 42.578 divided by 18.24. 

18.24)42.578 (Problem set up) 

1824)4257.8 (Decimal point moved two places to the 

_•_ right in both divisor and dividend) 

1824)4257.8 (Decimal point of quotient placed in position) 

2.33 

1824)4257.80 (Quotient carried out to two decimal places) 
3648 
6098 
5472 
6260 
5472 
788 

2. Place the decimal point of the quotient in position for each 
of the following problems: 

(a) 24.352)T046 

24352)1046. (Decimal point moved three places to the 
_• right) 

24352) 1046. (Decimal point placed in quotient) 

(5) 6.459)12: 

6459)12000. (Decimal point moved three places to the 

right, with zeros filling the vacant 
_. spaces) 

_6459)12000. (Decimal point placed in position) 
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Problems 

1. Find the following quotients to the number of decimal places 
indicated in the parentheses to the right: 

(а) 587 -r- 23.4 (2), (d) 874.37 + 968 (2), 

(б) 36.7 -J- 58.36 (2), (e) 0.0054 -r 1.8 (3), 

(c) 2.409 0.045 (3), (/) 5,306 7,835 (3), 

2. Perform the following long-division problems, carrying out 
the quotient to the number of decimal places indicated in paren¬ 
theses : 

(а) 723 ^ 64 (2), (/) 69,084 ^ 6,784 (1), 

(б) 1,692 75 (3), ( g ) 0.0768 ^ 3.006 (2), 

(c) 43.65 27.2 (2), (h) 0.0054 -f- 0.086 (4), 

(d) 1.06 -f- 2.1 (3), (i) 3.14159 ^ 4.6 (5), 

(e) 100.67 ^ 31.24 (2), ( j ) 27.001 -J- 0.00013 (1). 

3. If 12 government bonds cost $225, find the cost of each bond. 

4. How many articles can be bought for: 

(а) $84 at $0.12 each? ( d ) $725.40 at $22.50 each? 

(б) $125.50 at $2.50 each? (e) $3,750.50 at $108 each? 

(c) $16 at $0.06| each? (/) $4.28 at $0.02^ each? 

5. A certain salesman received a bonus every time he sold 
$75.50 worth of goods. How much was each bonus if he received 
$82.50 for selling a total of $1,132.50 worth of goods? 

6. An automobile travels 209 miles in 5 hr 30 min. What is 
the average rate of travel? 

7. A hotelkeeper purchased: 

$49.60 worth of rice at 15^ per pound, 

$350 worth of sugar at 9^ per pound, 

$52 worth of soap at the rate of 2 cakes for 25ff, 

$107.25 worth of coffee at 7l£^ per pound. 

Find the quantity of each item purchased. 

16. Approximate Numbers and Significant Figures. In 
many situations where observations or measurements are made, the 
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numbers representing the collected data have been determined by 
some process of measuring. For example, it may be recorded that 
a metal bar has a length of 16.2 cm, a weight of 2.3 lb, and so forth. 
Such numbers, unlike exact numbers resulting from counting objects, 
are approximate numbers since they are essentially comparisons of 
their magnitudes with standards or instruments that are not per¬ 
fect. Since the student will be dealing with approximate numbers 
in many business and industrial problems, it is important that he 
know how to indicate the degree of the error of the measurement 
and how to use approximate numbers correctly in computations 
involving them. 


The degree of error involved in an approximate number is usu¬ 
ally expressed by the form in which it is written. For example, 
by writing 16.2 cm we mean that the “true value” of the measure¬ 
ment is presumed to lie between 16.15 and 16.25 cm, with 16.2 cm 
taken to be the most probable value. It is seen, therefore, that 
the digit 2 in this approximate number is inaccurate; but it carries 
significance along with the other recorded digits, since it serves to 
complete the accepted value of the measurement. Thus the approxi¬ 
mate number 16.2 is said to be a number of three significant figures 
(1, 6, and 2). As another illustration, let us examine the approxi¬ 
mate weight 0.048 lb. The true weight is presumed to lie between 
0.0475 and 0.0485 lb, with 0.048 believed to be the most probable 
\alue. We say that this number has two significant figures (4 
and 8)—the first nonzero digit, counting from the left, and the 
inaccurate figure itself. For decimal fractions, the rule for count¬ 
ing the number of significant figures is to begin at the first nonzero 

digit at the left and count every digit to the right, including the last , or 
inaccurate, digit. 


This rule is to be followed regardless of whether the last digit is 

Zer °- the number of significant figures in the approximate 

number 0.07080 is four—the count obtained by starting at the 7 
and proceeding to the right. Notice that the position of the deci- 
mal pomt has nothmg to do with the number of significant digits- 
hat is, 0 007080, 7.080, 70.80, etc., would all be numbers of four 
significant figures. The following table will serve to give further 

fractions; 011 ^ ^ ^ C ° Unting significant m decimal 
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Approximate Number Number of Significant Figures 
0.00071 2 

0.06000 4 

56.5008 6 

289.37 5 

16.250 5 

In designating the number of significant figures in integers, con¬ 
secutive zeros on the far right may or may not be regarded as sig¬ 
nificant, depending on the accuracy of the measurements. Thus, 
the measurement 60 ft could mean that the true value is presumed 
to lie between 59.5 and 60.5 ft; or it could mean that the probable 
true value lies between 50 and 70 ft. In the first interpretation, 
accuracy to the nearest foot is implied, and we say that both digits, 
the 6 and the 0, are significant. In the second interpretation, accu- 
racjr to the nearest 10 ft is indicated; and we would say that only 
the first digit, the 6, is significant. Hence, the number of signifi¬ 
cant figures in an integer ending in zeros can be stated only when 
the accuracy of the measurement is known. 

17. Rounding Off Numbers. When a number contains more 
digits than we care to use, we may approximate it by a number with 
fewer digits by the process of rounding off. For example, to the 
nearest cent we would round off sums of money as follows: 

$24,278, rounded off as $24.28, 

$15,673, rounded off as $15.67, 

$92,135, rounded off as $92.14, 

$63,245, rounded off as $63.24. 

The usual procedure in rounding off may be summarized as follows: 

1. If the part of the number to be discarded amounts to more than 5 
units in the first discarded place, increase the last digit retained by 1 
unit. 

2. If the part discarded amounts to less than 5 units in the first 

discarded place, do not change the last digit retained. 

3. If the part discarded amounts to exactly 5 units in the first dis¬ 
carded place, leave the last digit unchanged if it is even but increase it 

by 1 unit if it is odd. __ 

Illustrations: 

(1) 18.3762 = 18.38 to two decimal places, 

4.6501 = 4.7 to one decimal place, 

U.00018 = 0.0002 to four decimal places. 
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(2) 14.26398 = 14.26 to two decimal places, 

216.9499 = 216.9 to one decimal place, 

0.0617 = 0.06 to two decimal places. 

(3) 65.4500 = 65.4 to one decimal place, 

8.375 = 8.38 to two decimal places, 

0.00155 = 0.0016 to four decimal places. 

The process of rounding off is used in many situations involving 
approximate numbers. Important applications may be found in 
stating dollar amounts to the nearest cent, in printing values found 
in tables of interest, annuities, and logarithms, and so forth. It 
should be pointed out, however, that in many business practices 
any fractional part of a cent is counted as an extra cent; in such 
cases the rules for rounding off do not apply. 

18. Operations with Approximate Numbers. In perform¬ 
ing operations with approximate numbers, both accuracy and preci¬ 
sion must be taken into account. Accuracy refers to the number 
of significant figures in the number, whereas precision refers to the 
number of decimal places or units retained. Thus, the approxi¬ 
mate numbers 6.4 and 0.68 are equally accurate in that each has 
two significant figures; the numbers 6.4 and 0.7 would have the 
same precision, since each is carried to the same number of decimal 
places. It would be rather difficult to state a complete set of rules 
for expressing results in every series of computations with approxi¬ 
mate numbers, but working rules can be stated that will tend to 
eliminate unnecessary work and at the same time lead to results 

compatible with the accuracy and the precision of the numbers 
involved. 

To illustrate what happens when two approximate numbers are 
multiplied, let us consider the area of a rectangular mat measured 
as 6.1 in. long and 4.7 in. wide. From the meaning of significant 
figures, we know that each of these numbers is inaccurate in the 
last digit. Consequently, when they are multiplied to find the 
area, there must be a question as to the number of digits to be 
retained in the product. One might say that the area is 

6.1 in. X 4.7 in. = 28.67 sq in. 

But would this display of accuracy be justified by our measure¬ 
ments. Probably not. Since 6.1 indicates that the true length is 



32 


SIMPLE ARITHMETIC OPERATIONS 


[Ch. 1, §18 


somewhere between 6.05 and 6.15 in. and since the corresponding 
interval of confidence for the width measurement is from 4.65 in. 
to 4.75 in., allowance must be made for a suitable range within 
which the true area may be presumed to lie. In fact, we can say 
only that the area of the mat must be less than 

6.15 in. X 4.75 in. = 29.2125 sq in. 
and greater than 

6.05 in. X 4.65 in. = 28.1325 sq in. 

To record the area as 28.67, or even as 28.7, sq in. would therefore 
mean stating more accuracy for the area than is justified. With¬ 
out further information, persons trained in the use of approximate 
numbers would record the area as 29 sq in. This result is the same 
as that obtained by rounding off the product 28.67 to two signifi¬ 
cant figures. Since a similar situation is encountered in the divi¬ 
sion of two approximate numbers, the following working rule is 
suggested: 

The result of a multiplication or a division of approximate num¬ 
bers should not be given with more significant figures than are possessed 
by that one of the numbers having the fewest significant figures. 


Illustrations: 

(a) 5.64 X 2.7 = 15. 5.64 

2.7 
3 948 
11 28 
15.228 

(b) 8.7395 -4- 3.24 = 2.70. 2.697 

3.24)8.73950 
6 48 
2 259 
1 944 
3155 
2916 


2390 

2268 
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To state the result of the addition or the subtraction of approxi¬ 
mate numbers, one must take into account the precision of the num¬ 
bers involved. The working rule may be stated as follows: 

The result of an addition or a subtraction of approximate numbers 
should not be given with more precision than is found in that number 
having the greatest error in measurement. 

Ordinarily, in working with decimals this rule can be interpreted 
to mean: Do not retain more decimal places in the result than occur 
in that number having the fewest decimal places. If the student pre¬ 
fers to do so, he may retain all given digits in the intermediate work 
of an addition or a subtraction problem and then round off the final 
result according to the preceding rule. An alternative procedure, 
which may save needless work, is to round off numbers of the data 
to one more place than is to be retained in the answer and then 
round off the answer according to the rule. 


Illustrations: 

(a) Add: 

$457,923 

23.17 

2.3028 

3,945.24823 

$4,428.64403 = $4,428.64 

( b) Subtract: 

$2,764.8457 

251.91 

$2,512.9357 = $2,512.94 


$457,923 

23.17 

or 2.303 

3,945.248 

$4,428,644 = $4,428.64 


S2,764.846 
251.91 

$2,512,936 = $2,512.94 


The working rules that have been given for operations with 
approximate numbers will not necessarily give the best results in 
every situation. Any effort to give an all-inclusive discussion would 
scarcely be worth while because of the complexity of the sequence 
of operations in some problems. In extended mixed operations, it 
is good practice to retain in all calculations at least one more digit 
than will be retained in the final rounded-off result. 
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Problems 

1. Express 2 ft 8 in. as feet correct to 2 decimal places. How 
many significant figures are in the answer? 

2. Round off the following amounts correct to the nearest cent: 
(a) $674,348, ( b ) $37,283, (c) $5,864,039, (d) $35,235. 

3. Find the value of the product of 6.2368 X 86.243, and then 
round off the answer correct to two decimal places. 

4. Find the following quotients to the nearest third significant 
decimal place: 

(а) 567 -f- 34, (c) 0.0457 ^ 0.89563, 

(б) 2.9674 - 784, ( d ) 2,365 -J- 8,643. 

5. Find the value of 1.06 X 1.06 X 1.06 X 1.06 correct to two 
decimal places. 

6. What difference results from computing the product 1.036 X 
$1,036 by rounding off to two decimal places before and after multi¬ 
plication and by rounding off to two decimal places only after the 
multiplication has been performed? 

7. State the number of significant figures in the following 
measurements: (a) 27, (6) 396, (c) 26.5, (d) 0.5, (e) 0.05, (/) 0.005, 
(g) 2.70, (h) 2.700, (i) 4.0004, ( j ) 127,000, ( k ) 0.127, ( l ) 10.010, 
(m) 0.01101, {n) 26.55, (o) 1.1, (p) 100, ( q ) 0.00623, (r) 1.673, 
(s) 0.1768253, ( t ) 384.56, ( u) 2,687.006, ( v ) 2,397,600. 

In the following problems assume all numbers to be approxi¬ 
mate, and perform the indicated operations, retaining only as many 


significant 

figures in the result as are justifiable: 

8. 

(a) 

11.2 X 0.65, 

(d) 

0.002 X 6.31, 


(b) 

103.2 X 10.0, 


101.0 X 1,111.1, 


(c) 

0.532 X 0.101 

X 2.01, (/) 

1.002 X 10.20. 

9. 

(a) 

14.2/1.0, 

(d) 

5,623/5.6, 


0 b ) 

1.234/6.1, 

(e) 

22.4/1.1, 


(c) 

0.0043/1.21, 

(/) 

1.3/1.12. 

10. 

(a) 

23.27 

( b ) 121.1 

(c) 9.0 



13.541 

12.12 0.12 



22.76 

45.501 62.45 



106.892 

22.23 

; 12.45 
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11. Subtract: 

(a) 125.62 (6) 165.865 (c) 0.00635 

14.21 134.20 0.0041 

19. Checking Computations. Various methods of checking 
the results of the operations of addition, subtraction, multiplication, 
and division have been advocated. No check, of course, will take 
the place of careful, accurate work; but some check should always 
be applied to test the correctness of results obtained. 

(a) Addition: Addition may be checked in several ways, such as 
addition in a reverse order or combining numbers by a different 
arrangement. A method which is easy to apply and which is 
especially useful where long columns are involved is known as the 
method of casting out nines. The method consists essentially in 
determining whether the sum of the digits in each number in excess 
of some multiple of nine is in aggregate equal to the corresponding 
excess in the answer. 


Illustration: Check the sum of 45.43, 8.85, 247.08, 7.33, and 0.17 
by casting out nines. 


45.43 
8.85 
247.08 
7.33 
0.17 
308.86 


Check: 

4 + 5 + 4 + 3 = 16=1X9 + 7, 

8 + 8 + 5 = 21 = 2X9 + 3, 

2 + 4 + 7 + 0 + 8 = 21 = 2X9 + 3, 

7 + 3 + 3 = 13 = 1X9 +4, 

1 + 7= 8 = 0X9 +8, 

3+0 + 8 + 8 + 6 = 25 = 2X9 + 7, 

7 + 3 + 3 + 4 + 8 = 25 = 2X9 + 7. 

The sum of the digits of 45.43 is seen to be 7 in excess of 9; for the 
number 8.85, the sum of the digits is seen to be 3 in excess of 18, 
and so forth. When all these excess numbers are totaled, the sum 
is 25, which is 7 more than 18. This corresponds to the excess 
obtained when the digits of the answer (308.86) are summed 
bince the two final results are the same, the addition checks It 
should be pointed out, however, that although the equality of the 
two excesses is necessary for the sum to be correct, it does not 
guarantee the correctness of the sum. For example, an incorrect 
sum, say 308.68, would also have checked. 
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Problems 

1. Check the sum of 467.32, 78.56, 1.25, and 85.45 by casting 
out nines. 

2. Check the sums obtained in Problem 1, Section 1, by casting 
out nines. 

(b) Subtraction: The best check for subtraction is to add the 
remainder to the subtrahend to obtain the minuend. 

Illustration: Check the difference between 467,564 and 279,632. 

Check: 

467,564 187,932 

279,632 279,632 

187,932 467,564 


Problems 

Perform the following subtractions, and check results: 

(1) 6,985 (2) 985.47 (3) 9,854.68 (4) 86,497 

3,978 579.35 4,782.07 29,040 

(c) Multiplication: By interchanging multiplier and multipli¬ 
cand and multiplying again, the results of multiplication may be 
checked. 


Illustration: Check the product of 483 X 253. 


Check: 


483 

253 

253 

483 

1449 

759 

2415 

2024 

966 

1012 

122199 

122199 


Multiplication may also be checked by casting out mnes. An 
example will serve to make the method clear. 
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483 4 + 8 + 3 — 1X9 + 6, 

253 2 + 5 + 3 = 1 X 9 + 1, 

1449 

2415 1X6 = 6, 

966 

122199 l+2 + 2 + l+ 9 + 9 = 2X9 + 6. 

1 X 6 is the product formed by multiplying the excesses in the 
sums of the digits of the multiplier 253 and the multiplicand 483. 
Since this product has an excess of 6 and the answer likewise has an 
excess of 6, the multiplication checks. 

Problems 

Perform and check the following multiplications: 

(1) 765.48 (2) 56.458 (3) 76985 (4) 356.973 

479.80 22.008 3794 32.065 

(d) Division: To check division, the most common procedure is 
to multiply the quotient by the divisor to obtain the dividend. If 
there is a remainder involved, it must be added to the product of 
the quotient and the divisor. 

Illustration: Divide 5,847 by 373, and check result. 


15 

Check: 

373)5847 

373 

373 

X 15 

2117 

1865 

1865 

373 

252 

5595 


+ 252 


5847 


Problems 

Perform the following divisions, and check the results: 

(1) 47.58)6,284.67, (2) 9.574)67.3456, (3) 47)9.0302, (4) 0.032)0.0256. 
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Exercises 

1. Perform the indicated operations: 

(®) t + i + i (/) 6f — t> 

(6) 2i + li + 4f, (?) 3f X 2| X f, 

(°) IT — (A) -f -r 

(d) 3| X 2* X I, (*) 1 X f 

(e) 1 X f 0) 3| X 2i h- 19. 

2. Add: 

(a) i + T + l + l + i, 

(b) n+n + u+n + u. 

(c) 2l + 3l + 4y + 5l, 

(d) 10$- + 14* + 132-y-f, 

( e ) f + T + f + T- 

3. Subtract as indicated: 


( a ) 1 — T> 

(e) The sum of -f and f- 

from the sum of £ and 4, 

(6) 5f — 2-g-, 

(/) The sum of y and 

1 from the difference of 

(c) 27-re — 

2re minus If, 


(d) 7i - 6|, 

(?) 124y - 92§. 


4. Multiply: 



(a) » X 7, 

(c) 3f X 7, 

(e) HA X 23rey. 

(*) ?x{, 

(d) 5f X 4i, 

(/) 61 X 5A X *. 

Divide: 



0) i by t, 

(0 1* by 3y, 

(A) 271 by 1, 

(A) 3f by 5 

O') tt by tf, 

(Z) 128 by 61. 

5. If outer and inner dimensions of a metal tube are 5l in. and 3re i n -> 

respectively, how thick is 

the tube? 



6. The production of the Lofty Aircraft Company is 70 units per hour. 
If the working day is 8 hr, find the total production in a month of 24 
working days. 

7. The Mighty Machine Shop employs 632 men. The weekly pay 
roll is $45,050. What is the average weekly wage of each employee? 

8. Change the following speeds in miles per hour to feet per second: 
(a) 45 mph, ( b ) 185 mph, (c) 320 mph, ( d ) 2 mph. 

9. Change the following speeds in feet per second to miles per hour, 
(a) 25 ft per sec, (6) 88 ft per sec, (c) 160 ft per sec. 



EXERCISES 


39 


Ch. 1/ §19] 


10. Divide and express the answers correct to three decimal places: 
(a) 4.372 by 264, ( b ) 56.5 by 0.046, (c) 0.00468 by 0.2842, (d) 0.0036 by 
0 . 0002 . 

11. In testing certain manufactured bolts, each bolt is allowed a 
tolerance of of its length. One specific bolt supposed to be 6 in. long is 
found to be 6* in. long. Is it acceptable? What are the shortest and the 
longest “6-inch” bolts that would be acceptable? 

12. The Lowcut Company manufactures two grades of shoes, the first 
grade at a cost of $12 a pair, and the second grade at a cost of $5. If 
475 pairs of each kind are produced each day, find the total production cost. 

13. How many pieces each 3.52 in. long can be cut from a length of 
metal stock 40.26 in. long? How much is left if 0.03 in. is wasted for 
each cut? 

14. Find the prime factors of 1,728; 832; 1,125; 1,722; 3,928; 8,625. 

15. Find the GCD of the following: (a) 172 and 1,290; (6) 56 and 72; 
(c) 9,757 and 100,100; (d) 9, 27, 33, and 14; (e) 66, 132, 220, 330, and 462. 

16. Find the LCM of the following: (a) 8, 16, 24, 48; (6) 72, 36, 108, 
and 96; (c) 17, 34, 51, and 54; (d) 1, 6, 12, 18, and 22. 

17. A bar of metal 17.6 in. long weighs 4.65 lb. What is the weight 
per inch of length correct to one decimal place? 

18. Find the cost of: (a) 15 doz eggs at $0.75 per dozen, (6) 16§ lb rice 
at $0.11^- per pound, (c) 87^ yd of material at 90** a yard, (d) 72 hand- 
painted neckties at $2.25 each. 

19. At $215.50 per front foot, how much will a lot with a frontage of 
90 ft cost? 

20. If 36 boxes of canned goods cost S243, how’ much will 65 boxes cost? 

21. A real estate agent sold 256 acres of land at $140 an acre and 192 
acres at $180 an acre. He invested the money in city lots at $1,100 each. 
How many lots did he buy? 

22. A town hf s a population of 7,200. If the average amount of V’ater 
used by each person is 8f gal per day, find the number of gallons of water 
used in a 30-day period. 

23. A recreation room is 72-f ft long and 25^ ft wide. At 12|^ per 
foot, how much will it cost to put a molding around the room? 

24. An heir gets f of an estate and invests | of his share and still has 
$3,200 left. What is the value of the estate? 

25. In closing out his goods, a merchant sold 0.47^ of the stock the first 
month, 0.25 the second month, and the remainder, worth $16,500, the 
third month. What w’as the value of his stock of goods? 

26. Three oil tankers leave New York for Jacksonville on the same 
day. It takes the first tanker 6 days, the second 7 days, and the third 
9 days to make a round trip. How many days will pass before all three 
ships leave New York again on the same day? 
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27. Mr. Adams owns f of the total stock of a foundry and sells ■§£ of 
his share. What part of the total stock does he still own? 

28. R. E. Trench owns $6,000 worth of stock in a corporation whose 
capital stock is $60,000. If he sells 0.16 of his shares, what is the value 
of the stock he then owns? What part of the corporation’s total stock 
did he sell? 

29. A contractor wants to hire 7 men for 10£ days. He has $929.04 to 
pay them. What daily wage can he promise them? 

30. A beverage-dispensing machine holds 5|- gal. Glasses of the 
beverage are sold for 5$f. The beverage costs the dealer $0.32 per gallon. 
After 32 glasses are sold, of the original amount remains. How much 
profit does the dealer make on a filling of the dispenser? 

31. Three pieces of tape, 12-j in., 7-f in., and 8^- in. long, respectively, 
are spliced together. Each splice requires 1-j- in. from the end of each 
spliced tape. What will be the length of the tape when spliced? 

32. S. A. Smith gets 15y miles per gallon of gasoline with his automobile. 
How many gallons of gasoline will be required for a trip of 350 miles? 

33. A 2-qt, a 3-qt, and an 8-qt measure are available at a filling station 
for filling radiators with antifreeze. What is the smallest-sized radiator 
that could be filled exactly by using any one of the three measures if each 
measure is to be full, and emptied each time? 

34. What is the longest piece of rope that may be used in measuring 
lengths of 180 yd, 108 yd, 396 yd, and 144 yd? 

35. A fifth of a gallon of a certain beverage cost $3.10. How much 
does it cost per pint? 

36. A drinking glass holds half a pint. How many glasses of liquid 
could be obtained from 4 A 

37. A man builds a house costing $21,000 and immediately insures it 
for y of its value. It burns down, and the insurance company allows him 
£ of the original cost. What fractional part of his insurance did he collect? 

38. If crayons sell for 29 £ per dozen, what should one pay for 4 crayons? 
For 5? 

39. On Jan. 1, 1944, there were 6 licensed commercial television stations 
in the United States. On Jan. 1, 1953, there were 96. What fractional 
part of the former number is the number representing the increase? 

40. In 1950, there was a total of 5,382,000 farms in the United States. 
Of these 66,500 were in South Dakota. What decimal part of the total 
did South Dakota possess? (Answer correct to 2 significant figures.) 

41. Refer to Problem 40, and determine that decimal part of the farms 
possessed by Pennsylvania, in which state there were 146,900 farms. 

42. How many articles can be bought for (a) $27 at §0.33^ each, 
(b) S6 at $0.06i each, (c) $6.50 at $0.08| each, (d) $37^ at $0.75 each? 


mr* 
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43. If copper wire weighs 38.76 lb per 1,000 lin ft, what will be the 
weight of a line connecting two cities 260 miles apart? 

44. From an ice-cream can which was -g- full, 48 dishes of cream were 
served, and it was found that it was still i full. How many dishes 
remained? 

45. A merchant purchased 460 rugs for $55,200. He sold one-fourth 
of them at $150 each, 15 at S165 each, and the remainder at $180 each. 
Find the total selling price and the total gross profit. 

46. A watch is 30 sec slow at noon on Dec. 7 and 12 sec slow at noon 
on Dec. 13. How much does the watch gain or lose per day? 

47. Over a given air base the temperature decreased 1.98°C for each 
1,000 ft of increase in elevation. If the ground temperature was 20°C, 
find the temperature at the following heights above the ground: (a) 4,400 ft; 
( b ) 12,000 ft; (c) 26,000 ft. 

48. Change each of the following common fractions to a decimal frac¬ 
tion of four decimal places: (a) ^r, (6) (c) ( d ) -j 5 r , (e) tu- 

49. When one man works 1 hr, we say that 1 man-hr of work has been 
performed. If it takes 25 men 5 days working 8 hr per day to make a 
certain assembly jig, how many man-hours does the construction of the jig 
require? 

50. If 465 men “lay off” for 4 hr, how many man-hours of labor have 
been lost? 

51. A crew laid and finished 800 sq ft of sidewalk in a day. The crew 
consisted of four laborers at $12 per day and one mixer operator at $18 
per day and one finisher at $18.50 per day. What was the cost of labor 
per square foot? 

52. The weekly output of pieces completed by three welders was as 
follows: 



Welder A 

Welder B 

Welder C 

Mon. 

216 

232 

137 

Tues. 

147 

269 

192 

Wed. 

219 

241 

87 

Thur. 

145 

176 

106 

Fri. 

218 

108 

56 

Sat. 

183 

228 

113 


At 7f* per piece, find the weekly pay roll for each welder. 

53. A bomber left an air base at 0730 for a target 850 miles distant. 

The ground speed out was 290 mph, and the speed in was 325 mph. If 

22 min was spent over the target, at what time did the bomber return to 
its base? 
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54. On a test run a drill engine uses 1^4 gal of gasoline in an hour. 
How long would 12 gal last? 

55. A housewife made the following purchases at the corner grocery: 

2 lb bacon at 90^ a pound, 

5 lb sugar at 10{* a pound, 

4 cans tomatoes at 17^ a can, 

3 boxes frozen Lima beans at 39^ a box, 

1 loaf bread at 21 a loaf 

4-y doz oranges at 36^ a dozen. 

What amount of change did she receive from a ten-dollar bill? 

56. If a man’s income is $4,400 per year and his expenses are $3,160, 
what part of his income does he save? 

57. An advertisement for acetate lamp shades reads as follows: 


Model 

Price 

Model 

Price 

8-in. boudoir. 

$1 00 

14-in, table... 

$2.15 

9-in. clip. 

1.35 

15-in. table. 

2.39 

12-in. olio. 

1.89 

19-in. floor. 

2.95 






What would be the total cost of an order for a half dozen of each model? 

58. If 24 doz pairs of nylons cost $528.56, how much do they cost per 
pair? 

59. A gallon contains 231 cu in. Alcohol is 0.84 as heavy as water. 
What volume of alcohol will weigh as much as 2 gal of water? 

60. A Red Cross canteen operating on a 24-hr basis served 7,350 
transient patients and 5,246 servicemen on transcontinental trips over a 
period of 2 years. What was the average number of patients and service¬ 
men served per week? 

61. A suit of clothes requires 44 yd of cloth. What is the value of 
suits made from 24 yd if each suit is worth $45.95? 

62. Add the following truck loadings, and check the answer by casting 
out nines: 2,358, 5,643, 4,734, 3,786, 2,849, 5,237, 4,385, 2,647, 2,369, 5,308, 
2,704, 3,748. 

Self-Test* 

Time: 50 Minutes 

(Score 10 points for each problem correctly solved) 

1. Receipts for seven home basketball games at a certain college 
were as follows: 

* At the end of each chapter throughout this book there is given a “self-test 
that covers much of the material taken up in that chapter. After completing 
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Dec. 3. 

. S2.714.40 

Dec. 12. 

. 1,922.75 

Dec. 18. 

. 1,753.90 

Dec. 23. 

. 1.06S.25 

Jan. 6. 

. 2,997.15 

Jan. 13. 

. 2,542.35 

Jan. 22. 

. 4,100.60 


(a) Find the total receipts for the seven games. (6) How much greater 
were the receipts for the final game than for the game just prior to the 
Christmas vacation? 

2. At S4.80 per half dozen, how many more golf balls can be purchased 
for S9.75 than can be bought at the rate of S0.95 each? 

3. How many significant figures are there in each of the following 
measurements obtained in a physics laboratory: (a) 300.03, (6) 0.00001, 
(c) 939.21, (d) 4,636,000, (e) 2.2002? 

4. A banker used the method of casting out nines to check the fol¬ 
lowing deposits 1 

S2.369.ll, 

4,824.03, 

382.44, 

7,731.90, 

45.67, 

394.06, 

1,078.32. 

(a) Find the total receipts. (6) Check by casting out nines, and state the 
“excess” arrived at in the check. 

5. Find the smallest number exactly divisible by each of the numbers 
63, 24, 98, and 210. What is this number called? 

6. A merchant has four lots of rope in lengths of 54 ft, 90 ft, 126 ft, 
and 162 ft. He wishes to sell the entire supply as automobile tow ropes. 
Into what lengths should the ropes be cut to obtain the longest uniform 
tow ropes without waste? 

7. Find the value of 92.479 divided by 0.92, rounding off the quotient 
to two decimal places. 

8. A man who owned £ of the shares of a corporation sold ^ of his 

holdings to his brother. What fraction of the shares did his brother 
receive? 


the work of a chapter, the student should take the self-test and score his own 
pa P er .- he scores fewer than 80 points, he has probably failed to master 
sufficient material for success in the course. It is suggested that when a 
problem is missed, pertinent text material be reviewed immediately. 
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9. The number of board feet in an oak beam was calculated from the 
product 22f X l£ X 24. What was the cost of the beam at $0,045 per 
board foot? 

10. Find each division pay roll and the total pay roll for the following 
532 employees: 


Division 

Number of 
Employees 

Hours Worked 
per Employee 

Rate per Hour 

Management. 

76 

43 

$1.80 

Advertising. 

145 

45 

1.72 

Sales. 

262 / 

48 

1.20 

Collections. 

49 

40 

1.15 















Chapter II 

SIMPLE ALGEBRAIC OPERATIONS 


Introduction. Skill and proficiency in the use of the simple 
arithmetic processes reviewed in the last chapter are necessary in 
almost every walk of life—most certainly in the realms of business 
and industry. These arithmetic processes consist mainly, as we 
have seen, of the addition, subtraction, multiplication, and division 
of numbers involving the digits 0, 1, 2, . . . ,9 and are sufficient 
to enable us to work many kinds of problems. But arithmetic alone 
is not adequate to solve many of the important problems which 
arise in the financial, industrial, and business fields. Time must 
be saved, and information gained from specific sources must be 
generalized. For these reasons and others that will become appar¬ 
ent later, a study of the fundamentals of algebra is important as a 
medium through which business mathematics and its applications 
may be approached. 


20. The Meaning of Algebra. For practical purposes algebra 
may be thought of as a continuation of arithmetic in which symbols 
(usually letters) are used to represent quantities. For example, 
in problems dealing with money at interest, the principal is usually 
represented by the letter P, the interest by I, the rate of interest 
by r or t, and the time involved by the letter t. Sometimes, too, 
the representation of a certain quantity takes the form of some 
combination of letters and symbols. Thus, v n often stands for the 
present value of an amount at compound interest for n years; s*,,* 
usually designates the amount of an annuity of SI per year for n 
years with an interest rate of i. In short, the letters and symbols 
of algebra furnish us with a kind of shorthand, making possible 
a great conservation of time and labor. 

When letters (or other symbols), or letters and numbers, are 
combined by symbols of operation, they form an algebraic expres- 


. , symbol s a< is single and indivisible, and the n and 
independently. The symbol is read “s angle n at 


i cannot be read 
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sion; and the parts that are separated by plus or minus signs are 
called terms of the expression. An algebraic expression containing 
only one term is called a monomial; if it contains two terms, it is 
called a binomial; and if it contains more than two terms, it is ordi¬ 
narily (but not always) called a 'polynomial. 

A statement that one expression is equal to another is called an 
equation. The two members of the equation are separated by the 
symbol =. Thus, 2x + 5 = 11 is an equation expressing the 
equality of the quantities 2x + 5 and 11, the two members of the 
equation. This equation is an example of a conditional equation, 
since it is true only when x has the value 3. An equation such as 
3x + 5x = 8a:, is called an identity , since it is true for all values of 
x for which the equation is defined. Finding the solutions of equa¬ 
tions, that is, values for which the equation is true, plays an impor¬ 
tant role in many business and industrial problems. 

As in the case of arithmetic, the fundamental operations with 
algebraic quantities are addition, subtraction, multiplication, and 
division, and these operations are indicated by the usual signs. 
Thus, a + b means that b is added to a; a — b means that b is sub¬ 
tracted from a. Although multiplication may be indicated by the 
signs X or •, often no special sign is needed when the meaning is 
clear. Thus, the product 3 times a is usually written simply as 3a. 
The sign -f- indicates division, but often the division is indicated in 

. a 

fractional form. Thus the quotient a -s- b may be written y or 

a/b. The product of the two quantities a/b and c/d may be writ- 

a c ac 

ten r • -j or j-y 
b d bd 

Each of the numbers appearing in an indicated product of two 
or more numbers is called a factor. For example, in the binomial 
2 S + 4 RT, the first term is the product of the two factors 2 and S, 
and the second term is the product of the three factors 4, R, and T. 
In a term like 25, the 2 is said to be the numerical coefficient of S. 
In later sections we shall discuss the process of factoring an alge¬ 
braic expression by writing it as the product of simple factors. 

Although it is possible to express in words the various rules o 
computations and facts concerning business problems, they may 
be more precisely and compactly stated in mathematical terms. 
For example, in words we say that “profit equals the selling price 
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less the cost.” In symbols, this statement may be expressed as 
follows: Let P = Profit, C = Cost, and 5 = Selling price. Then, 
the formula for profit in terms of cost and selling price may be 
written P = S — C. Since there are three letters in this formula 
(equation), any one of them can be found when the other two are 
known. Thus, if an article costing S60 is sold for $72.25, we merely 
have to substitute in the formula and write P = S72.25 — S60 = 
$12.25. A more detailed treatment of the use of formulas and the 
setting up and use of equations will be given in later sections. 

As we have pointed out, symbolic expressions are the bases upon 
which algebra rests. For this reason we shall begin with the prob¬ 
lem of translating written statements and expressions into mathe¬ 
matical terms. This ability to express in symbols specific condi¬ 
tions stated in words is of the greatest importance, for it is the first 
step in the]logical solution of a problem after the problem is clearly 
understood. For example, in a certain problem the following state¬ 
ment appeared: “The total weight of three different shipments was 
680 pounds.” How may we express this statement in symbols? 
Since there are three different weights, we may let some letter (dif¬ 
ferent for each) stand for each of them. Thus, we may let x stand 
for the first weight, y the second, and z the third. The resulting 
mathematical statement would then be x -f y + z = 680. Of 
course, the choice of symbols or letters is entirely optional, and the 
sum of the three weights could just as well be written a + b + c, 
or 11 -f- Af + iS, or IFj + 11% + TTs, or in terms of any other sym¬ 
bols that were convenient. 


Illustrations: Write the following in algebraic symbols: 

1. If one orange costs N cents, what do 18 oranges cost? An¬ 
swer: 18.V cents. We observe that 18.V means 18 times N. Some¬ 
times this product is written 18 X N, where the X indicates 
multiplication. Other ways of indicating multiplication are to 
use a dot (•) between the factors or to enclose each factor within 

parentheses. Thus, 18 times iV, 18 N, 18 • N, and (18)(AT) all mean 
the same thing. 

2. Mr Jacobs sold a car for $750 and lost x dollars. How much 
did the car cost? Let C = cost. Then, since the car cost x dol¬ 
lars more than it was sold for, C = 750 -f- x. 
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3. If N cans of dog food cost C cents, how much do 5 cans cost? 
Since N cans cost C cents, 1 can would cost C -s- N, or C/N cents. 
Hence, 5 cans would cost 5 times C/N cents, or 5 C/N cents. (Until 
the student becomes skillful in the use of symbols, he may find it 
helpful to compare the symbolic expression with the same state¬ 
ment when numbers have been substituted. Thus, in translating 
the given statement, one might think, “If 2 cans cost . . . , to 
find the cost of 1 can we must divide . . . and so forth.) 

4. Twice a number plus a second number equals 13. Let a = 
one number, and b = second number. Then the problem states 
that 2 a + b = 13. 


Problems 

1. Let a, b, and c be three given numbers. Write in symbols: 
(a) The sum of the three numbers. (6) The sum of the first two 
minus the last, (c) The product of the three numbers. ( d ) The 
quotient of the first divided by the second. ( e ) The quotient of 
the first two, minus the third. (/) The product of the last two, 
minus the first. ( g ) The product of the three numbers, plus the 
product of the last two. ( h ) The sum of the first two numbers, 
divided by the third. 

2. Express in algebraic symbols: (a) The product of P times r 
times t. ( b ) The quotient of A times R, divided by n. (c) Half of 
the sum of x + y. (d) The quotient of the sum of c and d divided 
by the difference obtained when d is subtracted from c. 

3. If 12 apples cost x cents, what does 1 apple cost? 

4. If a boy can walk 5 miles in t hr, how far can he walk in 
1 hr? 

5. If an automobile makes 20 miles on the gallon, how far can 
it travel on y gal? 

6. If a Girl Scout can bicycle x mph, how many hours does it 
take her to go 1 mile? 

7. An article is sold for $90. The profit realized is £ of the 
cost. Let x stand for the cost, and write an equation expressing 
the relationship Cost + Profit = Selling price. 

8. Write an equation (formula) which states that simple inter¬ 
est I equals principal P times rate r times time t. 


POSITIVE AND NEGATIVE NUMBERS 
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Write the following in algebraic symbolism: 


9. Tom is a years old. Ruth is b years old, or twice as old as 
Tom. 

10. John is 2 years old. His age in 5 years will be 15. 

11. T. C. Smith sells brooms for w cents each. He reduces the 
price 15f* and sells them for 2 cents. 

12. Brown’s Haberdashery will sell 1 belt for r cents but will 
sell 3 for q cents, d cents off on each belt. 

13. A salesman gets a commission of on his sales s in dollars. 
His commission for the month is C dollars. 

14. The Crystal Products, Inc., have net earnings of E dollars. 
Their bonus payments total B dollars. They pay a tax of ^ on 
the net less the bonus. The tax is T dollars and C cents. 


Solve the following problems in algebraic language: 

15. Dick has y dollars, and Harry has 4 times as many. How 
many does Harry have? How many dollars do both have together? 

16. How much money does Jones have left out of x dollars if 
he spends y cents? 

17. An automobile travels y miles in t hr. How far does it 
travel in 1 hr? In T hr? In 4 hr? In k hr 30 min? 

21. Positive and Negative Numbers. In arithmetic we dealt 
with positive numbers only. Positive numbers include the integers 
1, 2, 3, 4; the positive rational fractions, such as - 3 -, and the 
positive irrational numbers, such as y/2, y/E.* All these numbers 
may be thought of as having a value greater than zero. When 
they are added, multiplied, and divided, the results are always 
positive. In subtraction, the result is positive if the smaller num¬ 
ber is subtracted from the larger one; but arithmetic does not 
enable us to subtract a larger from a smaller number. 

The introduction of negative numbers in the development of 
algebra made possible the subtraction of larger from smaller num¬ 
bers. Negative numbers may be thought of as being less than 
zero and are written with a minus sign prefixed. Thus, negative 6 

* A rational number is defined as one that may be expressed as the quotient 
of two integers; an irrational number is one that cannot be expressed as the 
quotient of two integers. 
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is written - 6; negative 2x is written - 2x. To subtract 4 from 2, 
wejwrite 2 minus 4, or 2 - 4, which equals -2. 

The numerical value of a number, or its value taken without 
regard to sign, is called its absolute value. Thus, the absolute 
values of -6, +8, -75, +2.45, and -0.06 are 6, 8, 75, 2.45, and 
0.06, respectively. A debt of $400 might be regarded as -$400, 
and a profit or perhaps an income of the same amount might be 
recorded as +$400. The absolute values of the two items would be 
exactly the same, although their signs are different. 

22. The Real Number System. The numbers of arithmetic, 
the negative numbers, and the number zero, with their rules of 
operation and relation, form the system of numbers known as the 
real number system. These numbers have certain properties which 
are for the most part self-evident and which are the basis upon 
which algebra rests. These fundamental assumptions are as 
follows: 

1. The sum of two numbers is the same in whatever order the 
numbers are added. Thus, 

6 + 4 = 4 + 6, 

a + b = b + a (Commutative Law for Addition). 

2. The sum of three or more numbers is the same no matter 
how they are grouped. Thus, 

2 + 5 + 6 = (2 + 5) + 6 = 2 + (5 + 6), 

a + 6 + c = (a + 6)+c = a + (6 + c) 

(Associative Law for Addition). 

3. The product of two numbers is the same in whatever order 
the numbers are multiplied. Thus, 

3 • 4 = 4 • 3, 

ab = ba (Commutative Law for Multiplication). 

4. The product of three or more numbers is the same no matter 
how they are grouped. Thus, 

3 • 4 • 5 = (3 • 4) • 5 = 3 • (4 • 5), 

abc = ( ab)c = a(bc) (Associative Law for Multiplication). 

5. The product of a number by the sum of two or more numbers 
is equal t o the sum of the products of the first number multiplied 
by each oi the numbers of the sum. Thus, 
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2 • (3 + 4) = 2 • 3 + 2 • 4, 
a(b + c) = ab + ac (Distributive Law). 

6. If the same operation is performed on equal quantities, the 
results are equal. Thus, if x = y, then x + a = y + a; and 
x - a = y — a. If x = y, then ax = ay ; and x/a = y/a, pro¬ 
vided that a does not equal zero. 

7. If a = b and b = c, then a = c. 

It is often convenient to represent the real numbers graphically 
by associating them with points along a chosen straight line. 
Positive numbers are directed along the line to the right of an 
arbitrarily chosen point 0, whereas negative numbers are laid off to 
the left of the zero point. 


I 1 I I I I I _I I I I !_I I ! I I L 

-8 -7 -6 -5 -4 -3 -2 -1 0 +1 +2 +3 +4 +5 +6 +7 +8 +9 

23. Addition. If we agree that “plus is to the right” and 

“minus is to the left,” addition and subtraction of numbers, whether 
they be positive or negative, can be illustrated graphically, using a 
numbered scale. 


Examples: 

1. 3 + 5 = ? 

--~i—*-*-*i —*-*-*-*-* 

-8 -7 -6 -5 -4 -3 -2 -1 0 +1 +2 +3 +4 +5 +6 +7 +8 +9 

Starting at zero, we reach +3 by moving 3 units to the right. The 
plus sign in front of the 5 means that we must move 5 more units 
to the right, reaching +8, which is the correct sum. 

2. -2 + 4 = ? 


—-- 1--- i _!_ 

-8 -7 -6 -5 -4 -3 -2 -1 0 +1 +2 +3 +4 +5 +6 +7 +8 +9 

Starting at zero, we reach — 2 by moving 2 units to the left. From 

this point we move 4 units to the right, arriving at +2, the sum of 
-2 and +4. 

3. -3 - 2 = ? 
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Starting at zero, we obtain the correct sum, —5, by moving 3 points 
to the left for the —3, and then 2 more points to the left for the —2. 


The above examples illustrate the addition of numbers of like 
signs (Examples 1 and 3) and of unlike signs (Example 2). The 
ideas involved in the process of adding lead quite naturally to the 
following rules of addition: 

1. To add two numbers having like signs, add their absolute values, 
and prefix the common sign. 

2. To add two numbers having unlike signs, take the difference of 
their absolute values, and prefix to it the sign of the number having the 
larger absolute value. 

When three or more numbers are to be added, the above rules 
may be applied by adding first the positive numbers and then the 
negative numbers, obtaining two numbers whose sum will be the 
total algebraic sum required. 


Problems 


Add: (1) 

-3 (2) 

-10 

(3) 4 

(4) - 

■8.9 

(5) -83 



-5 

4 

-7 

— 

0.2 

-25 

(6) 

673 

(7) -445 

(8) - 

-341.-8 (9) 

0.007 

(10) 0.6255 


-921 

581 


15.3 

-0.121 


-4.4107 

(ID 

31 

-2 

(12) 

1 

( 13 ) -m 
% 

(14) - 

2 

r 

0 

J 

(15) -3f 

-71 

(16) 

-9 

H 

(17) 1 

991 


(18) -0.0007 1 

0.0006 

:i9) 

5,892,617 

-5,892,716 

(20) 

327 



(21) -H 

1 1 



(22) A 
0 


2 

s 



T? 



- 

(23) 

5 

-3 

(24) 

6 

-15 

(25) 

-1.17 

-2.34 


(26) 6f 

-21 

qS 


7 


11 


0.63 


— oj 


-10 

- 

-17 


-9.10 


If 
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(27) -3 + 2.1, (28) 6 - 8.2, 

(29) -6f - 2}, (30) 19.6 - 8J, 

(31) 396 - 397, (32) 8-3 + 2 + 6- 7-9, 

(33) -2-4-9 + 6-3 + 19, 

(34) 6.25 + 3.46 - 10.06 + 2.96, 

(35) -1.2 - 2* - 8.2 + 11.9, 

(36) —t + 1* + 2§ — 3*, 

(37) S92.67 + S18.34 - $2.20 - S67.92 - S13.80, 

(38) 21* - 62* + 2f - 18*, 

(39) -48.72 + 16.02 + 16.60 + 16.09, 

(40) 0-9-3|+12. 

24. Subtraction. We may think of subtraction as the inverse 
of addition. Thus when we subtract 4 from 7 and obtain 3, we have 
found a number which when added to 4 yields 7. Graphically, this 
amounts to starting at 4 and counting off the number of units to 
reach 7. 


Examples: 

1. (+7) - (+4) = ? 

__ ___ --->| 

-8 -7 -6 -5 -4 -3 -2 -1 0 +1 +2 +3 +4 +5 +6 +7 +8 +9 

Starting at +4, we must count 3 units to the right to reach +7. 
Therefore, 7 — 4 = 3. 

2. (+7) - (-1) = ? 

-I *—*-*-—*-*->-*— 

" 8 ~ 7 ~ 6 -5 -4 -3 -2 -1 U +1 +2 +3 +4 +5 +6 +7 +8 +9 

Starting at -1, we must count off 8 units to the right to reach +7 
Therefore, (+7) - (-1) = +8. 

3- (-4) - (+2) = ? 


-8 -. 7 -6 -5 -4 -3 -2 -1 0 +1 +2 +3 +4 + 5 +6 +7 +8 + 9 

Starting at +2, we must count off 6 units to the left to reach -4 
Therefore, (-4) - (+2) = -6. 


i T j examples lllustrate subtracting positive numbers (Examples 
1 and 3) and negative numbers (Example 2). A study of the 
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principles involved will show that the following rule for subtraction 
holds: 

To subtract one number from another , change the sign of the num * 
ber to be subtracted (the subtrahend ), and proceed as in addition. 


Problems 


Subtract: (1) 5 

(2) 10 

(3) 

-76 

(4) -21 

(5) 113 


7 

23 


-17 

14 

-107 

(6) 79 

(7) 37.06 

(8) 161.7 

(9) -0.0172 

(10) -14 

18 

-14.89 

293.9 


0.6122 

0 

(11) - 

■1 (12) 1 (13) -1 

(14) 

131 

(15) 0 

(16) 191 

— 

5 9 

JS z 

2 

_ Z 


191 

9 

~“TT 

-22A 

(17) - 

■9f! (18) T5 

(19) - 

92.3 

(20) 

3421 (21) 6,394.29 


7# 1.07 


41 


-38.25 

-415.89 

(22) - 

2,234.03 (23) 

-1,111 

.11 

(24) S 

1,492.896 

(25) 192A 

— 

1,164.09 

1,111 

.11 


16.007 

-1131 


(26) — 4361 
-435| 


(27) 400| 
4621 


(28) -7351 “ (+102|), 

(29) 7 - (-3), 

(30) 19 - (+2), 

(31) -5 - (-9), 


(32) -72 - (+49), 

(33) 821 - (+92f), 

(34) 16.3 - (-16.3), 

(35) -26.7 - (-27.8). 


25. Addition and Subtraction of Like Terms. In algebra, 
like quantities may be added or subtracted as in arithmetic. Thus, 
3x, 4x, and 7x are like terms , and the sum of these three terms is 
14a:. jab and jab are like terms, and we may subtract the jab 
from the jab for a difference of jab. So long as the terms are 
expressed in the same unit, we may proceed in algebra as we did in 
arithmetic. This indicates that if an expression contains terms 
having different signs of operation, the proper order of operations is 
to perform multiplication and division first, then addition and 
subtraction. Thus, 6a 2 + 8a X 2 — 3a X 4 = 3a + 16a — 
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Illustrations: 

1. Add: 


2. Subtract 


4x 

9 xy 

—12a6c 

0.06 P 

— 5x 

— 2xy 

—15a6c 

0.03 P 

8x 

13 xy 

— 4a6c 

1.04 P 

7x 

» • 

20 xy 

—31a6c 

IAZP 

/ • 

23 rt 

1.5 C 

-32 xy 

— 24 u> 

3 rt 

-0.5C 

11 xy 

— 6 w 

20 rt 

2.0C 

— 43 xy 

—18 w 


If the terras to be added are unlike, we may indicate the addition 
in the following manner: 

33x 2 ab ' 200 Rt 

2 y -IE 35 L 

33x + 2 y 6P_ -16 ab _ 

2ab -7E + GP 200 Rt + 35L - 16a6 

Problems 

Add the following by combining like terms: 


1. 3x, 4x, 12x, 

2. 5 y, 10 y, 3 y, 

3. 2x, —5x, 4x, 

4. 6 w, — 9w, w, 

5. 7 w, —10 w, — YJw, 

6. —6 z, — z , —4 z, 

7. 4x2, 2x2, 7x2, 


8. 17X2, —9X2, X2, 

9. Zed, —Zed, —2cd, 

10. xhj, Zx-y, 25 x-y, 

11. M x , 5 M z , \2M X , 

12. 0.40x, — 0.50x, 0.06x, 

13. — 6.25x, — 0.45x, x, 

14. -ja, \a, |a. 


Simplify the following by uniting like terms: 

15. a — 3a + 2a, 

16. 26 - 3a + 76 - 5a, 

17. 8 + 2x — Zy + 7 + y, 


18. 6 xy + 7x — 10 y — xy — x — y, 

19. W - + 35y 3 + 4x 2 , 

20. 1.52 + 2Aw — 19.62 + 4 w, 
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21. vd x , 6 vd x , —3 vd x , 

22. 2 a 2 b - 5ab 2 - 46a 2 + 36 2 a, 

23. 7.9r + 0.6i - r - 12t, 

24. 99Z> -6 1- 0.05 D, 

25. -nrP — A$ + AS — AP, 

26. L — a + 16n — a — 9n -f- 

27. 35P - fr — |P + 7 + - f, 

28. Mi — 2Ni + SMi — Ni. 

26. Symbols of Grouping. Several parts of an algebraic 
expression are often grouped together to indicate that they are to 
be considered as a single number. Thus, in the expression 50 — 
(10 + 5), the parentheses indicate that the 10 and the 5 are to be 
considered as the single number 15 when subtraction is made from 
50. Likewise, A — (P + I) means that the P plus the I is to be 
treated as a single quantity which is to be subtracted from A. 

The symbols used for grouping are: the parentheses (); the 
brackets [ ]; the braces { }; and the vinculum . These 

are the signs of aggregation that are in common use and may be 
employed wherever grouping is desired, subject only to the laws 
of signs that result from the fundamental assumptions of algebra. 
We have different symbols of grouping to enable us to group terms 
which are already grouped within another symbol. Thus, we write 
a — [a + b — (a + c)], to indicate that the a + c within the 
parentheses is treated as a single quantity within the larger group 
enclosed by brackets. The following examples will serve to show 
what happens when parentheses or other symbols of grouping are 
removed and what must be done when such symbols are inserted. 



Examples: 

1. a + (b + c) = ? , 

The two numbers within parentheses are to be added togetner, 

treated as one number, and then added to a. Since it is a problem 

in addition, we may set the numbers down as follows and add: 


a 

b 4- c 


o + ii+c 
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We observe that the parentheses have been removed and the signs 
of the numbers within parentheses remain unchanged. Further¬ 
more, since a + (b + c) = a + b + c, we see that parentheses may 
be inserted without affecting the signs of the terms. 

2. a + (6 — c) = ? 

Proceeding as in Example 1, we find 


a 

b — c 
a b — c 

Again we see that parentheses preceded by a plus sign may be 
removed without affecting the signs of the numbers that were 
within the parentheses, and that terms may be enclosed within 
symbols of grouping preceded by a plus sign without changing 
their signs. 

3. a - (6 + c) = ? 

Since this is a problem in subtraction in which the quantity 
within parentheses is to be subtracted from a, we may set the 
numbers down as follows and subtract in the usual manner, being 
careful to change the signs of the subtrahend: 


a 

b + c 
a — b — c 

We see that when the parentheses have been removed, the signs of 
the numbers within the parentheses are changed. The next 
example will confirm this change in signs for negative numbers 
within the parentheses. 

4. a - (-6 - C ) = ? 

Subtracting as in the previous example, we find 

a 

— b — c 
a + b + c 

Hence, a - (~b - c) = a + b + c. 

The above examples are verifications of the rules of grouping 
that must anse, of course, out of the ideas involved in the funda¬ 
mental operations of algebra. We may state the rules as follows- 
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1. Parentheses or other symbols of grouping that are preceded by a 
plus sign may be removed by rewriting the inclosed terms with their 
original signs. 

2. Parentheses or other symbols of grouping that are preceded by a 
minus sign may be removed by changing the sign of each term within 
the original group. 

3. Parentheses or other symbols of grouping may be inserted in 
accordance with the rules for removing symbols (see Illustration 2). 


Illustrations: 

1. Remove the symbols of grouping, and combine like terms: 

(а) 3 - [4 + (5 - 3) - (7 - 4)] 

= 3 — [4 + 5 — 3 — 7 + 4] (N otice that the signs of the 

5 and the 3 within the 
first parentheses remain 
unchanged whereas the 
signs of the 7 and 4 
within the second paren¬ 
theses have been changed. 
Why?) 

= 3 — 4 — 5 + 3 + 7 — 4 (Notice that the signs of all 

numbers that were within 
the brackets have been 
changed. Why?) 

= 0 . 

(б) 6a - [5a - (6 - 2a) + 46] 

= 6a - [5a - 6 + 2a + 46] (Removing the parentheses) 

= 6a - 5a + 6 - 2a - 46 (Removing the brackets) 

= —a — 36. 

2. Place the last three terms of the following expressions in 
parentheses preceded by a minus sign: 

(a) x - 2y + 3z - 4w 

« x - (2y - 3z + 4 w) (Notice that each term placed 

within the parentheses has its 
sign changed. Why?) 
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(6) 24 - 4P + 2 R - 7 PR + I 

= 24-4 P - (-2 R + 7 PR - I) 


(What effect has the 
minus sign before the 
parentheses upon 
the terms placed 
within?) 


Problems 

Simplify the following expressions by removing signs of grouping 
and combining like terms: 


1. 5r + (r - 4), 

2. 6x + (x - 3), 

3. 14 + (2 i + 6), 

4. -2 + (-x + 2), 

5. 3 P - (6r + 5), 

6. 4 y - (3x - 3), 

7. 9P - 6 - (3P + 2), 


8. 5x — 2y — (2x — 3 y), 

9. 6 + a - (3a + 2), 

10. 6 — A — (-.4 + 4), 

11. 6* + (4.2* - 1) - 1, 

12. 5i + (6.72 + 1) - 2, 

13. -(9 + 6x - 2 y), 

14. - (2 - 3t + 2k) + 3, 


15. (3x + 2 y — 3 z) - {y + 4x - 3z), 

16. (5 k - 6e + 7k) + (4e - 6 k - 2k), 

17. -(ab - 6 2 - a 2 ) + (3a 2 - 26 2 - 4a6), 

18. 1 - [1 - (1 - 1)], 

19. 8p — (3m + 2n + 9m — 3a), 

20. 3a — [a + 6 + (6 — a) — 3], 

21. (6 + 2 y) + (9 - 2 y), 

22. 5 + [6a - (6 - 2a - 4a + 2)], 

23. (13r + 2a) - (4r - 7a), 

24. pq - [p - [q + (3 - pg)] + p], 

25. 5a + [2 L + 3a - (4a + L)], 

26. 2y + (6 - ^T3 + y), 

27. 2x + [4x — (x — 7x) — 4x] + 3, 

28. 1- U-U-d-I^T)]}, 

29. 5 - {2a - [5a - (7a + 36 - 4) - 8a]}, 

30. 3 + [-2 + 4 - (2 + 1)] - (3 - 4), 
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31. 5 r - {(3r - i) - [2 i - (3 + 2r) -4z] + r - t}, 

32. 5 - {5 + [4 - (3 - 1)] - 5}. 

Place the last three terms of the following expressions in paren¬ 
theses preceded by a minus sign. Remove the parentheses to 
check your work. 


33. 

2x 2 - 4x + 3y - 2, 

42. 

—x — y — z — w + 10, 

34. 

a + 6 + 1 — m — n, 

43. 

(P + S) - 4r + Sn - 6 q, 

35. 

k + P - Prt + D, 

44. 

10 - 4? + 3p - 7r, 

36. 

C — D x — D y — D z , 

45. 

(2x + y) + 5 — z + 3 w, 

37. 

10 + 1 + 1 + 1, 

46. 

a — 2e — 3n + 6, 

38. 

9z — w — x — 3, 

47. 

— a — b — c — d, 

39. 

1 + 3P - 4Q + R, 

48. 

9mi + 3 w 2 — m 3 — 

40. 

rs + xy — 3 — 4z, 

49. 

7 - x + y, 

41. 

y 2 — y + Qy 2 — 4x + 7, 

50. 

— 3x + 2y - 7. 


27. Positive Integral Exponents. One of the most useful 
symbols of algebra is the exponent. If, for example, we wished to 
multiply 4 by itself two times, we could write the product as 
4-4-4. But we may write the indicated multiplication more sim¬ 
ply as 4 3 , where the 3 is placed to the right and a little above the 4 
to indicate how many times the latter is to be taken as a factor. 
The product 1.06 • 1.06 • 1.06 • 1.06 • 1.06 is written simply (1.06) 6 , 
and is read “1.06 to the fifth power.” In general, if n is a positive 
whole number, a n means a • a • • • a (n factors). 

A knowledge of exponents would be valuable if only for the 
purpose of writing certain products in a concise and simplified 
form. But as we shall see in a later chapter, exponents, both 
integral and fi actional, positive and negative, obey certain laws of 
operation which make them indispendable to a working knowledge 
of the mathematics that enters into almost all business problems. 

We shall consider here only a few simple problems involving 
positive integral exponents as background for the work in multiplica¬ 
tion and division that follows. Study of the laws and the meamng 
of fractional, zero, and negative exponents will be reserved for a 

later chapter. 
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Illustration 1: a 3 • a* = ? 

Writing the indicated products in extended form, we have 

a 3 • a* = (a • a ■ a)(a • a • a • a) 

= a-a-a-a-a-a-a 
= a 7 . 

It appears, therefore, that the desired product can be obtained by 
adding the exponents. In general, a m a n = a m+n . 


Problems 

Perform the indicated multiplications: 


1. x s • x 3 , 

2. a 3 - b 3 ■ a, 

3. (1 + r) • (1 + r), 

4. x 2 y • x 3 y 2 , 

•5. 2a6 2 • 3a 2 6, 


6. 100(1.04)* • (1.04) 7 , 

7. (1.02)* • (1.02) 2 • (1.02), 

8. x 3 y* ■ x 1 • x 9 y 6 , 

9. abc • a 3 bc • abc-, 

10. P( 1 + r)(l + r) 2 . 


Illustration 2: a 6 -5- a 2 = ? 

The division to be performed may be written 

a 3 _ a ■ a • a ■ a • a 
a 2 a • a 

Canceling factors common to both numerator and denominator, 
we have 

a 5 3 

— = a • a ■ a = a 3 , 
a- 

From this it appears that the quotient can be obtained by sub¬ 
tracting the exponents. In general, a’ n /a n = a m ~ n , if m is greater 
than n, and a is not zero. 

Illustration 3: a s b* -5- a 2 b = ? 

We may write the indicated division as 

a 3 b* _ a 5 b* 
a 2 b a 2 6 
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Then applying the rule of Illustration 2 to each of the fractions in 
the right-hand member, we have 


a 6 6 4 

a 2 6 


= a 5 " 2 • 6 4-1 = a 3 b 3 . 


Problems 

Perform the indicated operations: 


1. x 6 -T- x\ 

2. 3 3 3 2 , 

3. (1 + r) 3 + (1 + r), 

4. x 3 y 2 4- xy, 
a 4 6 6 c 3 

5 ‘ HWc’ 



2 • 16 2 
4 2 • 2 3 ’ 


7. 

8. 


L 3 R 7 

LR 2 ’ 

P(1 + r) 6 
1 +r ' 



2 3 6 3 

3 2 6 


Illustration 4: (a 2 ) 3 = ? 

The a 2 , which may be written a • a, is to be taken three times 
as a factor. Thus (a 2 ) 3 = (a • a) ■ (a ’ a) • (a ■ a) =a-a-a-a- 
a ■ a = a 6 = a 2 ' 3 . 

It appears, therefore, that in general the rule in this case is 


Illustration 5: ( abc ) 3 = ? 

The (abc) is to be taken three times as a factor. Thus (abc ) 3 = 

(abc) • (abc) • (abc) = a ■ b • c • a ■ b • c ■ a • b • c = a - a ■ a - b • b - b- 

c-c-c = a 3 b 3 c 3 . It appears, then, that each factor within the 
parentheses is raised to the power indicated. The general law is 

(abc •••)”= a m b m c m 


Problems * 

Perform the indicated operations: 

1. (* ! ) 2 , 3 - 

2. (ab) 2 , 4. 


(xV)\ 

(xy 2 ) 3 (x 2 y) 
x 3 y 3 
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„ ( 1 . 06) 3 • ( 1 . 06 2 ) 5 
5 - ( 1 . 06) 4 

6. ( abc)(abc ) 2 , 

7. (2*/) 3 • 2y 3 , 

8. (3x 2 */) 4 • 3x 2 i/ 4 , 

9. ( ac ) 2 • ac 2 , 

10. [(1 +t) , (l + j) 3 ] 4 , 

Illustration 6: 27 • 9 3 • 3 4 = ? 
Since 27 = 3 3 , and 9 = 3 2 , 

3 3 • (3 2 ) 3 • 3 4 


11. (1.05) 3 • (1.05 2 ) 4 , 

12. (xyz 2 ) 3 • xyz 2 , 

13. (7P) 2 -7P 2 , 

14. (c 2 w 3 n) 2 (em) 3 (?nn) 2 , 

15. [3(1 + r)] 3 (l + r) 2 • r 3 , 

16. [(a + e)) 2 (a -f e) • e 2 . 


the expression may be written 

= 3 3 • 3 6 • 3 4 = 3 13 . 


Problems 


Perform the following indicated operations, making use of the 
properties of exponents that have just been learned: 



2 3 • 3 4 
2 2 -3' 



3. x 4 • x 6 • x 6 , 

4. SR • R • R 2 , 

5. 9ri 2 • 6 r\ 

6. (3a 3 6 5 )(2a6 3 ), 

7. (2x 2 ) 3 , 

8. (x 4 f- x 3 ) • x s , 

9. (x 5 • x 2 ) x 4 , 

10. (a 3 b 2 )(a 2 b*), 

11 l ( 9 y'z), 

12 (0.5a 2 f) (0.05ei 2 ) 

ex 

13. (1 -f r) 3 (l + r) 2 , 

(6PP) 2 
' 6 PR 2 ' 


(PrOV 

16. 6 3 • 2 2 • 9 2 , 

17. 2 • 3 2 , 

18. 3 2 • 2 3 , 

19. 16 • 4 3 ■ 8 2 • 2, 

20. (5 ea) • 

be 

21. fut>(2 3 u 2 ) 3 , 

22 (0.2rP)(0.02r 2 Q 
rt ’ 

23. (a + e) 4 (a -f e) 2 • ae, 

9 , (%wz ) 3 
24 ’ 8 wz 3 ’ 

25. tfWOV 

t 

26. 15 3 • 9 2 • 45, 

27. 16 • 8 2 • 4 3 • 2, 

2 g • fa /) 4 

xyz 
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on (ab 3 c) 2 • abc 3 

36. 

cm . 

aW ' 


8 ’ 


Q7 

x 4 ?/ 4 1 

3°. (2 mn) ■ 

O/. 

x 4 + y 4 xy 

49 2 (w 2 z) b w 2 z 

6 (7 2 w) 2 z* ’ 

38. 

?!.?!. 2 

36 2 6 ’ 

00 (abc) 2 • abc 2 

6A. - t - > 

abc 

39. 

l 3 + 7 3 

QQ (Orr\n\4 • ^ . 

40 

m 4 1 + m* 

. * - .■ i 

66. \&pq) g p 


1 + m 4 m 3 

34. (0.5sr 2 ) 2 -^ 

41. 

(X 2 ) 3 

X 6 

35. (a + e) a - a + c , 

42. 

(Y 3 ) 4 

yi 


28. Multiplication. We have already learned that multipli¬ 
cation of positive whole numbers is a shortened process of addition 
and have seen that multiplication may be carried out when letters 
or other symbols represent quantities as well as in the case of num¬ 
bers. But now that we are dealing with both positive and negative 
quantities, we must have some rules for the sign of a product when 
combinations of these numbers are multiplied. The establishment 
of these rules may best be approached through examples. 



Examples: 

1. ( + 3)(+4) = ? 

Here we see that 4-3 is to be added four times: 

+3 + 3 + 34-3 = +12, 

or (+3)(+4) = +12. 

Likewise, (+a)(+ 6 ) = 4-ah. 

2. (— 3) (+4) = ? 

We are now to add -3 four times: 

(—3) + (1—3) + (i—3) + (—3) = —12, 
or (!-3)(+4) = -12. 

Likewise, fl-a)(+&) = -<*• 

3. (+3)(—4) = 1 
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In this example the 4-3 is to be subtracted four times. 

-(+3) - (+3) - (+3) - (+3) = -12. 

Note that we would have obtained the same result by adding the 
— 4 three times. 

4. ( — 3) ( — 4) = ? 

Here -3 is to be subtracted four times: 

— ( — 3) - (-3) - ( — 3) - (-3) = +3 + 34-3 + 3 = +12. 
Likewise, { — a)( — b) = ab. 


From the foregoing considerations we have the following rules: 

1. The 'product of two quantities of like signs is positive. 

2. The product of two quantities of unlike signs is negative. 

When three or more numbers are multiplied we may apply the 

foregoing rules successively. The student may easily verify that the 
product of an even number of negative factors is positive, whereas 
the product of an odd number of negative factors is negative. 

The product of a polynomial and a monomial is the algebraic 
sum of the products obtained by multiplying each term of the poly¬ 
nomial by the monomial. Thus, by the distributive law (Section 
22) we write 

a(a + 6 — c) = a 2 + ab — ac. 


Problems 

Find the product of the following: 


1 . ( 12 )(— 12 ), 

2. (6)( — 3), 

3. (~4)(16), 

4 . (-£)(-!), 

5. <f)(-2i), 

6. ( —99)( —100), 

7. (15)(-2*), 

8. (-3*)(-2*), 

9. (-a)(2a), 


10. (36) (-5a), 

11. 2c • 7c, 

12. (4tf)(-3fl), 

13. 9 z-x • 4 z-, 

14. 8 y 3 x 2 • (- \yx), 

15. R • {PRt), 

16. ( —3a 3 6 5 )( —2a6 5 ), 

17. faV(—¥a), 

18. 15 • (—ia6c s ), 
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19. 

1 • w), 


27. 

x(a + 

c — 4) 

20. 

(OAeK) (2ix)(— 

6 exy), 

28. 

x(5 — 

c + d) 

21. 

2(* + y ), 


29. 

d(P - 

Pd), 

22. 

3(o + b), 


30. 

P{ 1 + 

rt), 

23. 

2 a(o — 6), 


31. 

M i - 

■ dt), 

24. 

M* + 1), 


32. 

a(l — 

r"), 

25. 

-2(x + y - 3), 

33. 

x 2 {l - 


26. 

(- SX- - 5 

+ 0’ 

34. 

y\y - 

-2), 

35. 

-xy(x + y) + 3(z 2 2/ + xy 2 ), 




36. 

cd 2 (c 2 — d 2 ) — 

d 2 (c 3 + 1), 




37. 

(^) (? 8 + V ) 

- (pY + P - 

1), 



38. 

* V LvY ' 

- xy^j 4- 2xy 2 {\ 

- *V). 



29. Factoring. By actual multiplication, we have found that 

a(a + b — c) = a 2 + ab — ac. 

The right-hand member of this particular example is in expanded 
form, and the left-hand member is in factor form. The process ot 
finding the simple factors of an expression given in expanded form 
is called factoring. There are many types that may be recognize 
from the expanded form, but perhaps the most common one is tne 
product of a monomial and a polynomial. Monomial factors can 

usually be detected by inspection. 


Illustration: Factor 6 a 2 bc — 12 a 3 b*. 

Solution: We see that 6a 2 6 is common to both terms. Hence, 

6 a 2 6c - 12a 3 6 6 = 6a 2 6(c - 2 ab*). 

Check: By multiplying the f actors we get 6 a 2 bc - 12a 3 6 5 - _ 

Problems , 

Factor the following algebraic expressions, and check oy 

multiplication: 
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1 . a + ab, 

2. P + Prt, 

3. 3a - 126 + 9c, 

4. 2R + 4S + 167\ 

5. 4ax — 8 ax 2 , 

6 . 3a 2 6 + 9a6 2 , 

7. 3x 2 y 3 z 5 - 4xy 2 , 

8 . 7a6c 4 + 286 5 c, 

9. 2MN - 8 M*N + 20MN 3 , 


10. P 2 R + 5PP 6 - 7P 3 P, 

11 . (2x 2 y) 2 (xy) 3 - 12x 3 y 2 , 

12. PQ(2PQ 2 ) 3 + 4 PQ 3 , 

13. (0.2/P ) 2 - 0.04r 3 P, 

14. (2Auv) 2 + 2.4u 4 v, 

15. ax + bx, 

16. cx + 2 x, 

17. P - Pr/ f 

18. A - Adt. 


30. Division. In our treatment of the multiplication of posi¬ 
tive and negative numbers we arrived at certain rules for the sign 
of a product by considering four different examples. Since divi¬ 
sion is the inverse of multiplication, we may conveniently use these 
same examples in establishing corresponding rules for division. 


Examples: 

1. (+12) -r- (+4) = +3 because (+3) • (+4) = +12. 

2. (-12) 4 - (+4) = -3 because (-3) • (+4) = -12. 

3. (i—12) -i- (-4) = +3 because (+3) • (-4) = -12. 

4. (+12) -f- (—4) = —3 because (—3) • ( — 4) = +12. 


It is apparent that the following rules hold for division: 

1. The quotient of two quantities of like signs is positive. 

2. The quotient of two quantities of unlike signs is negative. 


Problems 

Find the quotient in each of the following: 


1. (-4a) 4- (a), 

2. 3 xy - 5 - 3x, 

3. ( — 12r) 9, 

4. ( — 9x 2 z) -r- (2xz), 

5. ( 6 v 3 w) - 4 - ( — Aow), 

6 . | a 3 y + ±ya, 

7. 18a6c 4 -7- Sac 2 , 

8 . ( —0.04e 2 ) -h (-e), 


9. ( —31m 5 /i 3 ) -r- (9 m 2 n), 

10 . ar 6 r, 

11 . (1.08) 10 4- (1.08) 6 , 

12. ( —4x)(3y) (3x)(2 y), 

13. (-5a) (-36) (2c) -r- (2a) (-3c), 

14. (400)Pr£ - ( —200)r, 

15. (2.046Z))(1.2) -h (-0.40P), 

16. (42 a'R'S 3 ) - (-7 aR*S)(RS), 

17. ( —2xy ) 2 - [-(2xy)*]. 
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31. Simple Equations. An estate of SI 1,000 was divided so 
that the daughter received \ as much as the widow and the son 
received -| as much as the daughter. How much did each receive? 

The problem can be formulated mathematically and expressed 
very simply if we resort to the language of algebra and state it in 
the form of an equation. In other words, our first task is much 
like that of making a translation from one language to another. 
The problem is expressed in words. If we express the problem in 
algebra, we may take advantage of the simplicity which operations 
with symbols afford. This means that we must first of all under¬ 
stand the problem and know definitely what is called for. After 
setting up an equality involving the known quantities and a symbol 
standing for the quantity we seek, we are in a position to solve for 
that unknown and continue with a full solution. We proceed as 
follows: Let 

x = widow’s share. 


Then, 


and 


jr = daughter’s share, 

I (I x ) = I = son ’ s share - 


The problem states that the three shares together total $11,000. 
Hence, we write the equation 


x + \ + l = $11,000. 

After setting up the equation, we are naturally faced with the second 
aspect of the solution of the problem. Our first task is to find a 
solution of the equation , that is, the value, or values, of the unknown 
for which the equation is true. This task, of course, will depend 
upon the type of equation that confronts us. Sometimes, the solu¬ 
tion will be quite easy to find, and at other times it will require 
skillful algebraic manipulation. In the case at hand, the three 
terms on the left in our equation may be added together and writ¬ 
ten as V- x , so that the equation may be written 

V-x = $11,000. 

Dividing both sides by we find 

x = $ 6,000 (widow’s share). 
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Thus % = S 3,000 (daughter’s share), 

and | = S 2,000 (son’s share). 

O 

Check: 

| 6000 + + = $6,000 + S3,000 + $2,000 = SI 1,000. 

The equation in the above problem in which the unknown is 
of the first power is said to be an equation of the first degree (linear) 
in x; and x = $6,000 is called a solution of the equation. Other 
examples of first-degree equations in one unknown are: 

(1) 4x + 3x = 18 - 2x, (4) = -2, 

(2) P - 40 = 120, (5) 105 = SI, 150 - S, 

(3) 3(2x - 5) = 12x - 9, (6) \ ^ (124 + x). 

We shall now solve a few of these examples and at the same time 

point out certain steps that aid in their solutions. 

1. 4x + 3x = 18 - 2x. 

Adding 2x to each side, 4x + 3x + 2x = 18 — 2x + 2x. 

Collecting terms, 9x = 18. 

Dividing by the coefficient of x, x = 2. 

We observe that the operation of adding 2x to both members 
of the equation in this example is equivalent to removing — 2x 
from the right member and writing +2x in the left member. This 
process is often referred to as “transposing.” In carrying out the 
steps in the solution of an equation, we must at all times observe 
the fundamental assumptions of algebra (see Section 22). That 
x = 2 is a solution may be verified by substitution: 

4(2) + 3(2) = 18 - 2(2) 

14 = 14 


2. P - 40 = 120. 
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Transposing and changing the sign, P = 120 + 40. 
Collecting terms, P = 160. 

Check: 160 - 40 = 120. 


3. 3(2z - 5) = 12a; - 9. 

Removing parentheses, 6a; — 15 = 12a; — 9. 
Transposing, 6a; — 12a; = —9 + 15. 

Collecting terms, —6a; = 6. 

Dividing by the coefficient of a;, x = — 1. 
Check: 


3[2( —1) - 5] = 3( —2 - 5) = 3(—7) = -21 = 12( —1) 


4. 


x - 1 
x - 3 


= - 2 . 



Clearing of fractions, by multiplying both members by x — 3, 

x — 1 = — 2(a; — 3). 


Removing parentheses, x — 1 = — 2x + 6. 


Transposing, 
Collecting terms, 
Dividing by 3, 


x + 2x = 6 + 1. 



Check: 



The student should solve examples (5) and (6) (page 69) and 
verify the solutions S = $104.55 and x = —372, respectively. 

The steps involved in solving first-degree equations in one 

unknown may be summarized as follows: _ . 

1 . Clear of fractions, and remove any parentheses contaimng 

the unknown. , 

2. Collect terms containing the unknown on one side ot the 

equation, and collect all other terms on the other side. 

3. Obtain the coefficient of the unknown by factoring out the 

unknown. 

4. Divide through by the coefficient of the unknown. . 

5 . Check the result by substitution in the original equation. 
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Problems 

1. In the following equations solve for the unknown, and check 
the result by substituting into the original equation: 

(а) lOx — 6 = 3 — 4, 

( б ) 2 x — 2 = 16, 

(c) 15 - \3m = 21 - 11m, 

( d ) 86 - 3(26 - 3) = 1 - 9(26 + 7), 

(e) -5 - 2(3 y - 2) = 7 y- 4(7i/ - 6 ), 

(/) 1 - P = P + 3(1 - P), 

(g)v-i = i-v, 

(k) *X - * = 3 + T, 

®s- 5 -a + * 

O') -x = -4 + 2. 

2. Solve the following equations: 


(а) fx = i(17 - x), 

1 — - 

( б ) V = 2 ’ 

(c) 1.05 - 3x = y(2x - 7), 




5 

1 + 0.02 




(g) 6 = '(100) (i)r, 

( 6 ) 18 = 2 + (n - 1 ) 2 , 

(l) 200 = (1 + 0.03)*’ 

O') 100 = |(1 + L), 


(fc) 5 - 2S = 3 - 3 • 2\ 

(/) x- ( 2 x + 1 ) = - 1 , 

(m) 60 = |(2 + L), 

(n) |x + 2 (x - 1 ) = 



3. Solve ax — x = — for x; for a. 

4. Solve D = Adt for A; for d; for t. 

5. Solve S = — —— for a. 

1 — r 

6 . Solve C = 2irr for r. 

7. Solve A = M for h \ for 6 . 
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8 . Solve a(b — 1) = 2a + b for 6; for a. 

9. Solve for A, and then find the value of A when P = 100 and 
r = 0.04. 

p = — - - 

(1 + r) 2 


10. Solve I = Prt for r, and find r if I = 10, P = 500, and 

t = Ti¬ 

ll. Solve A = P + Prt for r, and find r if A = 309, P = 300, 
and t = f. 

12. Solve P = A — Adt for t, and find t if P = 882, A = 900, 
and d = 0.04. 

13. A hat is sold for $10, yielding the seller a profit of ^ of the 
cost. Let C stand for cost, and write the appropriate equation that 
expresses the relation Cost plus Profit equals Selling price. Solve 
this equation for C, thus obtaining the cost at which the hat had 
been originally purchased. 

14. A can of beans cost a grocer 12^. If overhead on the can is 
taken as of its selling price, for what amount should the can be 
sold to realize a net profit of of the selling price? 

15. An expenditure of $1,000 is to be apportioned between two 
divisions of a factory. Division A is to be charged 7 times the 
amount charged to Division B. How much should be charged to 
each division? 

16. A man pays $200 property tax on his cottage and lot. If 
the tax rate is $ 3.20 per $100 of the assessed value of the property, 


what is the assessed value? 

17. The Adams Steel Company wished to construct a fence 
around its property. The plot of ground was rectangular in shape 
and was three times as long as it was wide. Of 1,091 rods of wire 
purchased for the fencing, 11 rods were not needed. What were 

the dimensions of the property ? 

18. The manager of a small industrial firm received one-tenth 
of the net profits of the firm as a salary, after deducting the amoun 
of his salary as an expense to the firm. What was his salary, 


profits for the year were $35,000? 

32. Ratio. In business practice we are often calle up 

state the relationship between two quantities. For example, s p- 
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pose there are 120 men working in a certain department while 
40 men are working in another department. How can we express 
the relative magnitude of the two groups of men? Evidently, there 
are three times as many men in the larger department as in the 
smaller department. We obtain the index 3 by dividing 120 by 
40 and say that the ratio of 120 to 40 is 3, which is sometimes read 


“3 to 1.” 

The single number that expresses the value of such a relation 
ship is called the ratio of the two numbers involved. This ratio 
is seen to be the quotient of the first number divided by the second. 
Thus, = 3 is called the “ratio of 120 to 40.” For another 
department having 35 men, the ratio would be written -^nr, or -V-. 

A ratio between two numbers can always be expressed as a 
fraction. Sometimes the sign (:) is used to indicate a ratio, but 
the meaning is the same no matter how the division is indicated. 
Thus, the fraction the division 120 -J- 40, and the expression 
120:40 all express the same thing and are read “the ratio of 120 
to 40.” The ratio 40:120 is the inverse of the ratio 120:40. It 
should be emphasized that the ratio of two quantities can be found 
only when they are expressed in the same units. Thus, the ratio 
of 12 feet to 8 inches cannot be computed until 8 inches is changed 
to feet or 12 feet is changed to inches. Writing 8 inches as | feet, 


we have for the ratio 12 :|, or 18. 


Illustrations: Find the value of the following ratios: 

1. 18 to 2. Ans . Af = 9. “The ratio of 18 to 2 is 9.” 

2. 7 to 3. Ans. $ = 2|. “The ratio of 7 to 3 is 2i” 

3. 15 to 4. Ans. ^ = 3.75. “The ratio of 15 to 4 is 3.75.” 

4. 48 hr to 8 hr. Ans. *£■ = 6. “The ratio of 48 hours to 8 
hours is 6.” 

5. f to -y. Ans. y _ s - f = T*'5 = T- 

“| and f- are in the ratio of 4 to 5.” 

5 

0. 5 hr to 30 min. Ans. 5 hr to * hr = T = 10. “The ratio 

7 


of 5 hr to 30 min is 10.” 
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Problems 

1. Find the values of the following ratios: 10 to 5, 15 to 7, 19 
to 2\, f- to xy, $64 to $16, 11 oz to 3 oz, 52 dozen to 42 dozen, 6 hr 
to 40 min, 8 yd to 2 ft. 

2. Write the inverses of the following ratios: 8 ft to 3 ft, 12 to 6, 
1.5 to 0.5, 44 hr to 12 hr, $4 to $0.20, 10£ to $10, 50 sec to 1 min. 

3. The output of a certain motor is 3,200 watts, and the input 
is 4,000 watts. What is the ratio of the output to the input? 

4. In a certain telephone exchange it was found that between 
6 p.m. and 7 p.m. there were 356 local calls and 12 long-distance 
calls. Night rates went into effect at 7 p.m., and during the next 
hour there were 212 local calls and 53 long-distance calls. What 
was the ratio of local to long-distance calls for each of the two hours? 

5. Divide $25 between A and B in the ratio of 2 to 3. 

6. For selling $1,500, $2,000, $2,500, and $3,000 above their 
quotas, four salesmen received a total bonus of $900. How much 
did each receive? 

7. In a certain college there are 3,200 students and 294 instruc¬ 
tors. What is the ratio of the number of students to the number 
of instructors? 

8. In making a survey of radio listeners, 3,296 replies were 
received from 10,000 questionnaires sent out. What is the ratio 
of replies to the total number of questionnaires? How many 
replies per 100 questionnaires were received? 

9. The Big Wheel Manufacturing Company sells bicycles for 
$50 each. Raw materials cost $12, labor $25, and overhead $3. 
Find the ratio of the profit to the selling price, and also of each 
expense to the selling price. 

10. The current assets of the Ajax Company are $235,000, and 
its liabilities are $94,000. Find the current ratio, that is, the ratio 
of assets to liabilities. 

11. A shoe store had total sales of $100,000 for the year, and its 
average inventory was $32,000. Find the merchandise turnover, 
that is, the ratio of total sales to average inventory. 

33. Proportion. A proportion is a statement of the equality 
of two ratios. Thus, the ratio of 120 to 40 is 3, = 3; also the 

ratio 15 to 5 is 3, ¥ = 3. Therefore, the two ratios are equaL 
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and the numbers 120, 40, 15, and 5 are said to be in proportion. 
We may write the proportion in any of the following ways: 


120:40 :: 15:5, 

120:40 = 15:5, 

120 __ 15 

IT — "IT- 

All three of these statements mean the same thing and may be read 
“120 is to 40 as 15 is to 5.” 

The fractional form of writing a proportion is, perhaps, most 
useful because it is expressed in the language of algebra and con¬ 
fines our attention to a very simple equation. It is a simple form 
of fractional equation, the solution of which may be found by tech¬ 
niques for solving such equations. 


Illustrations: 

1. In the proportion 3:5 = 6:x, find the unknown term. 

The given proportion may be written 

Cross multiply, 
and 

2. A loans $800 and receives an annual income of $52. B 
loans a sum at the same rate and receives an annual income of $91. 
How much does B loan? 

We may write the proportion 

Large Income:Small Income = Large Loan:Small Loan. 

We shall then have 

91:52 = x: 800, 

where x is the missing term. By writing the proportion in the 
fractional form 



91 _ x 
52 800’ 
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we obtain the result simply by solving for x. 

Cross multiply, 52x = 72,800, 

and x = 1,400. 

B therefore loans $1,400. 

3. If 6 men can hoe a field of corn in 3 days, how long will it 
take 4 men to hoe the field? 

Since 4 men will require more time, a correct proportion would be 
Large Group:Small Group = Large Time:Small Time. 


That is, 


6 

4 


x 



Hence, 4x = 18, 

and x = 4y, number of days required of the 4 men. 


Problems 


1. Solve for x: 




x + 1 _ 6 
x — 2 2’ 



2. If 12 lb of bacon costs $9, how much will 20 lb cost? 

3. If 25 men can do a piece of work in 10 days, how long will 
it take 20 men to do the same work? 

4. An investment produces an income of $600 at 3^- per cent. 
What would it produce at 5 per cent? 

5. The taxes on a house assessed for $15,000 are $290. How 
much should the taxes be on a house assessed for $8,500? 

6. If 1 in. on a map represents 75 miles, how many inches will 
represent 660 miles? 

7. If a carpet strip 9 ft long costs $37.50, how much will 23 ft 
of the same material cost? 

8. Two partners divide a profit of $1,500 in the ratio of 3 to 7. 
What does each receive? 
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9. An apprentice received $207 for 30 days’ pay. Ihe next 
month he worked 26 days at the same rate and had $2.70 deducted 
for insurance. How much was his take-home pay? 

10. A train travels 380 miles in 10 hr. How far at the same rate 
will it travel in 16 hr 30 min? 

11. Divide $200 in the ratio 2 to 3. 

12. Divide $350 in the ratio 3 to 4. 

13. Jones, Jenkins, and Johnson receive $20,000 profit from their 
partnership for the year. How much does each receive if Jenkins 
and Jones each receive half as much as Johnson? 

14. A rectangular display is 10 ft long and w ft wide. How 
wide should it be made if it is desired to have it only | as long with 
the same display area? 

15. If only 200 employees of a factory are given a raise, each will 
receive $5 more per week. What will be the amount of the raise for 
each employee if 250 employees share the same total increase? 

16. A factory floor can be swept in 2 hr by 2 men. At the same 
rate, how long should it take 5 men to sweep the floor? 

Exercises 

1. Add: 

(а) 4a, —3a, 9a, 

(б) — 7 ax , 5 ax , 12 ax , 

(c) 3a + 56, -2a - 6, 4a - 26 

(d) r(x + y ), s(x + y ), - ry , 

(e) a* — 2a6 + 6 2 , a 2 -f 4a6 — 36 2 

2. Subtract: 

(а) 5a from 12a, 

(б) 72x from 15ax, 

(c) — Say from bay , 

(d) a 2 — 3a6 + 6 2 from ab — 26 s 

(e ) The sum of (p + q + r) and ( — 2p + 2q — 3r) from the sum 
of (3p — q + r) and ( q — 2r). 

3. Remove signs of aggregation, and simplify: 

(а) (a + 6 - 1) + (3a + 26 - 4c), 

(б) (a + 26 - 3c) - (2a - 46 - 3c) 

(c) (1 + R) + (-2 + S + 4 R) - (7 S - 2 R) 
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(d) a 2 - [a + (3a 2 - 5) - 2(a + 4)] 

(e) (x - y + 4) - {3x - [2y + 5 + (x - 3y)] - 3(x + y)} 

4. Multiply: 


(a) 3a by 5 ab, 

(b) 3 ab by —2ab 

( c ) Prt by 2 K, 

5. Divide: 

(a) 6ai by 3a, 

(b) (1.015) 12 by (1.015) 4 

(c) 3 xyz by axy, 


(d) 3 x 2 y by —3 xy 2 , 

(e) 2 CD Z by 4 D x . 


(i d ) 48 Rp 3 by Rp, 

(e) 1.02 MN by 0.2M 


6. Solve for x: 


(a) 3x + 4 = 7x - 12, 

(b) 2(x - 7) = 3(x + 2), 

(c) 5(x + 1) = 3(z - i) + 2, 

(d) 3(x - 6) = 24, 

(e) 2(9x - 2) - 4(8x + 9) = -3(x + 6). 

7. Solve for P, n, and i: I = Pni. Find P if / = 1.4, t = 0.04, and 

n = t - 

8. Solve for P, n, and i: 5 = P(1 + ni). Find P if S = 222.5, i - 
0.05, and n = 

9. Solve for P: 5 = P(1 + i) n . Find P if 5 = 1,060.9, t = 0.03,[and 
n = 2. 

10. Solve for a, d, and n: L = a + (n — 1 )d. 



n 


Solve for a, n, and L: S = - (a + L). 


12. Solve for C, and C 2 : -^(4 - 2C,) = C 2 (C l - 2) + 1. 

13. A man is x years old. Express in algebraic statements: (a) his age 
5 years ago, (b) his age 12 years from now, (c) one-half his age N years from 
now, (d) how long before he becomes 35 years old, (e) how long since e 
was 20 years old. 

14. Three articles cost S52. The second cost S4 more than the first, 
and the third cost twice as much as the first. Find the cost of each ar ic 

15. A merchant has 50 lb of coffee, selling at $1.00 per pound. How 
many pounds of $1.15 coffee must he add to the 50 lb to make a mixture to 

sell at $1.12 per pound? 

16. An employer pays $25 a day for skilled labor and $15 a ay 

unskilled labor. The daily pay roll is $515 for 25 men. How many 

kind of laborer are there? 
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17. What part of a piece of work can Smith do in 1 day if he can do 
all of the work (a) in 6 days, (6) in 13 days, (c) in 2^ days, (d) in A' days, 
(e) in in + n days? 

18. If 16f yd of material costs $18, how much will 100 yd cost? 

19. The dimensions of a rug are proportional to the floor dimensions 
of the room in which it is used. If the room is 15 by 18 ft, what is the 
width of a rug if it is to be 14 ft long? 

20. In a school annual the editor wants a photograph having dimensions 
9 by 7 in. to be made into a copper engraving 4 by 3^ in. Can this be done ? 

21. Jones cleans the walls of a room of dimensions 18 by 22 by 11 ft 
for $3.63. How much should he charge, at the same rate, to clean the 
walls of a room of dimensions 25 by 20 by 12 ft? 

22. In bronze, 11 parts of tin combine with 39 parts of copper. How 
many pounds of tin will combine with 312 pounds of copper? 

23. How many men must a contractor add to his pay roll in order to 
finish a job in 6 days if he has already figured 150 men could do the job 
in 9 days? 

24. A map is drawn using the scale 1 in. = 500 miles. What length 
on the map should be used to denote 3,450 miles? To denote 55 miles? 


Self-Test 


Time:50 Minutes 


(Score 5 points for each problem correctly solved) 

1. An airplane travels q miles in t hr. How far does it travel in 2 H 
min? 

2. Simplify by removing all symbols of grouping: 

7x — [3x + 4 + 5x - (2x - 3)] 


3. The profit on a certain article was found to equal the difference 
between the selling price and the sum of the cost and expenses. Use 
single-letter symbols, and write an equation for the cost. 

Perform the indicated operations, and simplify results: 


4. 


5. 


13r 2r 


Prt 


P 

150 


150 + r 

6. (2x 2 ) 3 ^ (4x)(4x) 2 . 

7. 0.06zM0.2u; 2 ) - (0.04)(0.12zu> J ). 

8. Solve for d: ($d - 4) = £(3 d - 16). 

9. What is the average selling price if m articles are sold at p cents 
each, b at q cents each, and c at r cents each? 
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10. A well-known bond price formula is written as follows: 

P = K +|(C - K). 

Solve for K. 

11. In annuity problems the following formula is found in connection 
with present value. Solve for D z . 

„ _ Dz + D x+ 1 -f D x + 2 + D z+ 3 

ai -5;- 

12. The amount of SI at compound interest may be calculated from 
the formula A = (1 + i) n . Find the amount A if i = 0.04 and n = 6. 

13. The Bismuth Company’s balance sheet for Dec. 31 shows current 
assets, $3,462,724.17, and current liabilities, SI,664,235.29. What is the 
ratio of assets to liabilities? (Round off to two decimal places.) 

14. The weight of 12 ft of £-in. iron pipe is 14.6 lb. What is the weight 
of 420 ft of the same pipe? 

15. How many pounds of cashew nuts, worth SI.25 a pound, must be 
mixed with 25 lb of peanuts, worth SO.60 a pound, to obtain a mixture worth 
SI a pound? 

16. Evaluate: 

(а) 3(x — y) when x = 2, y = 3, 

(б) x V when x = 3, y = 2, 

(c) 2a 3 x 2 (a — b) when a = 12, x = 2, b = 8, 

(d) - + - + 4 when x = 3, n = 8, R = 12. 

17. Divide S93 between A and B so that A may receive $23 less than B. 

18. A map is drawn using the scale 1 in. = 2 miles. What area on the 
map corresponds to 9 sq miles? 

19. A certain street is paved, and assessments totaling $2,090.30 are 
made. The lots along the street have frontages of 30 ft, 20 ft, 60 ft, 75 ft, 
and 50 ft. What is the amount of the largest individual assessment? 

20. Jones, Miller, and Adams together invest $300,000 in a business 
venture which returns 6 per cent profit in a given year. How much does 
each get if the profits are divided in the ratio 2 to 5 to 8? 



Chapter III 

INTRODUCTION TO STATISTICS 


Introduction. In business and industry, answers to many 
questions are found through study and analysis of collected data. 
For example, from records, management determines wage averages, 
trends in accident rates, forecasts of future sales, effectiveness of 
promotional programs, and so forth. These are but a few of the 
many business situations where numerical information is at the 

basis of facts, trends, and relationships. 

Tables, graphs, charts, and other devices are often useful in pre¬ 
senting information or in describing certain features of collected 
data. At other times, it is convenient to use numerical quantities 
computed from the data, such as the average, the range, the scatter, 
the coefficient of correlation, and so forth. Recent developments 
in methods of sampling information also provide valuable tools 
for drawing dependable conclusions in regard to many business 
operations. 

Statistics may be thought of as that branch of mathematics 
which deals with the numerical description of collected data and 
the drawing of conclusions from these data. A knowledge of sta¬ 
tistics is particularly valuable when one deals with data which do 
not lend themselves to consideration as individual items. Through 
the use of statistics, business analyses can be made clearly, con¬ 
cisely, and economically. 

34. Presentation of Data. Before statistical analyses can be 
made, the data must be gathered and arranged in some orderly 
fashion. The usual procedure is to arrange the numbers or items 
to be used in tables and to supplement the tabular presentation with 
appropriate graphs and charts. 

There are no fixed rules for making tables, but they should be 
designed so as to present the material in an unambiguous and con¬ 
venient form so that further classifications can readily be made. 
Ordinarily, the detailed characteristics of tables will depend upon 
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the kind and the number of data collected and upon the nature of 
the statistical study to be made. 

Table 1 summarizes the number of errors made by 20 students 
who took Form A and Form B of a certain typewriting speed test. 


TABLE 1 


Typewriting Speed Test Errors 



Number of Errors 


Number of Errors 

Student 



Student 



Form A 

Form B 

Form A 

Form B 



(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

A 

7 

9 

K 

23 

17 

A 

B 

p 

9 

10 

L 

23 

17 

10 

10 

M 

16 

15 

D 

E 

11 

11 

N 

15 

14 

13 

12 

0 

16 

15 

F 

G 

H 

T 

16 

13 

P 

17 

15 

18 

14 

Q 

20 

16 

19 

15 

R 

19 

17 

21 

16 

S 

17 

18 

I 

T 

23 

17 

T 

20 

18 

V 




333 

289 


In this table, the data are arranged according to students and show 
the number of errors made by each student on each form of the 
test. Other examples of tables of a type familiar to the reader are 
on this and the following page. 


Bank Deposits in the United States 


Year 

Bank Deposits, 
trillions 

Year 

1941 

$78 

1947 

1942 

83 

1948 

1943 

107 

1949 

1944 

129 

1950 

1945 

151 

1951 

1946 

159 

1952 


Bank Deposits, 
trillions 


$153 

156 

156 

164 

172 

184 
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Business Record of a Small Firm 
(Fifth Year of Operation) 


Month 

Gross Earnings Expense 

Profit 

Jan. 

S16.000 

$12,300 

S3,700 

Feb. 

12,000 

9,600 

2,100 

Mar. 

17,000 

11,800 

5,200 

Apr. 

21,400 

16,700 

4,700 

May 

19,800 

15,200 

4,600 

June 

10.200 

6,100 

4,100 

July 

8,400 

5,300 

3,100 

Aug. 

8,100 

5,100 

3,000 

Sept. 

9,200 

6,000 

3,200 

Oct. 

13,500 

9,600 

4,900 

Nov. 

18,700 

14,300 

4,400 

Dec. 

17,600 

14,200 

3,400 


The interpretation of data is often facilitated by the use of a 
graph. For example, consider the table of bank deposits for 1941— 
1952. We observe that the deposits are dependent upon the year, 
or time. Hence, for these data the time may be called the inde¬ 
pendent quantity and the amount of bank deposits the dependent 
quantity. A graph indicating the relationship between these two 
quantities may be constructed as follows: 

Select a convenient unit of measure, and make a mark for each 
year along a horizontal line, beginning at the point of intersection 
of this line with a vertical line (Figure 1). On the vertical line 
mark off the bank deposits, letting each unit represent 10 trillion 
dollars. (The choice of the unit of measure is arbitrary, but it 
should conveniently represent the largest and the smallest values 
for each of the quantities. It may or may not be the same for each 
quantity.) Each of these units may then be further divided, if 
desired, for convenience of reading. With reference to these scaled 
lines each pair of numbers in the table locates a point that we may 
now plot. Thus, the number pair (1941, 78), entries in the first 
line of the table, is plotted as a point by moving 1 unit to the right 
on the base line and then upward 78 units. After all points have 
been plotted, the graph is drawn by connecting them with line seg¬ 
ments as shown in Figure 1. A smooth curve may be sketched 
through the plotted points if there is reason to believe that the 
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amount of bank deposits varies regularly throughout each year, and 
meaning can be attached to the lengths of vertical line segments 
drawn to the curve from every point along the time scale. 




Figure 1. Bank Deposits in the United States 


Pictorial bar charts, component area charts, pie charts, and 
maps are examples of other useful visual means of presenting a a 
and are common in newspapers, magazines, and business j ourna s. 


Problems 

1. Discuss the trend in bank deposits in the United States dur¬ 
ing the years 1941 through 1952. Draw a smooth curve through 
the plotted points in Figure 1, and estimate the amount of depo 
on July 1, 1942. How would you explain the flattening 

curve between 1946 and 1949? 
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2. Refer to the small-firm business record shown on page 83, and 
graph the trend of business for the various months of the year. 
(Measure gross earnings, expense, and profit along the vertical scale* 
and obtain three curves.) 

3. Depict the following data graphically: 


Net Rate of Interest Earned on Invested Funds* 
(U.S. Life Insurance Companies) 


Year 

Rate 

Year 

Rate 

1917 

4.8% 

1937 

3.7% 

1922 

5.1 

1942 

3.4 

1927 

5.0 

1947 

2.9 

1932 

4.6 

1952 

3.3 


* Source: Life Insurance Fact Book, 1953. 


Give possible reasons for the rising and falling trends in the net 
/ate of interest earned on invested funds. 

4. Draw a line graph for the data given in the following table: 


Number of Failures in the Retail Trade* 

(Monthly Averages) 


v ear 

Number 

Year 

Number 

1940 

708 

1947 

102 

1941 

632 

1948 

182 

1942 

491 

1949 

354 

1943 

147 

1950 

369 

1944 

41 

1951 

341 

1945 

24 

1952 

319 

1946 

25 




Source: Business Statistics, U.S. Department of Commerce, 1953. 


Give an interpretation of. the high and the low points on the 

graph. 

f tt'* - ^°^ ow ' ng data Sive a percentage distribution of assets 
o rated States life insurance companies over a period of 13 years, 
rap the data on the same chart, making three line graphs. 
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Assets of United States Life Insurance Companies* 


Year 

U.S. Government 
Securities 

Securities of 
Business and Industry 

Real Estate 

1940 

19.3% 

30.1% 

6.7% 

1941 

20.8 

31.0 

5.7 

1942 

26.6 

29.5 

4.8 

1943 

33.2 

27.8 

3.6 

1944 

40.3 

26.1 

2.6 

1945 

45.9 

24.7 

1.9 

1946 

44.9 

27.1 

1.5 

1947 

38.7 

31.2 

1.7 

1948 

30.2 

36.6 

1.9 

1949 

25.6 

39.0 

2.1 

1950 

21.0 

39.7 

2.2 

1951 

16.1 

41.4 

2.4 

1952 

14.0 

43.1 

2.6 


* Source: Life Insurance Fact Book, 1953. 


How did the complexion of the assets of life insurance companies 
in the United States change between the years 1945 and 1952? 

6. Depict the following data graphically on one chart. 


Cost of Magazine Advertising for Two Types of Products, 1952 

(Millions of Dollars) 


Month 

Beer, Wine, 
Liquors 

Smoking 

Materials 

Jan. 

1.6 

1.1 

Feb. 

2.3 

1.2 

Mar. 

2.9 

1.4 

Apr. 

2.5 

1.3 

May 

2.6 

1.4 

June 

2.3 

1.6 


Month 

Beer, Wine, 
Liquors 

Smoking 

Materials 

July 

2.0 

1.2 

Aug. 

1.7 

1.4 

Sept. 

2.4 

1.4 

Oct. 

2.9 

1.5 

Nov. 

3.2 

1.0 

Dec. 

4.3 

1.7 


Source: Business Statistics, U.S. Department of Commerce, 1953. 


How did cost of advertising for these two types of products dif 
fer over the year? 


Ch. Ill, §34) PRESENTATION OF DATA 

7. On one chart, draw line graphs for the following data. 
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Average Weekly Earnings in Two Industries* 


Year 

Manufacturing 

Retail 

Trade f 

Year 

Manufacturing 

Retail 
Trade f 

1941 

$29.58 

$24.42 

1947 

$49.97 

$40.66 

1942 

36.65 

25.73 

1948 

54.14 

43.85 

1943 

43.14 

27.36 

1949 

54.92 

45.93 

1944 

46.08 

29.53 

1950 

59.33 

47.63 

1945 

44.39 

31.55 

1951 

64.71 

50.65 

1946 

43.82 

36.35 

1952 

67.97 

52.67 


♦Source: Business Statistics, U.S. Department of Commerce. 1953. 
t Except eating and drinking places. 


Discuss reasons for the rise in earnings in 1947. In what period 
does it appear that retail employees had the lowest wages relative to 
those of manufacturing employees? 

8. Depict graphically the increase in the number of persons 
receiving monthly benefits at year’s end from Federal old age and 
survivors insurance. 


Old Age and Survivors Insurance, 
Number Receiving Benefits at Year’s End* 

(In Thousands) 


Year 

Number 

Year 

Number 

Year 

Number 

1941 

434 

1945 

1,288 

1949 

2,743 

1942 

598 

1946 

1,642 

1950 

3,477 

1943 

748 

1947 

1,978 

1951 

4,379 

1944 

955 

1948 

2,315 

1952 

5,026 


* Source: Life Insurance Fact Book, 1953. 


9. The following table gives the number of persons attending 
school in the United States in 1950 for the ages 6 years through 
20 years. 
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Number of Persons Attending School in the United States in 1950* 

(In Millions) 


Age 

Number 

Age 

Number 

Age 

Number 

6 

1.80 

11 

2.15 

16 

1.72 

7 

2.72 

12 

2.30 

17 

1.44 

8 

2.41 

13 

2.22 

18 

0.88 

9 

2.23 

14 

2.01 

19 

0.58 

10 

2.21 

15 

1.98 

20 

0.40 


* Source: Pocket Almanac, 1954. 


Give a possible explanation for the drop in number attending school 
at age 16 years and again at age 18 years. How would you account 
for the comparatively small number attending at age 6 years? 

10. The following table gives the proportion of trade-union 
women members for 213 unions in the United States in 1953. Draw 
a smooth curve for the data. 


Distribution of Per Cent Women in Trade Unions* 


Per Cent Women 

Number of Unions 

Under 10% 

125 

10% and under 20% 

25 

20% and under 30% 

16 

30% and under 40% 

10 

40% and under 50% 

9 

50% and under 60% 

13 

60% and under 70% 

10 

70% and under 80% 

3 

80% and under 90% 

1 

90% and over 

1 


213 


* Source: Pocket Almanac, 1954. 

35. Frequency Distribution. The data in Table 1 may be 
put into a very compact form by arranging the number of errors for 
each form of the test into classes of equal width and then recording 
the number of errors occurring in each class. 

The class interval is indicated by writing its lower limit and its 
upper limit. Each limit is halfway between the largest item in the 
lower class and the smallest item in the next higher class. In 
Table 1, we see that the number of errors on Form A ranges from 7 
to 23. We may divide the total range into classes, say, 6 but less 
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than 8, 8 but less than 10, and so forth. A convenient way to write 
these class intervals is: 5.5-7.5; 7.5-9.5; and so forth. Then by 
counting the items that fall within each class interval, we obtain 
the frequency table (Table 2). In this table the data are arranged 
according to nine intervals. 

Other frequency tables for the same data can be made by mak¬ 
ing other choices of class intervals. There is no set rule for select¬ 
ing the classes, but it is highly important that they be so chosen 
as to be fairly represented by a single value. As a whole, the nature 
of the data and the purpose of the investigation must determine the 
number of classes to be used. At this point, it is sufficient to say 
that the use of a few classes presents a simpler broad view of the 
distribution at the expense of accuracy and that the use of many 
classes gives greater accuracy but prevents a comprehensive view 
of the whole distribution. 

TABLE 2 


Frequency Distribution of Errors Made by Twenty Students • 

on a Typewriting Speed Test (Form A) 


Class Limits 

Li-Lj 

Class Mark 
X' 

Tally 

Frequency 

f 

/*' 

(1) 

(2) 

(3) 

(4) 

(5) 

5.5-7.5 

6.5 

1 

1 

6.5 

7.5-9.5 

8.5 

1 

1 

8.5 

9.5-11.5 

10.5 

11 

2 

21.0 

11.5-13.5 

12.5 

1 

1 

12.5 

13.5-15.5 

14.5 

1 

1 

14.5 

15.5-17.5 

16.5 

MT 

5 

82.5 

17.5-19.5 

18.5 

111 

3 

55.5 

19.5-21.5 

20.5 

111 

3 

61.5 

21.5-23.5 

22.5 

111 

3 

67.5 


The class mark for each interval is usually taken as the average 
of the class limits. Thus, in Table 2 the first class mark is the 
average of 5.5 and 7.5, or 6.5. In general, if X' stands for the class 
mark, L x for one lower limit, and L 2 for the next lower limit, 

L\ 4- L 2 
X 2 

Table 2 is an example of a frequency distribution. In this par¬ 
ticular example, the variable is number of errors and can have only 
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integral values. Such a variable is usually called discrete. Varia¬ 
bles such as weight, height, and so forth that can be measured to 
any degree of fineness are usually called continuous. In tabulating 
the data for either type of variable, it is assumed that the measure¬ 
ments are evenly distributed over the intervals. This assumption 
ordinarily leads only to a very slight error and makes possible sim¬ 
plification of computations. 

In our example, where the data are discrete, we could have indi¬ 
cated the class intervals as 6-7, 8-9, and so forth, obtaining the 
same class marks found for the intervals selected in the table. But 
if data had been heights, say, measured to the nearest foot, our 
method of writing the intervals so that adjacent classes “join up” 
would take care of measurements that are not integers. In any 
case, the method described, and indicated in Table 2, is widely used 
and is suitable for discrete as well as for continuous data. Many 
other methods for defining class intervals are found in the literature 
on the subject. For this reason, it is important that there be a 
clear understanding as to which class an item belongs to when a 
frequency table is made. 


Problems 


1. Tabulate the number of errors made on Form B of the type¬ 
writing speed test in Table 1 into a frequency table by using class 
intervals of 7.5-9.5, 9.5-11.5, and so forth. 

2. Make a frequency table of the Form A test errors of Table 1 
by using class intervals of 6.5-9.5, 9.5-12.5, and so forth. 

3. In making a spot check of berry prices in 50 city stores a 
reporter found the following prices per quart: 


(a) Use 2-cent class intervals of 49.5 
51.5, 51.5-53.5, and so forth, and make 
a frequency table of the berry prices. 

(b) Use 5-cent intervals of 49.5-54.5, 
54.5-59.5, and so forth. Criticize this 

selection of interval. 

(r.) Without grouping the data into 

class intervals, arrange the prices in a 
frequency table. Has this procedure 

merit in this particular problem? Explain. 


630 

540 

610 

580 

55 

51 

59 

56 

59 

60 

67 

57 

60 

53 

59 

64 

58 

60 

61 

56 

63 

59 

58 

60 

60 

62 

54 

52 

56 

59 

67 

60 

64 

59 

59 

58 

56 

59 

57 

58 

57 

58 

61 

59 

53 

58 

60 

59 

60 

62 
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4. What information of a characterizing nature can be obtained 
from a frequency table which cannot be obtained from the “raw 

data? 

5. Make a frequency distribution of the following 56 highest 
batting averages in a baseball league: 


.316 

.300 

.261 

.278 


268 

.335 

.290 

.302 

.280 

. 294 

.319 


292 

.283 

.266 

.286 

.291 

.288 

.263 


280 

.301 

.290 

.343 

.275 

.278 

.317 


400 

.262 

.323 

.277 

.318 

.307 

.262 


305 

.276 

.267 

.313 

.309 

.268 

.342 


269 

.266 

.271 

.282 

.299 

.281 

.286 


300 

.353 

.288 

.315 

.280 

.264 

.275 


.292 

.279 

.317 

6. The following 50 orders for a certain drug 

were 

received by 

a salesman 

during a 

given 

week. 

The 

amount of each order is 

given to the nearest dollar. 

Make a frequency table of these order 

amounts, and state some uses that might possibly be made of the 

table. 








$22 $13 

$45 

$38 

$29 $56 

S44 

$72 

$51 $30 

10 46 

32 

58 

43 

65 

49 

34 

66 42 

31 53 

16 

54 

34 

77 

54 

27 

44 68 

40 38 

74 

22 

19 

55 

27 

58 

28 52 

39 46 

63 

37 

48 

25 

47 

68 

36 42 

7. The following 

60 sales were : 

made in the stationer}' depart- 

ment of the Real Variety department store from opening to noon on 

a Monday. 

The amounts are given to the nearest dollar. Make a 

frequency table of these amounts, and state at least one character- 

istic of the data. 







$1 $4 

$14 

S2 

S2 

$5 

S3 

SI 

S6 $4 

3 1 

6 

3 

4 

3 

7 

3 

4 3 

5 3 

1 

4 

11 

10 

3 

11 

10 3 

4 7 

9 

3 

3 

1 

12 

4 

4 6 

6 3 

4 

7 

5 

4 

1 

8 

3 2 

3 8 

3 

4 

6 

3 

4 

3 

2 4 


8. Obtain from 30 or 40 individuals their weights, heights, shoe 
sizes, or grades on some test. Arrange the data in a frequency 
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table, and report the information of a characterizing nature that 
you have found about the individuals who cooperated in your study. 

36. Histogram and Frequency Polygon. A vertical-bar 
graph, in which the bars are placed together, forming an outline 
that indicates the upper extremities of the bars, serves quite well to 
give a vivid picture of a frequency distribution. Such a chart is 
called a histogram. For example, the scores made by 120 applicants 
who took an employment aptitude test were as follows: 


Score 

Number of Applicants 

29.5-39.5 

8 

39.5-49.5 

14 

49.5-59.5 

26 

59.5-69.5 

40 

69.5-79.5 

22 

79.5-89.5 

6 

89.5-99.5 

4 


120 


The class limits of the scores in the given frequency table are 
represented on the horizontal scale, and frequencies are shown on 
the vertical scale, the ba£e of which is zero. Each class is then rep¬ 
resented by a rectangle with area equal to (orproportional to) the class 
frequency. The histogram for the test scores is shown in Figure 2. 



Figure 2. Frequency Distribution of Aptitude Test Scores 

When the area under the histogram is taken as 1, each rectangle 
represents the proportion of the total frequencies falling within each 
class. (Should the data be given with an “open interval,” as, for 
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example, “89.5 and over,” it is customary to place an arbitrary 
boundary on the interval so that a histogram can be constructed.) 

Another way to represent a frequency distribution graphically 
is by means of a frequency ■polygon . This is constructed by connect¬ 
ing the mid-points of the tops of the rectangles of the histogram by 
a broken line and joining the last points at either end to the base 
line at the center of the next class interval. In other words, the 
frequency polygon passes through the upper extremities of vertical 
line segments representing frequencies erected at the class marks. 
The frequency polygon for the aptitude test scores is shown in 
Figure 2. 

Problems 

1. Construct a histogram and a frequency polygon for the dis¬ 
tribution of errors in Table £. 

2. Construct a histogram and a frequency polygon for the num¬ 
ber of errors made on Form B of the typewriting speed test (see 
Table 1, Section 34, and Problem 1, Section 35). 

3. Refer to Problem 3(a) of Section 35, and construct a histo¬ 
gram and a frequency polygon for the distribution of berry prices. 

4. The 1954 Pocket Almanac gives the following distribution of 
ages for the population of the United States in 1950. Construct a 
histogram and a frequency polygon. 


Age Distribution of United States Population (1950)* 


Age 

Population, 

millions 

Age 

Population, 

millions 

0-4.99 

16.3 

40-44.99 

10.1 

5-9.99 

13.2 

45-49.99 

9.0 

10-14.99 

11.4 

50-54.99 

8.3 

15-19.99 

10.7 

55-59.99 

7.2 

20-24.99 

11.3 

60-04.99 

6.0 

25-28.99 

12.1 

65-69.99 

5.1 

30-34.99 

11.6 

70-74.99 

3.4 

35-39.99 

11.2 

75 and over 

3.8 


* Source: Pocket Almanac, 1954. 


5. Use the following data, and construct a histogram and a fre¬ 
quency polygon to portray the prewar size of farms in the United 
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States. (The intervals 3-9, 10-19, and so forth, are to be inter¬ 
preted as 3-9.99, 10-19.99, and so forth.) 


Number of Acres 

Number of Farms 

Number of Acres 

Number of Farms 

Under 3 

35,573 

100-174 

1,404,297 

3-9 

535,258 

175-259 

540,267 

10-19 

683,452 

260-499 

473,239 

20-49 

1,440,143 

500-999 

167,452 

50-99 

1,444,007 

1,000 and over 

88,662 


6. Refer to Problem 6 of Section 35, and construct a histogram 
and a frequency polygon for the distribution of orders. 

7. Refer to Problem 7 of Section 35, and construct a histogram 
and a frequency polygon for the sales in the stationery department. 

37. Central Tendency. When data have been gathered and 
arranged in tables and graphs have been made, certain questions 
naturally arise which cannot be answered directly from the tables, 
nor from the graphs. For instance, in looking at Table 1 we might 
ask, “What is the average number of errors made on Form A of 
the test? On Form B? Which item occupies the central position 
in each of the columns?” 

The answers to questions such as these give valuable informa¬ 
tion about our data and furnish descriptive material for use in 
making an analysis. These questions refer to the central tendency 
of the data in that they call for measures that are to some extent 
representative of all the data. To answer these questions statisti¬ 
cally, we calculate the arithmetic mean , the median , and the mode. 

38. The Arithmetic Mean. The arithmetic mean (commonly 
called the average) is calculated as the sum of all the items divide 
by the number of items. Thus, the average number of errors made 
on Form A (Table 1) by the 20 students equals the sum of 7 + 9 + 
10-J-11 + 13 + and so forth, divided by 20. The sum is found 
to be 333. Hence, the mean or average number of errors is 333 + 

20 = 16.6 (between 16 and 17 errors). 

In symbols, if m stands for the arithmetic mean, X the : items 

to be averaged, and n the number of these items, the formula or e 
arithmetic mean is 

2X 


m = 


n 


( 1 ) 
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where the Greek letter 2, known as the summation symbol, means 

that all items are to be summed. 

If the data to be averaged are arranged in a frequency table, 
the formula for computing the arithmetic mean is essentially the 
same. We must remember, however, that in this case each item 
is assumed to be represented by its class mark (A")- Furthermore, 
each class mark must be multiplied by the appropriate frequency / 
so as to account for all the n items in making the summation. The 
formula, therefore, may be written 



To continue with the example, we now refer to Table 2. The 
formula requires that we sum the last column in the table, 6.5 + 
8.5 + 21.0 + 12.5, and so forth, and divide this sum by 20. We 
have 


m 


2 fX' _ 330 
n 20 


16.5. 


The value of the arithmetic mean found by using formula (2) is 
an approximation and will usually differ from the exact value com¬ 
puted from the original values of the items. In our example, the 
exact average (to one decimal) was found to be 16.6. It should be 
pointed out that the two methods tend to yield more nearly the 
same results as the number of items increases and as the class inter¬ 
val decreases. For most purposes the computation of the arith¬ 
metic mean from grouped data will be found to be sufficiently 
accurate. 


Problems 

1. Compute the average number of errors made by the 20 
students on Form B of the typewriting speed test, by averaging 
the figures in column (3) of Table 1. Then find the mean by 
arranging the data in a frequency table using intervals of 7.5-10.5, 
10.5-13.5, and so forth. Compare and explain the results. 

2. Find the average price of berries in 50 city stores from the 
data of Problem 3(6), Section 35. 

3. The following table summarizes the weekly sales and the 
number of years of experience for a group of 12 salesmen in the 
Central Market. Find the arithmetic mean for each column of 
figures. 
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X\ Xt 


Employees 

Weekly Sales, 
thousands 

Number Years 
of Experience 

A 

> $ 4 

3 

B 

3 

1 

C 

7 

5 

D 

8 

5 

E 

12 

6 

F 

10 

8 

G 

3 

3 

H 

5 

4 

I 

7 

4 

J 

10 

11 

K 

13 

8 

L 

7 

5 


4. The following table shows the distribution of hourly wages 
of 500 employees in a certain factory. Find the average hourly 
wage. 


Hourly Wage* 

Number of 
Employees 

Hourly Wage 

Number of 
Employees 

$1.40-SI.45 

12 

SI.65-SI.70 

107 

1.45- 1.50 

32 

1.70- 1.75 

71 

1.50- 1.55 

40 

1.75- 1.80 

89 

1.55- 1.60 

55 

1.80- 1.85 

17 

1.60- 1.65 

60 

1.85- 1.90 

17 


* The hourly wage intervals are to be interpreted $1.395-$1.445, $1,445- 
$1,495, and so forth. 

5. A caterer purchased the following articles in the quantity 
and at the prices indicated. Find the average price per pound or 
each article. 


Butter 

Coffee 

Meat 

Beans 

Pounds Price 

Pounds Price 

Pounds Price 

Pounds Price 

400 SO. 78 
120 0.82 
62 0.85 
275 0.81 
43 0.77 

824 SI. 14 
135 1.30 

1243 1.12 

589 1 • 08 

164 0.96 

56 $0.80 
135 0.78 
259 0.79 
36 0.74 
20 0.77 

100 $0.34 
230 0.37 
64 0.32 
25 0.38 
49 0.35 


THE ARITHMETIC MEAN 
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the number of castings polished in 1 hr 
of the Perry Iron Company. Make a frequency 

number of castings polished in one 


6. The following are 
by 40 employees 
table, and compute the average 
hour. 


32 

35 

38 

40 

31 

33 

34 

35 

36 

35 

41 

43 

36 

42 

35 

37 

36 

37 

36 

35 


34 

31 

32 

36 

36 

40 

36 

32 

37 

39 

35 

33 

33 

36 

37 

36 

37 

33 

36 

35 


7. The following grades were made by 100 college students on a 
placement examination in mathematics. Make a frequency table, 
and compute the arithmetic mean. (Use class intervals of 37.5- 
43.5, 43.5-49.5, and so forth.) 


72 

72 

72 

96 

92 

92 

88 

84 

84 

84 

82 

80 

78 

78 

76 

74 

74 

74 

74 

72 

48 

64 

38 

47 

71 

63 

71 

62 

63 

54 

67 

69 

49 

60 

49 

69 

85 

66 

71 

68 

93 

77 

70 

58 

66 

68 

67 

79 

69 

55 

93 

45 

62 

51 

87 

70 

39 

71 

63 

83 

68 

73 

69 

67 

67 

85 

97 

63 

75 

50 

79 

68 

61 

66 

71 

65 

69 

75 

48 

81 

72 

75 

62 

54 

70 

73 

44 

70 

55 

85 

71 

70 

61 

73 

62 

47 

46 

59 

70 

60 







8. The following frequency table show's the sales records of 400 
clerks in a department store for a given day. Find the average 
sales for the day. (Sales were compiled to the nearest dollar. 
Interpret the intervals as 49.5-79.5, 79.5-109.5, and so forth.) 


Sales, 

Dollars 

Number of Clerks 

Sales, 

Dollars 

Number of Clerks 

50-80 

51 

290-320 

7 

80-110 

110 

320-350 

8 

110-140 

83 

350-380 

6 

140-170 

64 

380-410 

5 

170-200 

14 

410-440 

6 

200-230 

23 

440-470 

5 

230-260 

9 

470-500 

3 

260-290 

6 




9. Count the number of letters in each word of the first two 
paragraphs of this chapter, and make a tally sheet showing the num¬ 
ber of one-letter words, two-letter words, and so forth. Draw a 
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frequency polygon, and compute the mean number of letters per 
word. 

10. List the two right-hand digits in a column of a telephone 
directory until 100 such two-digit numbers have been obtained. 
Group these two-digit numbers into classes 00-09, 10-19, and so 
forth. Make a histogram for the data, and compute the mean. In 
what respect does this histogram appear to differ from most of the 
other histograms you have made in this chapter? 

39. Short-cut Method of Calculating the Arithmetic 
Mean. As we might expect, the arithmetic mean is equidistant 
from the combined items above it and the combined items below 
it. Thus, the deviations of the items 8, 5, and 14, from their aver¬ 
age 9, are 1 and 4 below the mean and 5 above the mean. That 
is, if m stands for the mean; X, an item; and d, a deviation; and if 
we consider deviations above the mean to be positive and those 
below the mean negative, we have: 

X — m = d 

8 - 9 = -1 
5 - 9 = -4 

14 — 9 = +5 
Total = 0 

Expressed algebraically, 2d = 0. In words, the sum of the 
deviations from the mean equals zero. This property of the arith¬ 
metic mean which follows directly from the definition of the mean 
makes possible a method of computing the mean which is often 
convenient to use where a large number of items is involved. 

Suppose, in the example above, we had arbitrarily taken 5 to be 
a rough approximation to the mean of the three items. Then the 
deviations from this arbitrary starting point are seen to be 3, 0, and 
9. The average of these deviations is (3 + 0 + 9) -s- 3 = +4. 
This tells us that the true mean of the items is actually +4 greater 
than the 5 which we had taken as a rough approximation an 
that the +4 is a correction which must be added to the 5 to give 9, 
the correct mean. This process of obtaining the mean may be 
expressed by the formula 

m = m a + c, 

where m a is the assumed mean arbitrarily selected and c is the cor¬ 
rection which is the algebraic sum of the deviations about the 
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assumed mean divided by the number of items. Since c = (2d)/n, 
or (2/d)/n in the case of grouped data, the formula may be written 

either 

, 2d , 2/d m 

nn = m a H-* or m = m a + • W) 

n n 


This short-cut method may also be used when the data are 
arranged in a frequency table. We may simply select one of the 
class marks as the assumed mean and express the deviations of the 
other class marks from it. Then these interval deviations are mul¬ 
tiplied by the corresponding frequencies and averaged. Upon mul¬ 
tiplying by the width of the class interval, we obtain the correction 
which must be added algebraically to the assumed mean. We shall 
illustrate the process by using the data of Table 2. 


Class Limits 
Lr-Lo 

Class Mark 
X' 

Frequency 

f 

Interval 

Deviation 

d 

fd 

5.5-7.5 

6.5 

1 

-6 

-6 

7.5-0.5 

8.5 

1 

— 5 

-5 

9.5-11.5 

10.5 

2 

-4 

-8 

11.5-13.5 

12.5 

1 

-3 

-3 

13.5-15.5 

14.5 

1 

-2 

-2 

15.5-17.5 

16.5 

5 

-1 

-5 

17.5-19.5 

18.5 

3 

0 

0 

19.5-21.5 

20.5 

3 

1 

3 

21.5-23.5 

22.5 

3 

20 

2 

6 

20)-20 

-1 


Assumed mean = m a = 18.5; c 

Multiply by class interval, 
Correction 


2/d 

n 


Mean = m a + c = 18.5 - 2 = 16.5. 



It will be observed from the foregoing illustrations that if the 
assumed mean is taken too small, or less than the actual mean, the 
correction will turn out to be positive, and if taken larger than 
the actual mean, the correction will turn out to be negative. In 
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either case, the formula m = m a + c holds when it is understood 
that the correction is to be added algebraically—that is, with due 
regard to sign. 

Problems 

1. The following frequency table summarizes the number of 
savings bonds purchased by 80 employees in a certain retail store. 
Compute the average number of bonds purchased (a) by formula 
(2) and ( b ) by formula (3). 


Number of Bonds 
{Interval) 

Employees Buying Bonds 
(/) 

-0.5-4.5 

35 

4.5-9.5 

20 

9.5-14.5 

12 

14.5-19.5 

8 

19.5-24.5 

3 

24.5-29.5 

2 


2. Use the short-cut method, and calculate the arithmetic mean 
for the number of errors made on Form B of the typewriting speed 
test (Table 1). (Take class intervals of 7.5-9.5, 9.5-11.5, and so 
forth.) 

3. Find in two ways the mean of the following price relatives: 

142 176 186 134 105 156 249 197 294 181 

140 99 156 138 256 191 136 186 188 167 

205 180 73 179 210 243 235 256 179 168 

144 117 116 227 227 114 175 175 113 169 

149 105 133 295 215 84 273 137 161 189 

183 114 195 216 198 209 185 177 156 140 

4. Use the short-cut method, and compute the mean hourly 
wage for the data of Problem 4, Section 38. 

5. Use the short-cut method, and compute the average daily 
sales for the department-store data of Problem 8, Section 38. 

6. Use the short-cut method, and compute the mean per cent 
of nickel for the following distribution of ore samples. 
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Per Cent Nickel 
(X) 

Number of Sainples 
(/) 

1.5-4.5 

20 

4.5-7.5 

18 

7.5-10.5 

14 

10.5-13.5 

9 

13.5-16.5 

6 

16.5-19.5 

3 


40. The Median. Additional information about business data 
can be obtained from a knowledge of that item which occupies the 
central position when the items have been arranged in order of 
magnitude. For example, five loan companies were found to be 
charging annual rates of 6, 6.75, 7.25, 8, and 28.25 per cent, respec¬ 
tively. What per cent is representative of the rates? 

We might, of course, compute the average of the five rates, 
which in this case turns out to be 11.25 per cent. But we see that 
this average has been greatly affected by the relatively large rate of 

28.25 per cent and thus would perhaps not be typical of all the 
rates. For this reason, we might wish to select the middle item, 

7.25 per cent, as that rate most typical for all five companies. In 
such cases as this, where the items are arranged in order of size, 
the central item is called the median. If there is an even number 
of items in the list, the median is taken to be the average of the two 
middle items. Thus, the median of the prices 12, 15, 16, 17, 19, 
20, 24, and 30 cents is the average of 17 and 19 cents, or 18 cents. 


Illustration: Find the median number of errors made by 20 students 
on Form A of the typewriting speed test (Table 1). 

First, we arrange the data in order of magnitude: 


7, 9,10, 11, 13, 15, 16, 16, 16, 17, 17, 18, 19, 19, 20, 20, 21, 23, 23, 23. 


Since there are 20 items, the median is taken to be the average 
of the two middle values. Hence, the median is (17 + 17) + 2, 
or 17. 


Problems 

1. Find the median number of errors for Form B of the test 
(Table 1). 
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2. Find the median of the following numbers: 13, 18, 22, 14, 19, 
13, 16, 21, 15, 18, 20, 19, 15, 16, 23. 

3. Find the median of the following scores: 89, 92, 77, 80, 83, 
78, 91, 88, 76, 89, 75, 81, 89, 79. 

4. Find the median for the baseball data of Problem 5, Sec¬ 
tion 35. 

5. Find the median of the following 24 golf scores: 84, 78, 86, 
80, 72, 92, 83, 76, 78, 71, 77, 89, 104, 77, 72, 80, 84, 72, 89, 92, 78, 
83, 104, 84. 

6. Find the median age for 27 traffic officers whose ages are as 
follows: 26, 25, 31, 33, 28, 30, 29, 25, 27, 36, 57, 29, 35, 50, 35, 31, 
25, 27, 29, 31, 30, 25, 29, 30, 25, 64, 30. 

7. The annual salaries paid 20 professors in a certain college 
were $4,200, $6,000, $5,400, $6,400, $4,600, $5,200, $6,000, $4,400, 
$8,000, $5,600, $5,200, $6,000, $4,600, $5,200, $5,800, $5,600, $5,000, 
$5,200, $5,600, $5,400. Find the median salary. 

8. The ages of 350 candidates taking a state bar examination 
were as follows. Find the median age of the candidates. 


Age 

Number 

Age 

Number 

20 

1 

26 

20 

21 

4 

27 

28 

22 

18 

28 

17 

23 

102 

29 

4 

24 

97 

32 

5 

25 

52 

36 

2 


41. The Median from Grouped Data. When the data have 
been arranged in a frequency table showing the class intervals, we 
first determine the class in which the median falls. Then, we make 
the assumption that the values within an interval are uniformly dis¬ 
tributed and find by simple interpolation the position within the 
interval occupied by the central item. For example, let us refer to 
the distribution of typing errors (Table 2). According to the mean¬ 
ing of median, there must be or 10 items below and 10 items 
above the median.’ If, therefore, we start at the first interval an 
add up the frequencies, we find that the tenth item falls in t e 
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interval 15.5-17.5. We know, then, that the median is somewhere 
between 15.5 and 17.5. But what is its exact position? 

If we count the items up to, but not including, those in the 
median interval, we find 6 items. We must count 4 more items 
before reaching the median. Since there are 5 items in the median 
interval, we must move £ of the distance through this interval 
before reaching the median position. The interval is 2 units in 
length. Hence, £ of 2, or 1.6, added to the 15.5 gives 17.1 as the 
median. The reader will observe that the median calculated from 
the grouped data is 17.1, whereas it was found to be 17 when com¬ 
puted from the ungrouped data. This difference is due, of course, 
to the assumption of uniform distribution within intervals. 


Illustration: Find the median of the following scores made by 80 
etudents who took the Self-Test at the end of Chapter II. 


Interval 

Frequency 

79.5-89.5 

8 

69.5-79.5 

16 

59.5-69.5 

27 

49.5-59.5 

16 

39.5-49.5 

8 

29.5-39.5 

5 


80 


Problems 


Counting from the bottom, we find 29 
items up to the 59.5-69.5 interval. There 
remain 11 items to account for 40, or half, 
of the total. The median interval contains 
27 items. Hence, the median equals 59.5 
plus of 10, or 59.5 -f 4.1 = 63.6 


1. Find the median number of bonds purchased for the data 
of Problem 1, Section 39. 


2. Find the median monthly hours worked overtime by 2,460 
employees of the General Cork Company distributed as follows: 


Monthly Hours Overtime 

Number 
of Em¬ 
ployees 

Monthly Hours Overtime 

Number 
of Em¬ 
ployees 

Under 5 hr* 

27 

20 and under 25 hr 

962 

5 and under 10 hr 

209 

25 and under 30 hr 

83 

10 and under 15 hr 

522 

30 and under 35 hr 

10 

15 and under 20 hr 

641 

35 and under 40 hr 

6 

2,460 


• Assume that overtime is given to the nearest hour, and interpret intervals 
as —0.5-4.5, 4.5-9.5, and so forth. 





104 


INTRODUCTION TO STATISTICS [Ch. Ill, §41 


3. The following distribution shows the test scores made by 130 
applicants taking a trade skill test. Find the median score. 


Trade Test 
Score 

Number of 
Applicants 

Trade Test 
Score 

Number of 
Applicants 

89.5-99.5 

3 

39.5-49.5 

26 

79.5-89.5 

7 

29.5-39.5 

9 

69.5-79.5 

20 

19.5-29.5 

3 

59.5-69.5 

21 

9.5-19.5 

2 

49.5-59.5 

38 

-0.5-9.5 

1 


4. The following numbers represent the errors made by 96 
girls in sorting cartridges over a period of a week. Group the 
errors in intervals of four units beginning with the smallest, and 
compute both the median and the mean from the resulting fre¬ 
quency distribution. Which measure is more appropriate for 
describing the general nature of the whole distribution? Why? 


5 

8 

13 

17 

26 

21 

28 

16 

24 

7 

8 

8 

9 

11 

10 

11 

5 

9 

6 

9 

7 

7 

18 

7 

9 

4 

4 

6 

4 

11 

8 

10 

10 

9 

5 

11 

10 

6 

9 

7 

4 

8 

8 

5 

8 

9 

7 

9 


11 5 10 4 10 12 15 4 

6 11 9 8 11 9 27 10 

9 6 5 10 4 10 9 11 

5 8 17 96848 

11 10 9 11 9 11 26 7 

6 7 10 6 10 6 5 25 


5. Given the following frequency distribution, compute the 
median of the continuous variable X. Mention several quantities 
for which X might conceivably stand. 


X 

/ 

1-2.99 

3 

3-4.99 

8 

5-6.99 

21 

7-8.99 

14 

9-10.99 

8 


6. Given the following frequency distribution, compute the 
median of the continuous variable X. 
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X 

/ 

21-25.99 

72 

26-30.99 

131 

31-35.99 

158 

36-40.99 

113 

41-45.99 

45 

46-50.99 

38 


7. Find the median hourly wage for the data of Problem 4, 
Section 38. 

8. Find the median berry price for the data of Problem 3(6), 
Section 35. 

9. Find the median of the sales records of the 400 clerks in 
Problem 8, Section 38. 

10. The following table gives the age distribution of the male 
population of the United States in 1950. Find both the median 
and the mean age. What interpretation would you give to the 
population figure for the age group 15-19? 


Age Group, 
Years 

Population, 

thousands 

Age Group, 
Years 

Population, 

thousands 

0-4 

8,301 

55-59 

3,608 

5-9 

6,825 

60-64 

3,029 

10-14 

5,680 

65-69 

2,364 

15-19 

5,302 

70-74 

1,610 

20-24 

5,457 

75-79 

1,027* 

25-29 

5,924 

80-84 

483* 

30-34 

5,735 

85-89 

169* 

35-39 

5,476 

90-94 

42* 

40-44 

5,029 

95-99 

13* 

45-49 

4,520 

100-104 

3* 

50-54 

4,036 




* Estimated by authors. Other figures taken from the Pocket Almanac for 
1954. 


42. The Mode. Under certain circumstances it is more valu¬ 
able to name that item or measure in a distribution which occurs 
most frequently than it is to compute either the mean or the 
median. Particularly is this true when we are interested in that 
item which seems to typify a very large portion of any given group. 
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This would be the case, for example, where a sales campaign is 
planned with the intention of reaching the population of a given 
community. The income group containing the most people would 
probably be the best guide as to the class of goods to be advertised. 
That measure or item which occurs most frequently in a distribu¬ 
tion is called the mode, and the group having the most items is 
called the modal group. 


Illustrations: 

1. A survey of the annual insurance premiums paid by the 30 
employees of the Modern Make-Up Company showed the following 
payments: 


Annual Premium, 
Dollars 

Number of 

Employees 

4 

1 

5 

3 

8 

18 (Mode = $8) 

11 

3 

18 

2 

24 

2 

40 

1 


The $8 premium, which occurs more frequently than any other, is 
called the mode. 

2. The following sales of a certain commodity were noted in 
the stocks edition of a local newspaper. What is the modal group 
that indicates the bulk of sales? 


Price, 

Dollars 

Number 

4-6 

31 

6-8 

127 

8-10 

462 (Modal group = $8-$10) 

10-12 

203 

12-14 

84 


It is seen that the bulk of sales is in the $8 to $10 group. There are 
several ways by which the modal point may be defined within the 
interval, but in most business situations it is sufficient to know the 
modal group. Methods of interpolation for the mode are usually 
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based upon the relationship of the frequency of the modal class to 
the frequencies of adjacent classes. These methods are not con¬ 
sidered important enough to be included in this discussion. 


Problems 

1. Find the modal group for each of Problems 2 and 3 of the 
preceding section. 

2. Find the modal group for each of Problems 5, 6, and 10 of the 
preceding section. 

3. Given the following scores, calculate the mean, median, and 
mode, and compare these measures: 80, 60, 75, 50, 65, 45, 60, 30, 
55, 60, 85, 65, 70, 40, 60, 55, 35, 65. 

4. Calculate the mean, median, and mode for the following 
items, and compare them: 10, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10. 

43. Dispersion. We have seen that the mean, the median, and 
the mode are representative quantities that may be used to describe 
the general nature of a distribution as a whole. That is, they are 
measures of central tendency indicating something of the manner 
in which the items tend to cluster together and are therefore valu¬ 
able descriptive quantities. But now let us consider the following 
two sets of measurements: 

(1) 25, 26, 27, 28, 29, 30, 30, 30, 31; 

(2) 1, 2, 5, 7, 15, 29, 30, 30, 30, 37, 126. 

It is seen that the median of each set is 29 and that the mode of 
each set is 30. The mean of the first set is found to be (25 + 26 + 
and so forth) -4- 9 = 28.4. Also, the mean of the second set is 
found to be (1 + 2 -p 5 + and so forth) -4- 11 = 28.4. The two 
sets of data, therefore, have the same characteristics as far as meas¬ 
ures of central tendency are concerned. But it is apparent that the 
items of the second set, which range from 1 to 126, are more widely 
scattered, or dispersed, from the average than are those of the first 
set, which range from 25 to 31. It would be useful, therefore, to 
have some measure of the extent to which the items in each set 
depart from the central tendency, that is, some measure of disper¬ 
sion, so that we may have further means of describing the data and 
also of comparing the two sets of data. 

44. Average Deviation. For each of the two sets of numbers 
(1) and (2) in Section 43, the mean was found to be 28.4. In each, 



108 INTRODUCTION TO STATISTICS [Ch. Ill, §44 

some of the numbers are above the mean, and others are below it. 
Those above the mean are said to deviate positively from the mean, 
whereas those below the mean are said to deviate negatively. Thus, 
in (1) the number 30 deviates 30 - 28.4, or +1.6, from the mean, 
and the number 26 in the same set deviates 26 - 28.4, or -2.4, 
from the mean. In general, if X stands for any item in the data, 
m the mean, and d a deviation, then 

d = X — m. 

The numbers and their corresponding deviations for (1) and (2) 
may now be written: 


(1) 

(2) 

Item 


Deviation 

Item 

Deviation 

X 


d 

X 

d 

25 


-3.4 

1 

-27 A 

26 


-2.4 

2 

-26.4 

27 


-1.4 

5 

-23.4 

28 


-0.4 

7 

-21.4 

29 


+0.6 

15 

-13.4 

30 


+ 1.6 

29 

+ 0.6 

30 


+ 1.6 

30 

+ 1.6 

30 


+ 1.6 

30 

+ 1-6 

31 


+2.6 

30 

+ 1-6 

Sum: 256 


+0.4 

37 

+ 8.6 




126 

+97.6 




Sum: 312 

-0.4 

Mean = 

256 -h 

9 = 28.4 

Mean = 312 -5- 11 

= 28.4 


We see that for both sets of numbers the sum of the deviations 
from the mean is not exactly zero. This is, of course, as it should be 
because of the way in which each mean was calculated. Had we 
nsed an exact mean instead of one correct to tenths, the sum of the 
deviations would necessarily have been zero. But if we confine our 
interest to the magnitude of the deviations without regard to sign 
(absolute values), we may average them and thus obtain a measure 
of the dispersion of the numbers from the mean of all the numbers. 
The average of the absolute values of the deviations from the mean 
is called average deviation (A.D.). Thus, for each of the above sets 

we have: 
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For (1) Average Deviation = 
For (2) Average Deviation = 


3.4 + 2.4 + 


+ 1.6 + 2.6 


9 


= 1.7. 


27.4 + 26.4 + 


+ 8.6 + 97.6 


11 


20.3. 


The average deviation for the first set of numbers is 1.7, whereas 
for the second set of numbers the average deviation is 20.3. This 
tells us that there is a much greater scatter, or dispersion, for the 
second set than for the first. 

To indicate that the absolute values of numbers are to be taken, 
vertical bars are usually placed about the numbers. Thus, if d is a 
deviation from the mean, |d| stands for the absolute value of the 
deviation. The formula for average deviation may accordingly be 
written 


A.D. 




in which the 2 indicates that all the deviations are to be summed 
and n is the number of items. 

If the data are grouped in a frequency table, the d’s are taken as 
deviations of the class marks from the mean. These deviations 
are then multiplied by their respective frequencies and averaged. 
The formula in this situation becomes 


a.d. = m. 

n 



Illustration: Find the average deviation for the following distribu¬ 
tion of ages: 


Age 

X' 

/ 

IX' 

d 

fd 

9.5-11.5 

10.5 

3 

31.5 

-3.7 

— 11.1 

11.5-13.5 

12.5 

15 

187.5 

-1.7 

-25.5 

13.5-15.5 

14.5 

20 

290.0 

0.3 

6 0 

15.5-17.5 

16.5 

10 

165.0 

2.3 

23 0 

17.5-19.5 

18.5 

2 

37.0 

4.3 

8.6 



50 

50)711.0 


-36.6 






437.6 






50) 74.2 

-- 


Mean = 14.2 


A.D. = 1.48 
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Other shbrt-cut formulas for finding average deviation in terms 
of deviations from an assumed mean and in terms of the “raw” 
data are given in standard statistical texts. These methods are 
very convenient in working with a large number of items or with 
numbers involving decimals and are especially useful for computa¬ 
tion with the aid of a calculating machine. 


Problems 

1. Find the average deviation for the following 12 stock quota¬ 
tions: 1.40, 1.65, 1.70, 1.50, 1.48, 1.72, 1.55, 1.37, 1.69, 1.50, 1.53, 
1.50. 

2. Compute the average deviation for the number of errors 
made on Form A of the typewriting speed test (Table 1). 

3. In target practice two marksmen turned in the following 
scores: 


Marksman A. 

92 

95 

90 

98 

91 

87 

95 

96 

88 

93 

Marksman B. 

93 

98 

86 

93 | 

92 

98 

94 

94 

93 

91 


Which marksman was the more consistent? Why? 

4. Calculate the average deviation for the scores: 27, 31, 29, 33, 
34, 30. 

5. Calculate the average deviation for the scores: 3, 8, 7, 7, 4, 
6, 5, 5. 

6. At a certain gathering it was decided to record the tardiness 
in number of minutes for each individual as he arrived, with the 
following results for 53 persons in attendance: 


Number of 
Minutes Tardy 

Frequency 

20-24.9 

3 

15-19.9 

8 

10-14.9 

20 

5-9.9 

12 

0-4.9 

10 


53 


What was the average number of minutes that the individuals 
were tardy? What was the average deviation? What use cou 
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the chairman make of a knowledge of these measures in reprimand¬ 
ing the group ? 

7. Find the average deviation for the data of Problem 4, 
Section 42. 

8. Find the average deviation for the data of Problem 3, 
Section 42. 

9. Find the average deviation for the data of Problem 3, 
Section 40. 

10. Find the average deviation for the data of Problem 2, 
Section 40. 

11. The monthly production of sparkling wines in the United 
States in thousands of wine gallons is given in the following table 
for the year 1952. Find (a) the mean and (6) the average deviation 
of production from the mean. 


Month 

Production 

Month 

Production 

Jan. 

141 

July 

63 

Feb. 

67 

Aug. 

100 

Mar. 

55 

Sept. 

62 

Apr. 

201 

Oct. 

90 

May 

129 

Nov. 

82 

June 

102 

Dec. 

77 


12. Find the average deviation for ages of traffic officers by using 
the data of Problem 6, Section 40. 

45. Standard Deviation. Let us now return to the two sets 
of data with which we began our discussion of dispersion and for 
which average deviations were computed in the previous ^section. 
We have: 

(1) 25, 26, 27, 28, 29, 30, 30, 30, 31; 

(2) 1, 2, 5, 7, 15, 29, 30, 30, 30, 37, 126. 

These two sets of data have the same characteristics as far as 
measures of central tendency are concerned but are quite unlike 
in the extent of scatter about any such measure. We have already 
learned that the mean for each set is 28.4 and that the average 
deviations are 1.7 for (1) and 20.3 for (2) (see Section 44). 

Instead of averaging the absolute values of the deviations, a 
measure of dispersion may be obtained by first squaring the devia¬ 
tions, averaging these squares, and then extracting the square root 
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of the result. The measure of dispersion obtained in this manner 
is called the standard deviation (S.D.). It is perhaps the most 
important measure of dispersion used in the field of statistics and 
is usually designated by the Greek letter er (sigma). The calcula¬ 
tion of the standard deviation for the sets of numbers (1) and (2) is 
as follows: 


Set (1) Set (2) 


Item Deviation Deviation Squared 

Item 

Deviation 

Deviation Squared 

X 

d 

d 2 

X 

d 

d 2 

25 

-3.4 

11.56 

1 

-27.4 

750.76 

26 

-2.4 

5.76 

' 2 

-26.4 

696.96 

27 

-1.4 

1.96 

5 

-23.4 

547.56 

28 

-0.4 

0.16 

7 

-21.4 

457.96 

29 

+0.6 

0.36 

15 

-13.4 

179.56 

30 

+ 1.6 

2.56 

29 

+ 0.6 

0.36 

30 

+ 1.6 

2.56 

30 

+ 1.6 

2.56 

30 

+ 1.6 

2.56 

30 

+ 1.6 

2.56 

31 

+2.6 

6.76 

30 

+ 1.6 

2.56 




37 

+ 8.6 

73.96 




126 

+97.6 

9,525.76 

Sum of squared deviations... 34.24 

Sum of squared deviations 12,240.56 

Average 

of squared 

devia- 

Average of squared de- 

tions.. 


. 3.80 

viations. 

. 1,113. 

Square root (a) . 

. 1.9 

Square root (<r). 

33.4 


The standard deviation for set (1) is found to be 1.9. For the 
items of set (2) the standard deviation is 33.4. This means that 
the second set of numbers is much more widely scattered, or dis¬ 
persed, than are the numbers in the first set. This is exactly the 
same information obtained from a knowledge of the average devia¬ 
tion of each set. It should be pointed out that the standard devia¬ 
tion has certain mathematical advantages over other measures o 
dispersion which make it important in the field of statistics, 
the foregoing illustration would lead us to conclude, the formu a or 
standard deviation may be written 

„ = M. & 

x n 
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in which d is a deviation from the mean, n is the number of items, 
and 2 means to sum all the squared deviations. 

If we substitute X — in for d in formula (A) and carry out cer¬ 
tain algebraic steps, we may obtain the following formula for stand¬ 
ard deviation in terms of the original items (X) of the data: 

• - JfMW- 

Formula ( B ) will give precisely the same result as formula (A), 
provided that the exact mean has been used. In the examples just 
given, the mean was rounded off to the first decimal place, so that 
the obtained values are slightly in error. The computation of the 
standard deviation of the items in set (1) by the use of formula ( B) 
is as follows: 


2X 2 

n 


2X 

n 


(25 2 + 26 2 + 27 2 + 28 2 + 29 2 + 30 2 + 30 2 + 30 2 + 31 2 ) 

9 

= 812.89. 

(25 + 26 + 27 + 28 + 29 + 30 + 30 + 30 + 31) 

9 


256 

9 


28.44. 



(28.44) 2 = 808.83 


<T 



V812.89 - 808.83 


= V4.06 = 2.01. 

The standard deviation by using formula ( B) is found to be 
2.01, whereas it turned out to be 1.9 by using formula (A) where 
the mean was rounded off to the first decimal place. Although 
one must deal with larger numbers when calculating the standard 
deviation directly from the “raw scores” of the data, one will find 
formula ( B ) advantageous if a calculating machine or table of 
squares is available. When the items are arranged in a frequency 
distribution, it will be recalled (see Section 35) that they are con¬ 
sidered to be centered about the mid-point ( X') of the interval in 
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which they occur. The formula for standard deviation in this sit¬ 
uation becomes: 



If we carry out the work in terms of intervals to avoid the use 
of the unnecessarily large numbers of the original data and express 
the class intervals as deviations from an assumed mean, the work 
of calculating a standard deviation becomes greatly abbreviated. 
If d stands for an interval deviation and i the width of the interval, 
our formula becomes 



Illustration: Find the standard deviation for the distribution of 
errors made by 20 students on a typewriting speed test (see Table 2, 
Section 35). 

Solution: The necessary calculations for the use of formula ( D ) 
follow: 


Interval Deviation 
(i = 2) d 


5.5- 7.5 

7.5- 9.5 

9.5- 11.5 

11.5- 13.5 

13.5- 15.5 

15.5- 17.5 

17.5- 19.5 

19.5- 21.5 

21.5- 23.5 


-6 

-5 

-4 

-3 

-2 

-1 

0 

1 

2 


Totals (2) 


Frequency 

f 


fd 


d 1 fd- 


-W¥--(¥)■]<■ 


1 

-6 

1 

-5 

2 

-8 

1 

-3 

1 

-2 

5 

-5 

3 

0 

3 

3 

3 

6 

20 

-20 


lm , 

f-2°y 

' 20 1 

k 20 / J 


36 

25 

16 

9 

4 

1 

0 

1 

4 


( 2 ) 


36 

25 

32 

9 

4 

5 
0 
3 

12 


126 


= -v/O^T (2) = V^3 (2) = 4.6. 
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1. Find the standard deviation of the distribution of type¬ 
writing speed test errors (Form A, Table 1, Section 34) without 
grouping the data. Why is your answer different from the one 
obtained by grouping the data? 

2. Find the standard deviation of the following retail prices: 

1.50 1.60 1.48 1.40 1.50 1.52 1.65 1.53 1.36 1.47 1.61 

1.49 1.53 1.26 1.26 1.74 1.76 1.68 1.24 1.43 1.51 1.46 

1.50 1.55 1.73 1.73 1.33 1.37 1.38 1.42 1.46 1.45 1.52 

1.57 1.78 1.57 1.57 1.51 1.80 

3. Find the standard deviation of the following hourly wages: 


Hourly Wage, 

Cents 

Number of Employees 

149 . 5 - 159.5 

60 

139 . 5 - 149.5 

89 

129 . 5 - 139.5 

132 

119 . 5 - 129.5 

156 

109 . 5 - 119.5 

105 

99 . 5 - 109.5 

95 

89 . 5 - 99.5 

73 


4. Calculate the standard deviation of the following distribu¬ 
tion of ages: 


Interval 

/ 

2 . 5 - 5.5 

4 

5 . 5 - 8.5 

7 

8 . 5 - 11.5 

12 

11 . 5 - 14.5 

13 

14 . 5 - 17.5 

5 


5. Calculate the standard deviation of the following distribu¬ 
tion of egg prices: 
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Interval 

/ 

69.5-73.5 

3 

73.5-77.5 

6 

77.5-81.5 

15 

81.5-85.5 

40 

85.5-89.5 

16 

89.5-93.5 

9 

93.5-97.5 

8 


6. Find the standard deviation for the data of Problems 5 and 
6, Section 41. 

7. Find the standard deviation of the monthly hours overtime 
of 2,460 employees by using the data of Problem 2, Section 41. 

8. Find the standard deviation of the scores of the 130 appli¬ 
cants given in Problem 3, Section 41. 

9. Find the standard deviation of the price relatives for the 
data of Problem 3, Section 39. 

10. Find the standard deviation of the hourly wages of the 
500 workers as given in Problem 4, Section 38. 

11. Forty-two members of Beta Beta Kappa fraternity made the 
following grade point averages for the first semester of the 1954-1955 
college year. Find the mean and the standard deviation of the 
grade point averages. 


2.39 

3.15 

3.01 

2.54 

2.29 

1.87 

2.49 

2.90 

3.03 

2.38 

2.23 

1.84 

2.41 

3.00 

3.16 

2.91 

2.11 

1.87 

2.75 

3.11 

3.18 

2.67 

1.94 

1.73 

2.69 

3.08 

3.03 

2.53 

1.72 

1.57 

2.87 

3.09 

2.69 

2.63 

1.74 

1.62 

2.79 

3.26 

2.98 

2.48 

1.91 

1.47 


46. Point Measures of Dispersion. Both the average del¬ 
ation and the standard deviation measure dispersion, or scatter, in 
terms of deviations from the mean. Another very easy and mean 
ingful method is to consider the scatter in terms of distances between 
points in the distribution of the data. This is the case when we 
talk of the range , the quartile deviation, the difference between per¬ 
centile points and so forth. Since the technique of locating any o 
the required points is precisely the same as that for locating a 
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median, we shall define the most frequently used interpoint meas¬ 
ures of dispersion and illustrate their computation. 

(1) The Range. The distance from the lowest score to the high¬ 
est is called the range. Thus, in the series of numbers 23, 34, 56, 
72, 92, we may say that the numbers range from 23 to 92, or simply 
that the range is 69. 

(2) The Quartile Deviation. In computing the median, we find 
that point above which lie half of the cases and below which lie the 
other half. By the same technique we may find that point which is 
| of the way through the number of cases. This point is called the 
first quartile, or Q x . The point which is £ of the way through the 
distribution is called the third quartile and is labeled Q 3 . The dis¬ 
tance from Q 1 to a point halfway to the point Qz is known as the 
quartile deviation , sometimes called the semi-interquartile range , and 
is denoted by Q. The formula is 





(3) Percentiles. The percentile points divide the distribution 
into 100 parts. Thus, the tenth percentile is that point below 
which lie of the cases and above which lie yg of the cases; the 
98th percentile is that point below’ which lie of the cases and 
above which lie -y^ of the cases. All the percentile points may be 
obtained, one by one, by the same technique used in finding the 
median, but ordinarily a few are located and the others are approxi¬ 
mated by interpolation. 


Illustration: Scores made on a college entrance examination by 200 
students were as follows: 


Score 

Frequency 

Cumulative Frequency 

89.5-100.5 

2 

200 

79.5-89.5 

15 

198 

69.5-79.5 

33 

1S3 

59.5-69.5 

48 

150 

49.5-59.5 

54 

102 

39.5-49.5 

33 

4S 

29.5-39.5 

12 

15 

19.5-29.5 

3 

3 


Find the range, quartile deviation, and 95th percentile. 
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Solution: The range is, presumably, 100 — 20 = 80. To find Q Jf 
count of 200, or 50, cases beginning at the bottom. It is seen 
from the cumulative-frequency column that the first quartile point 
must lie in the interval 49.5-59.5. We must add, therefore, & of 
10, or 0.4, to the bottom of that interval and thus obtain 49.9 as the 
location of Q x . To find Q 3 , count £ of 200, or 150, cases from the 
bottom. This point is seen to lie exactly at 69.5. Hence, 

^ Qi-Qi 69.5 - 49.9 19.6 n 0 

2 “ 2 

This means that half of the cases lie within a range of 9.8 units 
on either side of some central point and thus tells us something of 
the scatter of the scores. To find the 95th percentile, we must 
count 0.95 of 200, or 190, cases from the bottom. We see that this 
point must he in the 79.5-89.5 interval. We have 183 cases up to 
the bottom of this interval, so that we must add yy of 10, or 4.7, to 
the bottom of the interval and obtain the point 84.2 as the 95th 
percentile. We would have arrived at the same point had we 
counted downward 0.05 of the cases. 


Problems 

1. Find Qi, Qz, and the quartile deviation for the hourly wages 
in Problem 4, Section 38. 

2. Find the range, quartile deviation, and the 80th percentile for 
the following measurements: 


17 

22 

20 

23 

20 

21 

18 

16 

19 

21 

14 

17 

19 

17 

22 

19 

15 

21 

18 

23 


3. Find the quartile deviation and the 20th, 30th, and 60th per 
centiles for the following data. 


Interval f 


0-2.99 5 
3-5.99 9 
6 -8.99 21 
9-11.99 11 
12-14.99 6 
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4. Find the quartile deviation and the 45th percentile for the 
monthly hours worked overtime by using the data of Problem 2, 


Section 41. 

5. Find the 10th, 20th, and 70th percentiles for the trade skill 
test scores of Problem 3, Section 41. 

6 . Find the quartile deviation of the ages of the male population 
in the United States in 1950 as given by the data in Problem 10, 


Section 41. 

47. Index Numbers. In the preceding sections considerable 
attention has been given to the description of statistical data in 
terms of central tendency and dispersion. In many cases, further 
analysis may be made by reducing the numbers to other numbers 
which are purely relative, so that comparisons may be made quite 
easily. Among the statistical devices used for this purpose are 
index numbers. These numbers are simple ratios of one quantity 
to another, called the base, and are widely used in the study of 
prices, production, and other similar phases of business where vari¬ 
ation or change is involved. Usually, the index corresponding to 
the base is taken to be 100, and each computed ratio is multiplied 
by 100, to avoid decimals. 


TABLE 3 


Passenger-car Registrations in the United States, 1932-1951 


Year 

Passenger Cars, 
millions 

Index 

(1939 = 100) 

Year 

Passenger Cars, 
millions 

Index 

(1939 = 100) 

BBi 

21 

81 

PH 

28 

108 


21 

81 


26 


1934 

22 

85 

1944 

26 


1935 

23 

89 

1945 

26 


1936 

24 

92 

1946 

28 


1937 

25 

96 

1947 

31 

119 

1938 

25 

96 

1948 

33 

127 

1939 

26 

100 

1949 

36 

138 

1940 

27 

104 

1950 

40 

154 

1941 

30 

115 

1951 

43 

165 


Let us consider the data of Table 3. The number of passenger- 
car registrations in the United States for each of the years 1932 to 
1951 is given to the nearest million. We may reduce these num- 








180 INTRODUCTION TO STATISTICS {Ch. Ill, §47 

bers to a series of ratios by selecting one of them as a base. Thus, 
selecting 1939 as the base year, we write the index number for that 
year as 100. Then, for 1938, we have (25 -^26) X 100 = 96; for 
1936, (24 -f- 26) X 100 = 92; and so forth. The index numbers 
obtained in this manner make possible a comparison of the number 
of passenger-car registrations in the United States for each year 
with the number of registrations for the year 1939. It can easily 
be seen that the number of passenger-car registrations in the United 
States dropped decidedly following 1941 and was below the 1941 
figure for the next five years, after which there was a decided rela¬ 
tive increase. It should be pointed out that the selection of the 
base year is entirely arbitrary. In their simplest form, therefore, 
index numbers may be calculated from a formula of the form 


Index Number = 


Quantity for Given Year 
Quantity for Base Year 


Problems 


1. Use the year 1949 as the base year, and compute index num¬ 
bers for the average weekly earnings in manufacturing industries 
for the years 1943 to 1952 given in the following table:* 


Year 

Average Weekly 
Earnings 

Year 

Average Weekly 
Earning 

1943 

843.14 

1948 

54.14 

1944 

46.08 

1949 

54.92 

1945 

44.39 

1950 

59.33 

1946 

43.82 

1951 

64.71 

1947 

49.97 

1952 

67.97 


* Source: Business Statistics, U.S. Department of Commerce, 1953. 

2. Use 1947 as a base year, and prepare index numbers for the 
following average weekly earnings of employees of general merchan¬ 
dise stores for the years 1947 to 1952: 


Year 

Earnings 

1947 

830.96 

1948 

33.31 

1949 

34.87 

1950 

35.95 

1951 

37.75 

1952 

38.41 
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3. The following table* gives the average hourly earnings in the 
automobile industry for the years 1943 to 1952. Compute index 
numbers, using 100 for the year 1949. 


Year 

Earnings 

Year 

Earnings 

1943 

$1.24 

1948 

SI.61 

1944 

1.27 

1949 

1.70 

1945 

1.26 

1950 

1.78 

1946 

1.34 

1951 

1.91 

1947 

1.47 

1952 

2.05 


* Source: Business Statistics, U.S. Department of Commerce, 1953. 


4. The following table* gives the average monthly anthracite 
coal production in millions of short tons for the years 1941 to 1952. 
Use 1941 as a base year, and calculate index numbers. 


Year 

Production 

Year 

Production 

1941 

4.70 

1947 

4.77 

1942 

5.03 

1948 

4.76 

1943 

5.05 

1949 

3.56 

1944 

5.31 

1950 

3.67 

1945 

4.58 

1951 

3.56 

1946 

5.04 

1952 

3.33 


* Source: Business Statistics, U.S. Department of Commerce, 1953. 


Exercises 

1. The following table gives the distribution of the retail prices per 
pound of a certain cut of Grade A beef. Draw a histogram of the distribu¬ 
tion, and compute the mean, median, modal group, Q u and Q 3 . (Assume 
class intervals of S0.795-S0.835, S0.835-S0.875, and so forth.) 


Price per Pound 

Frequency 

$0.80-S0.83 

3 

0.84- 0.87 

12 

0.88- 0.91 

25 

0.92- 0.95 

58 

0.96- 0.99 

71 

1.00- 1.03 

78 

1.04- 1.07 

62 


Price per Pound 

Frequency 

Sl.08-Sl.il 

56 

1.12- 1.15 

38 

1.16- 1.19 

17 

1.20- 1.23 

11 

1.24- 1.27 

7 

1.28- 1.31 

2 
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2. The lengths of a sample of 50 connecting pins were measured to the 
nearest tenth of a centimeter. The results are shown in the following 
distribution. 


Distribution of Lengths of 50 Connecting Pins 


Length, Cm 

Class Mark 

Frequency 

2.45-2.55 

2.5 

2 

2.55-2.65 

2.6 

3 

2.65-2.75 

2.7 

6 

2.75-2.85 

2.8 

7 

2.85-2.95 

2.9 

8 

2.95-3.05 

3.0 

12 

3.05-3.15 

3.1 

6 

3.15-3.25 

3.2 

3 

3.25-3.35 

3.3 

2 

3.35-3.45 

3.4 

1 


(a) Draw the histogram for these data. (6) Find the average (mean) 
length of the connecting pins measured, (c) What length is exceeded by 
nr of the pins? ( d) What is the average deviation of the measurements? 
(e) What is the median length? (/) What is the modal group? 

3. The lengths of 500 ears of corn were measured, and the data 
arranged as follows: 


Length,in. 

4 

5 

6 

7 

8 

9 

10 

li 

12 

13 

Number of ears. 

3 

14 

55 

82 



m 


7 

2 


Find (a) the mean, (b) the mode. 


4. The following table shows the number of students out of 375 making 
a test grade not higher than a given score. Find the median and quartiles. 


Grade not higher than.... 


55 


65 


75 

m 

85 

m 

95 

Number of students. 

8 

25 

97 

176 

249 

312 

343 

361 

369 

375 


5. A student carries 15 hr of classwork per week and makes the fol¬ 
lowing grades. If the subjects are counted equally hour for hour, what 
would be his average grade? 


Course 

Hours per Week 

Grade 

Mathematics 

5 

94 

English 

3 

88 

Chemistry 

5 

78 

Language 

2 

82 
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6 Tabulate the following prices per dozen oranges into two frequency 
tables, using 50 and 100, respectively, as class intervals: 

470 630 540 500 550 460 490 570 440 660 380 520 430 600 500 
r, fifi 55 47 41 56 44 54 37 59 43 4o 38 5b 

« 52 35 50 40 70 36 34 79 80 74 33 68 54 63 

51 56 74 44 69 54 54 41 52 49 43 /2 54 40 52 

51 54 71 49 55 63 47 60 54 73 45 73 65 62 55 

60 45 57 52 62 54 51 49 57 31 48 61 57 62 51 

Find for each table (a) the mean, (6) the median, (c) the modal group, 
(d) the average deviation. 

7. A department store manager reported the following number of 
employees for the period 1935 to 1954: 


Year 

N umber 

Year 

Number 

1935 

482 

1940 

390 

1936 

306 

1941 

404 

1937 

310 

1942 

462 

1938 

323 

1943 

458 

1939 

327 

1944 

497 


Year 

Number 

Year 

Number 

1945 

487 

1950 

487 

1946 

525 

1951 

421 

1947 

543 

1952 

386 

1948 

580 

1953 

479 

1949 

523 

1954 

624 


Analyze the report, and prepare a summary of your findings. 

8. Twenty freshman students received the following grades in mathe¬ 
matics and chemistry: 


Student 

Mathematics 

Grade 

Chemistry 

Grade 

A 

81 

88 

B 

76 

80 

C 

98 

95 

D 

66 

71 

E 

73 

70 

F 

56 

63 

G 

91 

80 

H 

90 

94 

I 

82 

78 

J 

79 

76 


Student 

Mathematics 

Grade 

Chemistry 

Grade 

K 

i • 74 

75 

L 

65 

62 

M 

84 

83 

N 

73 

78 

O 

87 

82 

P 

70 

68 

Q 

73 

79 

R 

47 

61 

S 

83 

79 

T 

52 

58 


Compute the mean and standard deviation for each set of grades. 
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9. Compute the standard deviation of the numbers 1, 2, 3, 4, 5, 6, 7, 8, 
• 9, 10, and compare it with that obtained for the numbers 10, 20,’ 30 40* 
50, 60, 70, 80, 90, 100. 

(a) What appears to be the effect on the standard deviation when a 
series of numbers is multiplied or divided by a constant? 

(b) If a x is the standard deviation of a set of X values, prove by using 
the definition of standard deviation that c ax = cux x , where a is a constant. 
What economical advantage is made possible by this relation when the 
worker is dealing with large numbers? 

10. Compare the standard deviation of the nunbers 1, 2, 3, 4, 5, 6, 7, 8, 
9, 10 with that obtained from 11, 12, 13, 14, 15, 16, 17, 18, 19, 20. 

(а) What appears to be the effect on the standard deviation when the 
same constant is added to or subtracted from each number in the data? 

(б) Prove that <r x+m = <x x . 


Self-Test 

Time: 50 Minutes 

(Score 10 points for each problem correctly solved) 

1. The grades for a class of 20 students in a course in business adminis¬ 
tration were: 78, 82, 76, 85, 66, 94, 96, 87, 79, 85, 95, 71, 75, 80, 81, 64, 
83, 72, 75, 76. Find the mean and standard deviation. 

2. The ages of 20 students attending a class were as follows: 17, 19, 
18, 18, 23, 17, 18, 24, 17, 22, 19, 18, 18, 26, 18, 21, 18, 17, 18, 18. Find 
the mode. 

3. The weights of 20 students were as follows: 145, 132, 167, 110, 184, 
135, 137, 154, 163, 127, 153, 147, 139, 109, 113, 124, 138, 171, 133, 127. 
Find the median. 

4. Find by the short method the mean and standard deviation for the 
following ticket prices: 


Price 

Number of Tickets 

S0.90-S1.00 

1 

0.80- 0.90 

3 

0.70- 0.80 

6 

0.60- 0.70 

10 

0.50- 0.60 

15 

0.40- 0.5G 

11 

0.30- 0.40 

4 


(Interpret intervals as S0.30-S0.399, S0.40-S0.499, and so forth.) 

5. Find the third quartile for the following distribution of 100 scores 
in a bowling tournament: 
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Score 

Frequency 

Score 

Frequency 

250-259 

3 

200-209 

15 

240-249 

7 

190-199 

11 

230-239 

12 

180-189 

5 

220-229 

16 

170-179 

4 

210-219 

26 

160-169 

1 


(Interpret intervals as 159.5-169.5, 169.5-179.5, and so forth.) 

6. From a high altitude 20 bombs were dropped over a precision target 
with the following results in accuracy: 


Distance from Target, Ft 

Number of Bombs 

1,000 

4 


8 


5 


3 


20 


Find the average number of feet by which the target was missed. 

7. Prices of eggs in a certain community averaged for the period 


1945 to 1954 as follows: 


Year 

Price per Dozen, 
Cents 

Year 

Price per Dozen, 
Cents 

1945 

45 

1950 

52 

1946 

43 

1951 

54 

1947 

38 

1952 

55 

1948 

46 

1953 

67 

1949 

50 

1954 

79 


Use 1947 as a base year, and compute an index number for the average 
price of eggs for the year 1952. 

8. If Qx = 60 and Q 3 = 80, what is the value of the semi-interquartile 
range? 

9. Which would be the best measure to use—mean, median, or mode— 
in determining the height above the floor to build a make of kitchen range? 

10. If B = bottom of the interval, C = number of cases in the interval, 
n - “number of cases to go” to reach the median, and L = size of the 
interval, write a formula by which the median may be found. 



Chapter IV 

PERCENTAGE AND BUSINESS APPLICATIONS 


Introduction. When a businessman speaks in terms of per¬ 
centage, he uses one of the most important applications of decimals 
that can be found in the business world. In fact, in almost all 
problems dealing with interest, discount, taxation, insurance, profit 
and loss, commission, and other such fields, comparisons of quanti¬ 
ties are stated in terms of percentage. It is highly important, 
therefore, that the student of business thoroughly understand the 
meaning of percentage and that he have complete mastery of the 
simple mathematics underlying the uses of percentage in business 
and industrial fields. 

48. Meaning of Percentage. In percentage a quantity is 
thought of as being made up of 100 equal parts, and any number of 
these equal parts is referred to as a certain per cent of the quantity. 
For example, when we say a salesman is to receive 3 per cent (3 %) 
commission on selling goods, we mean that he is to receive $3 on 
every $100 worth of goods sold. For selling $220 worth of goods, 
he would receive of $220, or 0.03 times $220, which equals $6.60. 
It is apparent that the simple task of multiplying 0.03 times $220 
is equivalent to dividing $220 into 100 equal parts of $2.20 each 
and then taking 3 of these equal parts for a total of $6.60. The idea 
that percentage refers to the number of hundredths is fundamental 
to a clear understanding of the meaning of percentage. The fol¬ 
lowing statements will serve as further illustrations: 

6 per cent (6%) of $500 means: y&r of $500, or 0.06 X $500, which 
equals $30. 

75 per cent (75%) of 120 cartons means: or f, of 120 cartons, 

or 0.75 X 120 cartons, which equals 90 cartons. 

126 
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200 per cent (200%) of $135 means: of $135, or 2 X $135, 

which equals S270. 

34 per cent (34%) of $50 means: 34/100, or *4* of $50, or 0.035 X 
$50, which equals $1.75. 


The number on which the percentage is computed is called the 
base. The rate is the number of hundredths. The percentage is 
the product obtained by taking a certain per cent of the base. 
Thus, in the last statement of the foregoing examples, $50 is the 
base, 34% is the rate, and $1.75 is the percentage. 

Since percentage problems involve common fractions and deci¬ 
mals, it is desirable that the student become skillful (1) in the oper¬ 
ations involved in changing common fractions into equivalent deci¬ 
mals and per cents and (2) in the process of changing per cents to 
common fractions and decimals. These operations will now be con¬ 
sidered in preparation for the uses of percentage to be discussed 
later.* 

(1) Changing Common Fractions into Decimals and Per 
Cents: In order to change a common fraction to a per cent, our 
problem is to express the common fraction in terms of hundredths , 
for that is the meaning of per cent. This may be done simply by 
dividing the numerator by the denominator. The decimal quo¬ 
tient can then be written as a per cent by moving the decimal point 
two places to the right and affixing the per cent sign. 


Illustrations: 


1. Change | to a per cent. 

Divide the numerator by the denominator. The 
quotient 0.375 (three hundred seventy-five thousandths) 
is equivalent to “thirty-seven and one-half hundredths ”— 
that is, “thirty-seven and one-half per cent” Hence, 
I = 0.375 = 37.5%, or 374%. 

2. Write 0.3547 as a per cent. 

Move the decimal point two places to the right: 0.3547 
= 35.47%, or 35-nnr%. 


0.375 

8)3.000 

24 

60 

56 

40 

40 


* In this chapter uniformity of answers may be obtained by rounding off 
percentage decimal equivalents correct to the fourth decimal place. 
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3. Write 2.06 as a per cent. 

Move the decimal point two places to the right: 
2.06 = 206%. 

4. Express the quotient of 34 153 as a per cent. 

Since answers in this chapter are rounded off to 

the fourth decimal place, the quotient, as a per cent, 
is written 22.22%. 

5. Round off 0.683582 to the fourth decimal place, 
and express as per cent. 

The rounded-off decimal is 0.6836, and therefore 
the per cent is 68.36%. 


0.22222 

153)34.00000 
30 6 

3 40 
3 06 
340 
306 

340 

306 

340 

306 

34 


Problems 


1. Write the following decimals as per cents: 


(a) 0.06, 

(?) 0.045, 

(m) 0.11J, 

(s) 10.0, 

(6) 0.25 

(h) 0.0625, 

(») 0.62£, 

(0 iooo., 

(e) 0 . 12 J, 

(*) 1.25, 

(o) 0.66|, 

(u) 0.07638, 

(d) 0.331 

U) 2.50, 

(p) 0.14*, 

(v) 0.53751, 

(e) 0.16f, 

(k) 5.5, 

(?) 1, 

(w) 0.92357, 

(/) 0.65, 

© 24.5, 

M 2, 

(*) 0.41209. 


2. Write the following common fractions as decimals and as per 
cents: 


(a) l 

(?) i, 

W I, 

M 

10 6 2 
“53TT j 

0 b ) i, 

(ft) 

(») Y, 

© 

1275 
100 > 

(c) i, 

(i) i. 

(*) fc 

(w) 

21 

(d) |, 

(?) A, 

(p) A> 

w 

99 

T"» 

M i, 

(ft) A, 

(?) A> 

(«0 

93 

T3> 

(/) 1, 

© A, 

(r) ***, 

(*) 

22 

T". 


(2) Changing Per Cents to Decimals and Common Frac¬ 
tions: To change a per cent to a decimal, we simply place the 
decimal point so as to indicate the proper number of hundredths. 
Thus, 6% = 0.06; 45% = 0.45; 12.5% = 0.125; 225% = 2.25, and 
so forth. It is readily apparent that in changing from a per cent 
to a decimal we merely drop the per cent sign and move the deci¬ 


mal point two places to the left. 
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In order to change a per cent to a common fraction, we may 
first write it as a decimal and then express the decimal as a common 
fraction by dropping the decimal point and dividing by the proper 
denominator. The resulting common fraction may then be reduced 
to lowest terms. Thus: 


6% = 0.06 = Tire — inr- 
65% = 0.65 = tits — 
12.5% = 0.125 = iWff = i 


300% = 3.00. 

1 % = 0.01 = tU- 
0.1% = 0.001 = ttjW 


33 


33 | 

100 


1 00 
100 



100 _ 1 
300 3' 


Problems 

1. Write the following per cents as decimals and as common 
fractions: 


(a) 3%, 

(b) 4 4%, 

(c) 84%, 

(d) 374%, 

(e) 624 %, 


(/) 42%, 
iff) 95%, 
(h) 125%, 
(0 225%, 
O') 400%, 


(AO i%, 

(0 f%, 

(m) 435%, 

(n) 600%, 

(o) 1,000%, 


(p) 6.5%, 
O) 0.5%, 

(r) t%, 

(«) 0.04%, 
(0 0.026%. 


2. By changing the form of the figures, fill in the blanks as 
indicated. 


Common 
Decimal Fraction 

O) - | 

(b) - - 

(c) 0.025 _ 

(d) - - 

(«) - t 

(/) - - 


Per Cent Decimal 

- O) - 

36% ( h) 26.4 

- (0 - 

0.06% (i) - 

_ (&) 99.5 

5.6% (0 0.625 


Common 

Fraction Per Cent 

3 9 

~s~ - 


- 260% 

¥ _ 


49. Types of Percentage Problems. Percentage problems 
may be discussed under three headings, according to what is 
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required in the problem. As we have seen, the three elements 
which enter into percentage are the base, the rate, and the percent¬ 
age. In practice we usually know two of these elements and are 
required to find the third. The three types will be considered 
separately. 

(1) To Find a Per Cent of a Number: Find 5% of 640. 

Multiply by 0.05, 640 (Base) Multiply by ^. 

.05 (Rate) 

32.00 (Percentage) ^ X 640 = ® = 32. 

We see that percentage equals base times rate and that the work may 

be carried out in terms of either decimal or common fractions. In 

• 

either case, the operation is expressed by multiplying the base times 
the rate. In symbols, we may write the equation, 

P = BX R. (a) 


Illustration: A college student council allotted 23% of a budget of 
$3,690 to publications and 40% to athletics. How much was 
allotted to these two items? 


B = 3,690, R = 0.23, 

P = BX R 
= 3,690 X 0.23 
= $848.70 for publications. 


B = 3,690, R = 0.40, 
P = BX R 
= 3,690 X 0.40 
= $1,476 for athletics. 


Problems 


1. Memorize the following table: 


1 

V 

= 50%, 

l = 20%, 

t = 83#%, 

A = 8i%. 

1 

= 33#%, 

1 = 40%, 

i = 12#%, 

A = 41f%, 

2 

¥ 

= 66#%, 

t = 60%, 

1 = 37#%, 

tV == 6#%> 

1 

T 

= 25%, 

* = 80%, 

# = 62#%, 

Tfs = 5%, 

3 

T 

= 75%, 

i = i6#%, 

* = 87#%, 

ts — 4%- 


2. Find the following thus: Look at “ 12#%,” think Then, 
# X 24 = 3. 
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(а) 12i% of 24, 

(б) 371% of 80, 

(c) 4% of S75, 

(d) 20% of $155, 

(e) 75% of 32 yd, 

(/) 831% of 42 gal, 

(?) 40% of 80 ft, 

(j h ) 5% of 40 shares, 

(i) 66f % of 18 cartons, 
O') 6j% of 64 lb, 

3. Find the following thus: P 

(а) 6% of S300, 

(б) 40% of 30 days, 

(c) 15% of $4,000, 

(d) 22% of 44, 

(e) 5% of 350, 

(/) 8% of 362, 

0) 4:% of 85 days, 


(k) 50% of $250, 

(/) 331% of 96 rolls, 

(m) 25% of 480 chairs, 

(n) 41#% of 60 in. 

(o) 871% of $880, 

(p) 621% of $880, 

(?) 831% of 24, 

(r) 16f% of 486, 

(s) 80% of $175, 

(0 75% of 140 employees. 

= B X R, P = 300 X 0.06 = 18. 

(A) 41% of $850, 

(f) 5% of $432, 

(j) 6% of $764.25, 

(k) 7% of $23,750, 

(/) 8% of 456.7, 

(m) 21% of $32,754.53, 

(n) 3j% of 400 bonds. 


4. A real estate agent sells a house for $19,000 and charges 2% 
commission. Find his commission and the net proceeds. (The 
net proceeds is the sum left after commission and other expenses 
have been paid.) 

5. A salesman sold $76,000 worth of steel products in a year at a 
commission of 7%. If his expenses for the year were $1,800, how 
much did he have left? 


6. A discount of 25% was allowed on a radio marked to sell for 
$165. What was the purchase price? 

(2) To Find What Per Cent One Number Is of Another: 
What per cent of $320 is $19.20? 

Here the rate is the missing item in the relationship P = B X R. 
Solving for R , we have 


R = P + B, (6) 

B = 320, P = 19.20. Substituting these values, 

R = 19.20 -4- 320 = 0.06 = 6%. 

We see that rate equals percentage divided by base. 
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Problems 

1. What per cent of: 

(а) 20 is 10? 

(б) 15 is 3? 

(c) 35 is 7? 

(d) 40 lb is 10 lb? 

(e) $1,200 is $72? 
(/) $24.50 is $49? 
(g) $4,800 is $168? 
(A) 60 in. is 12 in.? 

2. What per cent of: 


(t) 80 days is 10 days? 
O') 4| oz is ly oz? 

(k) 20 is 40? 

(l) $60 is $90? 

(m) 254 is 86? 

(n) $321 is $22.47? 

( 0 ) $500 is $14.50? 


(а) 1 dollar is 1 dime? (i) 340 is 15.30? 

(б) 4 yd is 4- yd? O) 86.3 is .1726? 

(c) 32 qt is 6 qt? (k) A is A? 

(d) fisf? (Z) 24fis5£? 

(e) 0.095 is 0.038? (m) $67,392.60 is $5,615.05? 

(/) $4 is 15 cents? (n) 46,358 is 32,451? 

(g) 0.26 is 0.0052? ( 0 ) 21,690 is 28,920? 

(h) 22 is 1.65? 

3. An income of $137.50 was realized on an investment of 
$2,500. What per cent was made on the investment? 

4. In a certain business college, 40 students are enrolled in 
bookkeeping, 90 are enrolled in typewriting, and 60 are enrolled in 
accounting. What per cent of the total number is enrolled in each 
course? 

5. A $60 suit is sold for $49.95. What per cent reduction is 
allowed? 

6. Over a four-month period the following stock quotations 
changes were noted. Find the per cent of “advance” or “drop 
for each. 


Stock June 1 Oct. 1 


ATT 

BD 

CC 

DM 

RCA 


73 

85 

106 

67 

94 | 


82 

72 £ 

102 

76 ^ 

97f 


Per Cent 
Change 


Stock June 1 


PerCent 
UcL 1 Change 
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7. A college bookstore sold 235 mathematics books at $6 each 
and made a profit of SI69.20. This profit was what per cent of the 
total amount received for the books? 

8. In 1939, the per-capita public debt of the United States was 
S309, and in 1952 it was $1,650. What was the per cent of increase 
in the per-capita public debt for this period? 

9. In 1949, an average of 49,400 short tons of zinc per month 
was mined in the United States and Alaska. In 1952, the corre¬ 
sponding output was 55,100 short tons. What per cent increase is 
represented? 

10. An investor bought common stock in a corporation at $105 
per share and received dividends of $3.40, $1.20, and $1.70 during 
the year. What was his rate of return? 

11. Mr. Morrison bought preferred stock in the High Voltage 
Corporation at $206 per share and received during the year divi¬ 
dends totaling $9.27. What was his rate of return? 

(3) To Find a Number When a Given Per Cent of It Is 
Known: If 4% of a number is 12, what is the number? 

Here the base is the missing item in the formula P = B X R. 
Solving for B, we have 

B = P + R, (c) 

P = 12, R = 0.04. Substituting these values, 

B — 12 -r- 0.04 = 300. 

We see that base equals percentage divided by rate. 

Problems 

1. 3% of what number is 3? 

2. 50% of what number is 16? 

3. 25% of what number is 10? 

4. 6% of what number is 3? 

5. 20% of what number is 7? 

6. 5% of what amount is $3? 

7. 7% of what amount is $4.55? 

8. 6% of what amount is $17.52? 

9- 3£% of what amount is $17.50? 

10. 5|% of what amount is SI26? 
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11. The net profit of a haberdashery shop for the year is $5,000, 
or 6 t% of the total sales. What were the total sales? 

12. A certain store had its yearly rent increased 10%, or $640, 
over the previous year. How much did it formerly pay? 

13. The following news item appeared in a Cleveland newspaper: 

New York, Jan. 3—(AP)—An all-time high of S250,000,000 in phono¬ 
graph record sales in 1954 was forecast today by Frank M. Folsom, presi¬ 
dent of Radio Corporation of America. He said this would represent a 
gain of 10% over 1953 which in turn were 12% ahead of those of 1952. 

Using these data, determine the 1952 and 1953 phonograph 
record sales to the nearest million dollars. 

14. Thomas Baker received a withholding statement from his 
employer showing that $72 had been withheld from his yearly salary 
for Federal old age and survivors insurance. If the deduction was 
at the rate of 2%, what amount of his yearly salary was taxable? 

15. A withholding statement showed that Fred Smith had $486 
withheld during the year for Federal income tax. If the applica¬ 
ble tax rate was 12%, what was his yearly salary? 

16. Mr Brown bought 200 shares of 4% preferred stock at $98, 
100 shares of 5% preferred stock at $108, and a $5,000 4|% mort¬ 
gage at par. What was his average rate of income if $100 was tbp 

par value of each of the shares? 

50. Commission. Many applications of percentage may e 
found in commission, trade discounts, insurance, taxation, pro 
and loss, and in other commercial fields where comparisons of quan¬ 
tities are involved. Interest and bank discount are such importan 
applications that they will be considered in a separate chapter. 
The remainder of the present chapter will be devoted to sever 
fields of application, in order that the student may become familiar 

with the types of problems encountered. 

Commission is a certain per cent of the amount of money 
involved in a business transaction which is carried out by an agen > 
or one who transacts business for another. A commission mere an, 
for example, gets a certain per cent of the amount co ec e , 
broker gets a certain per cent of the cost or the selling price. 

The net 'proceeds is the amount left after the commission a 

other expenses have been paid. 
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Illustrations: 

1. Mr. J. W. Blythe, salesman for the Star Packing Company, 
receives a commission of 12% on sales amounting to $876.30. 
Find his commission. 

Amount of sales, $876.30 

0.12 

175260 

87630 

$105.1560 

The commission is seen to be $105.16. 

2. A wholesale firm sold 80 bbl of wine at $72 per barrel, on a 
commission of 8%. The freight charges were $215.60, and truck¬ 
ing expenses amounted to $47.20. Find the commission and the 
net proceeds of the sale. 


Amount of sale, 80 bbl at $72. $5,760.00 

Commission, 8% of $5,760. $460.80 

Freight. 215.60 

Trucking. 47.20 723.60 

Net Proceeds. $5,036.40 


Problems 

1. A lawyer charged his client 5% for collecting a bill amount¬ 
ing to $465. Find the lawyer’s fee and the amount he remitted. 

2. For selling 100 copies of the Readers Review a boy received a 
baseball glove worth $2.50. If the copies sold for 25<£ each, what 
was his actual commission rate? How much did he receive per 
copy? 

3. A salesman agreed to sell goods on the following basis: $100 
per month plus 20% on all sold above S60,000 during the year. 
What would be an equivalent straight commission rate for selling 
$62,700 worth of goods in one year? 

4. A contact man for the Stetson Steel Company gets 2% com¬ 
mission from his company on all government contracts arranged 
for. If he pays his own expenses, which amount to S3,620, what is 
his net income on a total contract amounting to $1,987,500? 
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5. A stock broker charges ?% for selling stocks. If his broker¬ 
age on a certain sale amounted to $181.20, what was the amount of 
the sale? 

6. A lawyer gives a client $815.24 after taking out 11% for his 
services in collecting a claim. What was the amount of the claim? 

7. Find the net proceeds and other missing information: 


Gross 

Proceeds 


Freight 

and 

Cartage 


Collection 

and 

Guaranty 


Commission 


Other Total Net 
Charges Charges Proceeds 


S 400 $ 15.20 2% = $8.00 3^% = $14.00 S 8.65 $45.85 $354.15 

3,000 84.00 2% =_ 3y% =_ 7.90_ 

2,150 40.00 2% =_ 3£% =_ 4.00____ 

6,010 128.50 1|% =_ 3£% =_ 27.00 -- 


8. A lawyer received a claim of $260 for collection. He col¬ 
lected 85% of the claim and charged 15% of the amount collected 
for his services. What did his client receive? 

9. A commission broker received an average commission of 
$640 per month for the first six months of the year. His July and 
August earnings were $300 and $260, respectively. What were his 
average earnings per month to date? What percentage decrease in 
average monthly commission did he experience during these two 
months over the average monthly commission for the first six 
months? 

10. A salesman for the Young Kitchen Company is paid $3,600 
a year plus a commission at the end of the year calculated as fo - 
lows: \% on sales up to $200,000, f % on sales from $ 200,000 to 
$400,000, and 1 % on sales over $400,000. What are his yearly 
earnings earnings on sales for the year totaling $527,450:’ 

51. Cash and Trade Discounts. It is common business prac¬ 
tice for a seller to offer the buyer the privilege of deducting a cer 
tain per cent of the list price of goods, or the amount of a bill, rom 
the total amount of the bill if payment is made before the expira 
tion of a stated time. The amount deducted is known as a cas 
discount. Thus, a bill for $200 payable within 30 days but subjec 
to a discount of 3% if paid within 10 days means that 3% oi tne 
net , or full, amount due may be subtracted from the amount ot 
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bill leaving $200 - (0.03 X S200) = S200 - S6 = $194 as the 
amount to be paid if remittance is made within the 10 days. The 
terms of such a discount are often indicated symbolically. Thus, 
“3/10, n/30” appearing on an invoice or a bill would mean 3% off 
for payment within 10 days, and net, or full, amount payable if paid 

after 10 days but within 30 days. 

To allow dealers to make adjustments in list prices published in 

catalogs, manufacturers and wholesalers allow trade discounts. Fre¬ 
quently,' a chain of successive discounts are offered to enable dealers 
to adjust to changing prices. The first discount is taken off the 
list price, the second off the first net price after the first discount 
has been taken, and so on. The computation of the net amount of 
a bill subject to successive discounts may be illustrated as follows: 

Illustration: A high-fidelity speaker is listed at $80 in an electrical 
supply catalog. It is sold to a retailer who received trade discounts 
of 20%, 10%, and 5%. Find the net price of the speaker. 

$80.00 = list price 

20% of $80 = 16-00 = 20% trade discount 

$64.00 = first net price 
10% of $64 = 6.40 = 10% trade discount 

$57.60 = second net price 
5% of $57.60 = 2.88 = 5% trade discount 

$54.72 = final net price 

Two successive discounts may be calculated as one single dis¬ 
count by taking as the single equivalent rate the sum of the two 
successive discount rates minus the product of these rates. The 
proof for the formula is as follows: 

Let P = the original sum, di = the first discount rate, and d 2 = 
the second discount rate. Then, 

Pdi = first discount, 

P — Pdi = amount left after first discount, 

(jP — Pdi)d 2 = second discount, 

(JF — Pdi) — (P — Pdi)d 2 = amount left after second discount. 
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Removing parentheses, we may write this amount as P — Pdi — 
Pd 2 + Pdid 2) and then as P — P(d x + d 2 — d x d 2 ). Let 

D = d\ d 2 — d\d 2 . 

Then P — PD = amount left after two successive discounts. 

This is an expression for a single discount at the rate D. Hence, 
a single discount equal to two successive discounts may be found by 
taking as the rate the sum of the two successive discount rates minus 
the product of those rates. In a similar fashion, formulas may be 
derived for determining equivalent single discount rates for three 
or more successive discounts (see Problem 9 in following list). 


Illustration: Find the amount due on a bill of $240 after two succes¬ 
sive discounts of 15% and 10% have been allowed. 


0.15 + 0.10 = 0.25 

(Sum of the rates), 

t 0.15 X 0.10 = 0.015 

(product of the rates), 

0.25 - 0.015 = 0.235 

(equivalent single rate), 

$240 X 0.235 = $56.40 

(total discount), 

$240 - $56.40 = $183.60 

(amount due after both discounts 
have been allowed). 

Check: 

$240.00 

15% of $240 = 36.00 

$204.00 

(Amount left after first discount) 

10% of $204 = 20.40 

$183.60 

(Amount left after second discount) 



Problems 

1. Find the net cost of articles listed at: 


(a) $140, discount 20%, 10%, 

( b ) $230, discount 25%, 20%, 

(c) $560, discount 12%, 6%, 

(d) $500, discount 20%, 10%, 

(e) $5,600, discount 37£%, 25%, 
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(/) $325, discount 6%, 4%, 2%, 

(g) $538.60, discount 25%, 124%,, 

(h) $2,300, discount 10%, 10%,. 

2. What single discount is equivalent to successive discounts of 
20% and 10 %? 

3. Goods marked $250 were bought at 10% trade discount and 
2% off for cash. If sold for $264.60, how much was the profit? 
This profit was what per cent of the cost of the goods? 

4. A grocer is offered a discount of 20% from one firm on a bill 
Df goods amounting to $2,360 and two successive discounts of 10% 
by another firm on the same bill. Which is the better offer, and how 
much better? 

5. Three firms bid on the paint for a building as follows: 
(a) $3,200, 50%,, 20% off. ( b) S3,600, 40%, 30% off. (c) $3,100, 
60%, 10% off. Which is the lowest bidder? 

6. What single discount is equivalent to two successive dis¬ 
counts of 30% and 20 %? 

7. The list price of an invoice is $800, with discounts of 10%, 
5%, and 2*%. Terms: 2/10, 1/30. What amount is necessary to 
pay the invoice within 10 days? Within 30 days? (Note: 2/10 
means that 2% additional discount is allowed if paid within 10 
days.) 

8. Compute the single discount that is equivalent to each of 
the following successive discounts: (a) 10%, 5%, (6) 20%, 15%, 
(c) 35%, 20%, (d) 15%, 5%, (e) 40%, 30%, (/) 60%, 45%. 

9. Derive the formula for finding a single discount rate equiva¬ 
lent to three successive discount rates: D = 1 — (1 — ^(l — d 2 ) 
(1 - da). | 

10. Three successive discounts of 20%, 10%, and 5% are given 

on an article listed at $100. (a) Find the cost of the article by 

applying the discount rates in succession. (6) Find the cost of the 
article by using the formula for single discount rate stated in 
Problem 9. 

11. Compute the single discount that is equivalent to each of 
the following successive discounts: (a) 20%, 10%, 10%, (b) 30%, 
20%, 15%, (c) 40%, 20%, 10%, (d) 30%, 30%, 10%, (e) r%’, 
2r%, 3r%, (/) K%, K/2%, K/ 4%. 
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12. An invoice of goods is purchased for $28,400 after discounts 
of 10%, 10%, and 10% have been allowed. What was the list 
price? {Hint: Let x = list price.) 

13. Smith, Adler, and Hoyle, Limited, purchases a bill of goods 
for $5,100 less 15%, 9%, and 4% and sells them at discounts of 20% 
and 8%. Is there a gain or loss? How much? 

14. Two successive discounts of p% and q% were given on a 
bill for S dollars. Find the net proceeds. 

15. The list price of a dining-room light fixture is $48. Trade 
discounts of 20% and 20% are given the dealer, and the terms of 
payment are 5/10, n/30. Find the net price of the fixture if the 
bill is paid within 10 days. 

16. Find the net amount of a bill for $220, less trade discounts 
of 10% and 10%, dated Oct. 15, terms 3/10, n/30, if paid on Oct. 20. 

52. Taxation. The computation of taxes on real estate and 
personal property is another application of percentage. The 
assessed valuation, or the value of the property on which the tax is 
based, or an individual’s taxable income is the base on which the 
tax (; percentage ) is calculated. The rate of taxation corresponds to 
the rate in any percentage problem. 


Illustration: The following income tax data were prepared by an 
individual whose gross income amounted to $6,112. 


1 . 

2 . 

3. 

4. 

5. 



7. 

8 . 

9. 

10 . 

11 . 


Income 

Salaries and other compensation for personal 

$5,600.00 


380.00 

Interest on bank deposits, notes, mortgages, etc.. 

Interest on corporation bonds.• 

Other income (including income from annuities, 

62.00 

70.00 


XOtai lllCUiiie iu nemo x ia/ .. 


Deductions 

$ 100.00 


14.60 


130.80 

Other deductions authorized by law. 

10.00 


Total deductions in items 7 to 10 


$ 255.40 
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Computation of Tax 

12. Net income (item 6 minus item 11). $5,856.60 

13. Less: Earned income credit, either (a) or (6) 

(а) If item 12 is $3,000 or less, enter 10% 

of such item. 

(б) If item 12 is more than S3,000, enter 
10% of item 1 or 10% of item 12, 
whichever is smaller, but not less than 


S300. S 560.00 

14. Credit for dependents. 

15. Personal exemption. 2,000.00 S2.560.00 

16. Balance of net income taxable (item 12 minus 13, 14, 15)... S3,296.60 

17. Income tax (4% of item 16). S 131.86 

18. Less: Income tax paid at source on tax-free cove¬ 

nant bonds. S 

19. Income tax paid to a foreign country or 

United States possession. S_ 

20. Balance of income tax (item 17 minus items 18 and 19)_ S 131.86 

21. Surtax (10% of item 17). S 13.19 

22. Total tax due (item 20 plus item 21). S 145.05 


Problems 

1. Compute the total income tax for an individual whose income 
included a salary of $2,400, S26 from dividends, and $34.50 interest 
on a mortgage. His contributions to charitable organizations 
amounted to $85, and he was allowed $22 for taxes paid. He 
claimed $1,000 personal exemption and $400 credit for dependents. 
(Use the form in the above illustration.) 

2. Mr. Stephens’s city tax, at the rate of 16 mills on the dollar, 
is $127.94. What is the value of his property, if it is assessed at £ 
of its value? (Note: A mill is one-tenth of a cent.) 

3. Find the tax on property assessed at (rate given in mills and 
cents on the dollar) (a) $5,000, tax levy 7 mills, (6) S12,400, tax 

levy 12 mills, (c) $35,000, tax levy 34 mills, ( d ) S362,800, tax levy 
2 cents. 

4. What is the tax rate (mills on the dollar) if the assessment is 
(a) $12,000, taxes S150, (6) S6,500, taxes S196, (c) $10,000, taxes S40, 
(d) $1,900, taxes $7.60. 

5. Find the assessed valuation if the taxes are (a) $120, rate 

16 mills, (6) $13, rate 26 mills, (c) $800, rate 35 mills, (tf) $275, 
rate 42 mills. 
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6. Suppose the tax rate in a certain community is $2.91 per 
$100. Find the assessed value corresponding to each of the follow¬ 
ing taxes: 

Tax Paid Assessed Value 

S 139.00 _ 

12,407.92 _ 

3,002.00 _ 

23,862.00 _ 

1,300.82 _ 

1,701.67 _ 

7. A suburban property is assessed at $53,000. What total 
amount must be paid if the tax rate is $1,426 per $100 and an 
accountant’s fee is 1% of the tax? 

8. A state sales tax of 3 % is computed on the purchase price of 
goods as follows: 3% of the whole number of dollars plus 1*5 for odd 
cents between 11*5 and 35*5 inclusive, 2*5 for amounts between 36*5 
and 65*5 inclusive, and 3*5 for amounts between 66*5 and 99*5 inclu¬ 
sive. Compute mentally the sales tax on each of the following 
prices: 


(а) $1, (/) 89*5, (k) $8.25, 

(б) $4, (| g ) 65*5, (l) $22.50, 

(c) $1.60, (h) $125, (m) $13.29, 

(d) $4.29, (i) $2,200, (n) $2.69, 

(e) 5*5, (j) $199.49, (o) 6*5. 


9. At certain times on certain items, the Federal government 
levies a retail excise tax which is computed on the retail price of the 
items involved. Assume a 20% excise tax and the sales tax struc¬ 
ture in Problem 8, and compute for each of the following retail 
prices the corresponding cost to a purchaser: 


(a) $3.25, (/) $0.85, (k) $1.15, 

(b) $4.85, * (g) 31.59, (D $3.49, 

(c) $0.65, ( h ) $87.25, (m) $319.50, 

(d) $565, (i) $0.35, (n) $6.75, 

( e ) $2.39, (j) $19.95, (o) $24.95. 


53. Profit and Loss. Profit and loss are terms used to desig¬ 
nate the monetary gains or losses incurred in the operation o a 
business. They are sometimes expressed in terms of per cent 
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net cost (actual amount paid for the article) but more often as a per 
cent of the net selling price (actual amount received for the article). 

From the time an article is first purchased from a manufacturer 
or wholesaler until the time it is sold by a dealer to a customer, cer¬ 
tain calculations, involving trade and cash discounts enjoyed by the 
dealer, buying expenses, selling expenses, overhead, discounts to be 
allowed the customer, and profit for the dealer, must be made before 
determination can be made of the actual price to be paid by the 
customer. Definitions of the various terms involved in buying 
and selling have been rather uniformly established in the busi¬ 
ness world; and their meanings should be clear from the following 
basic relationships: 


Net Cost = List Price — Discounts (allowed dealer). 


Gross Cost = Net Cost + Buying Expenses (transportation 

commission, etc.). 

Marked Price = Gross Cost + Overhead + Selling Expenses + 

Net Profit + Discounts (allowed customer). 

Selling Price = Marked Price — Discounts (allowed customer). 

Gross Profit = Selling Price — Gross Cost. 

Net Profit = Gross Profit — Overhead — Selling Expenses. 


Illustration: A television picture tube is listed at $80 subject to a 
trade discount of 25%. The freight is S3, and the buying commis¬ 
sion is $4. At what price must the tube be sold by a dealer who 
purchased it so as to make a net profit of 20 % on the selling price 
if 10% of the selling price goes for overhead and 5% for selling 
expenses? What is the net cost? Gross cost? Marked price? 
Selling price? Gross profit? Net profit? 

Solution: Let x = the actual selling price of the television tube. 
Then, 

S80.00 = list price 
20.00 = trade discount (25% of $80) 

$60.00 = net cost to the dealer 
3.00 = freight 
4.00 = buying expenses 
$67.00 = gross cost 
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0.10a; = overhead (10% of selling price) 

0.05a; = selling expenses (5% of selling price) 

0.20a; = net profit (20% of selling price) 

Hence, since in this illustration the marked price is the selling price 
to the customer, we have 

x = $67 -f 0.10a; + 0.05a; + 0.20a;, 
from which we find 

0.65a; = $67, 

x — $103.08, selling price. 

Our calculations show that the net cost of the picture tube is 
$60. To this amount are added the buying expenses, yielding $67 
as the gross cost. To the gross cost the dealer adds overhead, sell¬ 
ing expenses, and net profit to obtain the selling price, which, as 
we see, turns out to be $103.08. 

The gross profit, sometimes called markup , or the difference 
between selling price and gross cost, is found to be $103.08 — $67, 
or $36.08, which is 53.85% markup on gross cost. The net profit 
is 20% of $103.08, or $20.62. 


Problems 

1. For each of the following items purchased by a dealer from 
a manufacturer, find the selling price and the gross profit: 


Item 


Gross 

Cost 


Markup Net Profit on 
on Cost Selling Price 


Selling Price 


Net 

Profit 



(а) $ 42.50 20% 12% 

(б) 123.80 25% 8% 

(c) 264.90 32% 18% 

(d) 593.00 35% 11.5% 

(e) 85.06 26% 7.4% 


2. At what price must an article costing $32 be sold in order to 
make a gross profit of 20% on the selling price? 

3. A desk was sold for $52.30, giving a gross profit of 25% on 
the selling price. What was the gross cost of the desk? 
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4. An electric fan was purchased for $18.75 and was sold for 
$24.95. What was the per cent of gross profit on the selling price? 


Complete the following table: 


Item 


Gross 

Cost 


Overhead and 
Selling Exp. 
(Per Cent of 
Selling Price ) 


Gross Net 
Profit Profit 


Discount 
on Marked 
Price 


5. 

$25 

10% 

6. 

$100 

10% 

7. 

$45 

124% 

8. 

$150 

9% 

9. 

$2.20 

10% 

10. 

$3.50 

15% 

11. 


10% 

12. 


5% 



10% 

None 

20% 




15% 

$0.45 

None 

S0.S5 

None 

$6.00 $7.00 

25% 

$0.17 $0.15 

None 


Selling 

Price 


$64 

$200 


Marked 
Price 


S40 

$150 


13. What is the percentage markup in Problem 7? 

14. What is the percentage markup in Problem 8? 

15. What is the per cent net profit based on the selling price in 
Problem 11? 

16. What is the per cent net profit based on the selling price in 
Problem 8? 

17. A dealer bought a chair from a manufacturer. The list 
price was $50 with a trade discount of 10%. At what price must 
the dealer sell the chair so as to make a net profit of 25% on the 
selling price, assuming overhead to be 10% of the selling price 9 
What is the gross profit on one chair? 

18. The Allan Appliance Company bought a refrigerator from 
a manufacturer for $225 and paid $20 shipping charges. At what 
price must the refrigerator be marked in order to allow a dis¬ 
count of 25% and still make a gross profit of 20% on the selling 
price? 

19. The gross cost of a certain table-model television set is $189. 
It is marked for sale at $310 but goes to a customer at 20% off for 
cash. What per cent gross profit on the selling price is realized? 

20. The net cost of a can of peaches is 32p, shipping expenses 
ar« 3.2^, and the total of overhead and selling expenses comes to 
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10 % of the selling price. At what price should the peaches be sold 
to yield a 2% net profit on the selling price? 

21. For convenience, merchants frequently use a selling-price 
factor which is defined by the equation 

Selling Price = Gross Cost X Selling-price Factor. 

Determine the selling-price factor for each of the following: 


Item Gross Cost 

Per Cent Overhead 
on Selling Price 

Per Cent Net Profit Selling-price 
on Selling Price Factor 

(a) 

$40 

20% 

15%- 

(b) 

$65 

15% 

20% -- 

(c) 

$2.50 

10% 

5%- 

(d) 

$16 

15% 

30%- 


Exercises 


1. Change (a) 1.2j% to a decimal, ( b ) 18f % to a fraction, (c) rs to 
a per cent, ( d ) 1.5 to a per cent, ( e ) r% to a fraction, (/) 400 to a per cen . 

2. If 1,500 trucks can be filled by 4,500 men in 4 hr, how many hours 
would it take 5,000 men to fill 6&f % more trucks? 

3. Out of 16 homes in a certain city block, 11 contributed to a com¬ 
munity chest drive. What per cent failed to contribute? 

4. What per cent of f is f of f? 

5. One dealer offers a bill of goods at a list price of $3,500 less 20%, 
15 %, and 5 %. Another offers the same goods at a list price of S 3 ,UUU less 
20%, 5%, and 5%. Which is the better offer? How much better ( 

6. If an article costs $1 and is marked $1.25, in order to^sell the *riic ® 

for the cost the price must be reduced 25|£. Since 25ff is tt 0 * • » , 

markdown is 20%. In the following problems the cost and the max 
price are given. Compute the markdown per cent for eac o 

given. 



(a) 

$ 0.80 

$ 1.00 

_ _ 

( b ) 

5.00 

7.00 


(c) 

2.00 

3.00 

- — 

(d) 

0.06 

0.08 


(e) 

16.00 

24.00 

_ —— — 

(/) 

40.00 

75.00 

_- 
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7. Find the net price in each of the following sides: (a)^OO Icm 10%, 
•5% 5%; (&) $470 less 20%, 10%, 5%; (c) $1,500 less 4%, 1%, 1%, (<9 * 800 

less’ 40%, 15%, 10%. . , nf9n „ 

8. What single discount is equivalent to successive discounts of -U7o 

and 20 %? . , . . 

9. In a certain time study it was found that the time for performing 

certain operations should be changed as follows: . 

(a) For boring pinholes in a connecting rod, from 1.03 time minutes 


(b) For centering ends of camshaft, from 0.58 time minutes to0.40. 

(c) For filing burrs on connecting rod, from 0.63 time minutes to>0.72. 

(d) For milling ends of water pump, from 0.87 time minutes to 0.71. 
Find the percentage change in time for each case. 

10. A department store sales tabulation for a given month in two 
successive years ran as follows: 


Dept. 

This Month 

This Month 

This Year 

Last Year 

A 

S3,012.14 

$2,947.87 

B 

1,735.78 

1,894.65 

C 

4,111.10 

3,858.05 


(а) Find the increase or the decrease in monthly sales by departments. 

(б) Find the percentage of increase or decrease for each department. 

(c) Find the percentage of increase or decrease in the total sales. 

11. The following budget is that of an estimated operating statement: 


Class 

Net Sales 

Class A 

$2,000,000 

Class B 

300,000 

Class C 

150,000 

Class D 

40,000 


Calculate the per cent of sales in each class as compared with total net 
sales. 

12. A loss of 2\% is taken on the sales of certain oil stocks which oost 
$12,000. What is the»amount realized? 

13. The manager of the June Department Store budgets the operating 
expenses of Department A at 19% over those of the previous year. The 
previous year’s expenses were $6,041.18. What sum is budgeted for the 
current year? 

14. An insolvent bank can pay 81 % of its claims, with liquid assets 
totaling $61,000. What are the total claims? 
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15. A man pays an income tax of $188 on his taxable income. The 
income tax rate was 20 %, and he took deductions of $500 for his child, 
$300 for other things, and $1,000 for himself and his wife. What is his 
gross income? 

16. A speculator bought 1,000 bu of wheat at $2.36 per bushel. He 
was forced to sell 600 bu when the market was down to $2.12. The balance 
he sold at $2.45. What per cent of profit or loss did he make on his 
investment? 

17. Don Fonda bought a house and lot for $12,000. The average 
expenses per year were: taxes, $320; insurance, $48; and repairs, $84. 
What rent per year will yield him an annual income of 6 % on the original 
cost of the property? 

18. Find the missing terms in the following table: 


Item 

Gross 

Sales 

Expenses 

Commission 

Rate of 
Commission 

Net 

Proceeds 

(a) 

$895.00 

$14.50 

8 

12% 

$- 

(b) 

640.00 

7.60 

32.00 



(c) 


76.75 

40.00 


523.25 

(d) 

955.00 

2.40 


20% 



19. At what price must a filing cabinet costing $60 be marked so that, 
after deducting 25% from the marked price, a gross profit of 10% on the 
cost may be realized? 

20. The premium on a cottage insured for $5,000 is $62.50. Find the 
rate of premium. 

21. How much insurance at 1.32% premium rate can be placed on a 
building for $63? 

22. Find the cost for each of the following: 


Item 

Selling Price 

Per Cent of Selling Price 

Expenses on 
Cost 

Cost 

Net Profit 

Net Loss 

(a) 

$ 56.80 

12% 


15% 


( b ) 

44.95 

10% 


22% 


(c) 

125.00 

5£% 


35% 


(d) 

67.75 


3i% 

20% 

— 


23. After a television advertising campaign of 6 months a merchan 
found that he had increased his sales 3% each month over the previous 
month. If his sales were $120,000 for the month before the campaig 
started, how much were the sales for the last month? 


EXERCISES 
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24. A broker sells 1,000 bbl of vinegar at $18 per barrel with a com- 
mission of 2%. His expenses are S80.90 for freight, $29 for storage, $7 for 
insurance. He charges 2\% for collection. What are the net proceeds? 

25. A salesman sells li times as much in March as in February. He 
draws $225 on his commission during these months. After this is deducted 
from his earnings, the company gives him S75. If his commission is 10%, 
what was the amount of his sales in February? 

26. A broker receives a consignment of 5,000 bu of corn. He pays 
freight charges of $100, a cartage and storage charge of M per bushel, 
and insurance charges of $12. He sells 1,000 bu at $2.04, 3,500 bu at $1.97, 
and the remainder at S2.15. He charges 3% commission and 1*% for 
collection and guaranty. Find the net proceeds. 

27. In the following table find the tax rate per $100: 


Assessed Value 

Tax Paid Rate per $100 

$161,000 

$ 573.00 

81,000 

627.30 

302,000 

8,888.45 


28. A municipality assesses property at 75% of its actual value. If 
the tax rate is $2.16 per $100 and the actual value of a man’s property is 
$25,000, how much tax does he pay? 

29. The assessed value of a community is SI 15,000,900, and $2,230,647 
in taxes must be raised. What must be the tax rate per $100? 

30. The manager of a chain store gets 10% of the profits after his 
salary is deducted as an expense. The year’s profits before the salary is 
deducted are $30,000. What is his salary? 

31. A suit cost $45. What price should be marked on the price tag 
so as to give a gross profit of 20% on the cost after allowing a discount of 
16% to the customer? 

32. For the fiscal year ending Sept. 30, an aircraft factory reported 
that its profits dropped 60% and totaled only $738,000. What were its 
profits for the previous year? 

33. A merchant places an advertisement 3 columns wide and 6 in. 
deep in a metropolitan newspaper which charges SO.95 per agate line. 
As a result he sells 132 of the advertised articles at $3.85 a piece. Find 
the cost of the advertisement, the advertising cost per unit sold, and the 
advertising cost per item as a percentage of the selling price. 

An advertising space 1 in. long and 1 column wide is said to consist of 
14 agate lines. 

34. A clothier places an advertisement for men’s suits in a daily paper 
which charges $0.95 per agate line. The advertisement is 3 columns wide 
fi nd 7 in. deep. Owing to the advertisement, he sells 150 of the suits at $50. 
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Pind the advertising cost per unit sold and the advertising cost as a per¬ 
centage of the selling price. 

35. A novelty shop manager places an advertisement 4 columns wide 
and 4 in. deep in a daily city newspaper at a cost of $0.94 per agate line. 
The articles advertised are sold at $6 a piece. Twelve per cent of the 
selling price is allowable for advertising. Find the number of units of 
merchandise which must be sold if the advertising cost is to be kept within 
the 12% limit. 

36. A department store puts an advertisement 6 columns wide and 10 in. 
deep in a local paper which charges SI.14 per agate line. The articles 
advertised are sold at 2 for SI.25. Find the number of articles which 
must be sold if the advertising cost is not to exceed 5% of the selling price. 

Self-Test 

Time: 50 Minutes 

(Score 5 points for each problem correctly solved) 

1. A college student council established a quota of 230 carnival tickets 
to be sold by the students of the Business Administration School. If the 
enrollment of this school is 350 and that of the entire college 1,400, on 
the basis of enrollment what should be the quota for the whole college? 

2. It was estimated that the freshman class of the Business Adminis¬ 
tration School would sell 90 tickets. What per cent of this school's quota 
would be contributed by the freshman class? (Answer to nearest tenth 
per cent.) 

3. If 45 of the 120 freshmen sold tickets, what per cent failed to do so? 
(Answer to nearest tenth per cent.) 

4. A gross profit of 25 % on cost is what per cent gross profit on selling 
price? 

5. Higher prices forced Mr. Short to spend 90% of his take-home 
pay for living expenses. The balance of his take-home pay, $33 a month, 
was saved. What was his monthly salary, if he had deductions of taxes 
and insurance amounting to $20 taken from his monthly salary? 

6. An article costing $25 was sold for $40. What was the per cent oi 
profit on the selling price? 

7. An article costing C cents was sold for D dollars. What was the 
per cent of gross profit on the selling price? 

8. A suit cost $30. What price should be marked on the price tag 
so as to give a gross profit of 30% on the selling price after allowing a 

discount of 10% to the customer? 

9. What per cent of is z of f ? 

10. An article cost $20. If the markup is 40% of the cost and e 
net profit is 25% of the selling price, find the net profit. 
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11 Three successive discounts of 10%. 10%. and 10% were allowed 
on a bill amounting to $200. Find the net amount. 

12. What single discount is equivalent to two successive trade dis¬ 
counts of 10% and 5%? 

13. is 7% of what number? 

14. Change 2.3*% to a decimal. 

15. Change 18% to a fraction. 

16. Change ^ to a per cent. 

17. Change 2 to a per cent. 

18. Change K per cent to a fraction. 

19. Change 365 to a per cent. 

20. What single discount is equivalent to three successive discounts 
of 10% each? 



Chapter V 

SIMPLE INTEREST AND DISCOUNT 

54. Simple Interest. Interest is a charge involved when 
money is loaned. It is a payment made by the borrower for the 
use of money. The interest depends not only upon the amount 
of money borrowed but also upon the length of time for which the 
borrower has the use of the money, as well as upon the rate per 
cent agreed upon by both parties concerned. The sum of money 
loaned is called the principal; the per cent of the principal paid 
each unit of time is called the rate; and the number of periods of 
time, simply referred to as time, is usually expressed in years. The 
principal plus the interest is called the amount. In symbols, we 
write: I = interest, P = principal, t = time in years, r = rate, 
A = amount. 

Suppose, now, a man borrows $100 with the understanding that 
he is to repay the money at the end of 3 years, together with an 
interest charge of 4% per year. How much is the interest? What 
is the amount paid to the lender? Evidently, the interest charge 
for 1 year is $100 X 0.04, or $4; and for the 3 years the interest is 
3 X $4, or $12. Hence, in one operation we can write 

I = $100 X 0.04 X 3 = $12. 

That is, the interest turns out to be the product of the three factors. 
principal, rate, and time. This fact may be expressed symbolically 
in the formula 

I = Prt. W 

The amount paid to the lender at the expiration of the time for 
which the money was borrowed includes the principal and the inter 
est and is, therefore, $100 plus $12, or $112. Thus, the formu a 

for amount is 

A =P +I = P + Prt. 

152 


(2) 
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Formulas (1) and (2) express very concisely the relationships 
involved in simple interest problems and may be used as the basis 

for dealing with such problems. 


Illustrations: 

1. A man lends $640 for 4i years at 4% simple interest. What 
interest does he receive on the loan? How much does the borrower 
repay at the end of the period of time? 

Here P = 640, r = 0.04, and t = 4^. Using Formulas (1) and 
(2) we have 

I = 640 X 0.04 X | = SI 15.20. 

A = 640 + 115.20 = $755.20. 

Since the formula for interest involves the product of the quantities 
concerned, cancellation may be used wherever possible to save labor 
in computation. 

2. Mr. C. D. Stillwell made a loan of $550 for a period of 3 years 
4 months and received SI 10 interest. What was the interest rate? 

Here, P = 550, I = $110, t = 3^, and we are to find r. Sub¬ 
stituting into formula (1), we have 

110 = 550 X r X Y, 

or, upon solving for r, 

r = 110X^rXA = A = 0.06 = 6%. 

3. In what time will S4.800 invested at 6% yield $1,656? 

Here, P = 4,800, r = 0.06, and / = 1,656. We are to find t. 

Solving formula (1) for t before making substitutions, we have 



Substituting for the given quantities, we have 
1 656 

* = 4 800 X 0 06 = ^88 = y ears = 5 years 9 months. 

4. What sum of money will yield $60 interest if invested at 2% 
simple interest for 3 years? 
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Here, I = 60, r = 0.02, and t = 3. We are to find P. Solving 
formula (1) for P, we have 



I 

rt 


Hence, 



60 

0.02 X 3 


60 

0.06 


SI,000. 


Frequently an investor wishes to know the average rate of inter¬ 
est he is earning on several investments for a given year. For 
example, suppose he purchases at par 10 shares of 5% preferred 
stock par value S100 and 20 shares of 6^-% stock par value $10 and 
that he owns a4j% mortgage for $2,000. His total investment 
(P) is seen to be $3,200, and the total earnings (/) are calculated as 
$50 + $13 + $90 = $153. Using formula (1) with t = 1, and 
solving for r, we obtain 

153 = 3,200r, 

from which we find r = 0.0478, or 4.78% as the average rate of 
interest on all three investments for the year. 


Problems 


1. Complete the following table: 


Principal 

Interest 

Time 

Rate 

Amount 

(a) $ 780 


4 years 6 months 



(b) S 500 

$ 78.75 


0.035 


(c) SI,500 

S540.00 

9 years 



(d) 

(e) $3,600 

$385.00 

5 years 

0.02 

$2,585 

$4,248 


2. How long will it take for $1,200 to amount to $1,308 at 4% 
simple interest? 

3. C. D. Hare paid R. B. Cook $908 on July 15, in return for 
$800 previously borrowed from Cook. If the simple interest rate 
employed was 4£%, when had Hare borrowed the $800 from Cook. 

4. How much money must Joe Blacow raise to repay a 5- 
month loan of $325 bearing interest at 4f % ? 
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5 Gretchen borrows a five-dollar bill from Jan and gives him 
§5 10 back in a month. What annual rate of interest is Jan getting? 

6 . A savings bond worth $25 in 10 years cost S18.75. What 

rate of simple interest does the bond earn? 

7. Robert repaid a loan with SI,535. He borrowed the money 
at 34% for 8 months. How much did he borrow? 

8 . William repaid a loan of $250 with $253.75. If the interest 
rate was 2 %, how long did he have the loan? 

9. At what rate of interest would SI amount to S2 in 1 year? 

10. How long would it take 50c to earn 50c simple interest at 

the rate of 1 %? i 

11. How much would it cost a borrower to borrow $100 at 3?% 
per year for 1 month? How much would he pay back at the end 
of the month? 

12. Find the interest charges on a loan of $1,000 at 2|% per 


year for 10 months. 

13. An investor owns 50 shares of 5% preferred stock, par value 
$100, at $95, 100 shares of 54% preferred stock, par value $100, at 
$101, and a 5% mortgage for $6,000. What is the average rate of 
interest earned by the investor? 

14. Arthur Morrison bought 150 shares of 54% preferred stock 
at $96, 100 shares of 6 % preferred stock at $ 102 , and two $ 1 , 000 , 
2£% government bonds at par of SI,000 each. Par value of the 
preferred stocks was S100. What is the average rate of interest 
earned in a year? 

55. Ordinary and Exact Interest. In the preceding illus¬ 
trations and problems the time was expressed in terms of years. If 
this is not the case and the time is given in days, there are two 
ways of converting the time into years. The one, known as ordinary 
interest, is based on 360 days in a year, and the other, known as 
exact interest, is based on 365 days in a year. Any given period of 
time in days, therefore, can be expressed in terms of years by 
dividing by either 360 or 365, depending upon the kind of interest 
called for. That is, if d is the number of day-s, we may write 


Ordinary simple interest I 


Prd 

360' 


Exact simple interest 


Prd 

365* 
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Illustration: Find the ordinary and exact interest on $300 for 60 
days at 3\%. 

Using the formula involving 360 days, we find 

I = 300 X 0.035 X ^ 5 - = $1.75 (ordinary interest). 
Using the formula involving 365 days, we find 

I = 300 X 0.035 X = $1.73 (exact interest). 

The reason why ordinary interest is greater than exact interest is 
that, in the case of ordinary interest, the divisor is 360, whereas, in 
the case of exact interest, the divisor is the larger number 365. 
Obviously, the difference in interest computed by the two methods 
may be quite significant where large sums are involved. 

56. Approximate and Exact Time. When loans are made for 
short periods of time between two dates, it is necessary to count the 
days between the two dates. This may be done by counting the 
exact number of days for which the loan is made or by calculating 
the approximate number of days on the assumption that each month 
has 30 days. A table from which the number of days between two 
dates can readily be found is a convenient aid in finding exact time. 
The following table will be found useful for this purpose. 


Number of Days between Corresponding Days in Different Months 



Jan. 

Feb. 

Mar. 

Apr. 

May 

June 

July 

Aug. 

Sept. 

Oct. 

Nov. 

Dec 

Jan. 

365 

31 

59 

90 

120 

151 

181 

212 

243 

273 

304 

334 

Feb. 

334 

365 

28 

59 

89 

120 

150 

181 

212 

242 

273 

303 

Mar. 

306 

337 

365 

31 

61 

92 

122 

153 

184 

214 

245 

275 

Apr. 

275 

306 

334 

365 

30 

61 

91 

122 

153 

183 

214 

244 

May 

245 

276 

304 

335 

365 

31 

61 

92 

123 

153 

184 

214 

June 

214 

245 

273 

304 

334 

365 

30 

61 

92 

122 

153 

183 

July 

184 

215 

243 

274 

304 

335 

365 

31 

62 

92 

123 

153 

Aug. 

153 

184 

212 

243 

273 

304 

334 

365 

31 

61 

92 

122 

Sept. 

122 

153 

181 

212 

242 

273 

303 

334 

365 

30 

61 

91 

Oct. 

92 

123 

151 

182 

212 

243 

273 

304 

335 

365 

31 

61 
n A 

Nov. 

61 

92 

120 

151 

181 

212 

242 

273 

304 

334 

365 

30 

one 

Dec. 

31 

62 

90 

121 

151 

182 

212 

243 

274 

304 

335 

365 


The numbers in the above table give the number of days from 
any given day in one month to the same day in any other mont 
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Thus, the number of days from Jan. 10 to Aug. 10 is seen to be 
212 From Aug. 10 to Jan. 10 of the following year, the number 
of days is seen to be 153. (Always start in the column at the left 
and read across to the column under the final month.) The table 
may be used for any period of time which does not exceed one year. 
For leap years, the number of days is one greater than the tabular 
number when the interval of time includes Feb. 29. 



Illustrations: 

1. Find the exact time between June 11, 1961, and Apr. 15, 1962. 
In the table we read 304 as the number of days from June 11 

to Apr. 11. To this we add 4, the number of days from Apr. 11 

to Apr. 15, for a total of 308 days. 

If we assume that each month contains 30 days, the approximate 

time from one date to another can be found by subtraction. In 
this process we must write the two dates in columns (year, month, 
and day) and subtract column by column, borrowing wherever 

necessary. 

2. Find the approximate time between June 11, 1961, and Apr. 
15, 1962. 

Write the dates as follows: 


Year Month Day 


1962 4 15 

1961 _6 n 

Subtract, and find 10 months 4 days, or 304 days. 

Note that since 6 cannot be taken from 4 in the month column. 
12 months are borrowed from the year. 

The exact number of days between two dates is ordinarily greater 
than the approximate number of days based on a 30-day month. 
Also, ordinary simple interest is greater than exact simple interest 
It follows, therefore, that the most favorable arrangement for the 
creditor is ordinary simple interest with exact time, since it results 
in the largest amount of interest. This method is the one commonly 
used by commercial banks. Ordinary simple interest with approxi¬ 
mate time is commonly used in determining interest on bonds and 
in calculating interest on individual loans. Exact simple interest 
with exact time is the method used in many governmental activities. 
Jt is very seldom that one encounters the use of exact simple intei- 
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est with approximate time. If no mention is made of the type of 
simple interest involved, we shall hereafter assume it to be ordinary sim¬ 
ple interest for the exact number of days. 


Problems 

1. Find the exact and approximate time between the following 
dates: (a) Aug. 7, 1962, and Feb. 17, 1963; (6) July 23, 1961, and 
Sept. 6, 1963; (c) Mar. 23, 1962, and Oct. 9, 1962; (d) Dec. 14, 1963, 
and Mar. 5, 1964; (e) May 26, 1963, and June 26, 1964; (/) June 5, 
1961, and July 23, 1963; (g) Nov. 27, 1963, and Nov. 28, 1964. 

2. Find the ordinary and exact interest for each of the follow¬ 
ing: (a) $450 at 4% for 29 days, (b) $2,000 at 3% for 123 days, 
(c) $275.60 at 3% for 36 days, (d) $5,480 at 4£% for 90 days, (e) 
$632.50 at 3^% for 120 days, (/) $56,250 at 3£% for 12 days, (g) 
$2,500 at 5% for 167 days. 

3. Find the ordinary interest for the exact time on $5,000 at 
3% from May 6 to Dec. 9, 1963. 

4. Find the exact interest for the exact time on $400 at 5% 
from Mar. 23 to Sept. 26, 1963. 

5. Find the ordinary interest for the approximate time on 
$10,000 at 3% from Jan. 5 to July 20, 1963. 

6 . Find the exact interest for the approximate time on $600 at 
4% from Feb. 9 to Mar. 25, 1964. 

7. Jones borrows $1,000 from Smith on Mar. 3 at 3% and 
repays the loan on May 3. Find the ordinary simple interest for 
the exact time and for the approximate time. Which is greater? 
How much? 

8 . In Problem 7, find the exact simple interest for the approxi¬ 
mate time and for the exact time. Find the difference, and compare 
it with the difference obtained in Problem 7. 

9. On Mar. 15, Brown paid $300 income tax. On Jan. 20 fol¬ 
lowing, the government notified him that his return had been 
too low and that he must pay it plus 4 % interest. What type o 
interest should he pay to his greatest advantage? What interes 

would he pay under this type? 

10. Find the ordinary simple interest on $!, 000,000 for e 
exact and approximate number of days from June 1 , > 

Dec. 31, 1962, at 3%. Find the difference in the two amoun 
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11. Find the difference between the exact and ordinary simple 


interest charge on SI,000,000 for 60 days at 4%. 

12. White overpaid his income tax for the year in the amount 
of SI50. Assuming that he overpaid it as of Mar. 15 and that it 
was returned to him on Jan. 18 following, at 24% ordinary simple 


interest for the approximate number of days, what amount did he 


receive? 

13. On Oct. 22, Mr. Clark borrows $20,000 and gives a mort¬ 
gage on his business. The terms of the loan call for 5% interest to 
be paid on the 15th day of each December and each June. W hat is 
the first interest payment? 

14. Mr. Fields borrows S3,000 at 54% and gives a mortgage on 
his farm. The first payment of interest is due in 122 days, and 
payments thereafter are to be made every 6 months. What is the 
first payment? The second payment? 

57. Present Value. We have seen that when a sum of money 
is placed at simple interest at a given rate for a given time, the 
principal, or sum invested, “grows” to a certain amount. Quite 
frequently we wish to know the sum of money that must be placed 
at interest to obtain a specified amount at some future date. That 
is, we wish to know the present worth , or present value, of an amount. 
The problem, therefore, is to find the value of P in the formula 
for amount. We have 


or 

Factoring, 

Transposing members, 


A = P + I, 

A = P + Prt, 
A = P( 1 + rt). 
P( 1 + rt) = A. 


Dividing by the coefficient of P, 



A 

1 + rt 



Formula (3) will give the present value P, or principal, that at a 
rate r per year and a time t in years will, at simple interest, amount 
to A. 


Illustration: What principal will amount to $682 in 4 years at 3% 
simple interest? 
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We observe that we are given all the quantities in formula (3) 
except P. Substituting A = 682, t = 4, and r = 0.03 in this for¬ 
mula, we find 


p = r+ (0.03 X 4) = L12 = $608 ' 93 P rinci P aL 

We may check this result by noting that $608.93 in 4 years at 3% 
amounts to 


608.93 + (608.93 X 0.03 X 4) = 608.93 + 73.07 = $682. 


Problems 

1. Find the present value of: 

(а) $376 due in 3 years 6 months at 5%, 

(б) $100 due in 5 years at 2%, 

(c) $85 due in 1 year at 3*%, 

(d) $60 due in 2 years 6 months at 4£%, 

( e ) $126 due in 9 months at l\% } 

(/) $150 due in 8 months at 2£%, 

(< g ) $230 due in 9 months at 4%, 

( h ) $1,500 due in 6 months at 3?%, 

(i ) $915 due in 4 months at 5%, 

(j ) $759 due in 10 months at 6£%. 

2. What amount must Simpson invest now at simple interest 
of 3% to have $617.10 eight months from now? 

3. Williams needs to have $750 available at the end of 9 
months. If he can get 2% simple interest on his money, what 
amount should he invest now? 

4. Green can sell his house now for $12,500 or for $12,550 one 
month from now. If the simple interest rate is 2%, which is the 
better offer for him on the basis of present value? 

5. Dunlap can sell his car now for $900 or for $905 two months 
from now. If the simple interest rate is 3%, which is his better 
deal from the standpoint of present worth? How much better? 

6. Gordon is to receive a trust fund of $15,000 in 8 months. 
What amount can he borrow now at 3\% if he uses the trust un 
to pay off the debt at the end of 8 months? 
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7. What present amount will be worth $190 six months from 
now if savings earn 3i% simple interest? 


8 . What would $800 on Aug. 16 have been worth on Mar. 2 
immediately prior to that date if the ordinary simple interest rate 
is 2%? (Use approximate number of days.) 

9. What would $50,000 on July 7, 1962, be worth on Sept. 18, 
1961, if the exact simple interest rate is 3%? (Use exact number 
of days.) 

10. The present worth of 81,000 due at a future date is $995.57. 
If the ordinary simple interest rate is 4%, find the time until matu¬ 
rity. (Compute answer to nearest day.) 

58. True Discount. The difference between the amount due 
on a sum placed at simple interest and the principal itself is called 
true discount. Thus, the true discount on an amount A is the same 
as the interest on a principal P. To obtain the true discount is to 
obtain the simple interest. Hence, D = A — P. 

When money earns interest at a rate r, we say that money is 
worth r%. Thus, the expression. “Money is worth 2%,” means 
that the simple interest rate is 2%. 


Illustrations: 

1. What are the present value and the true discount on a note 
for $100 due in 1 year if money is worth 5%? 

The problem here could be rephrased to read, “What sum of 
money placed at 5% interest now would amount to $100 in 1 year, 
and what would be the interest on this sum?” Substituting the 
known values, A = 100, t = 1, and r = 0.05 in formula (3), we 
have 



A 

1 + rt 


100 

1 + (0.05) (1) 


100 

1.05 


$95.24. 


The present value of the note is, therefore, $95.24. This would be 
the “cash” value of a note for S100 due in 1 year if money is worth 
5%. The true discount, or the difference between the maturity 
value and the present, or “cash,” value, therefore, is easily obtained. 
We have 


D = A - P = 100 - 95.24 = $4.76. 
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Notice that true, discount is, in reality , the difference between the 
maturity value of the note and its present value. 

2. On Jan. 7, 1955, Mr. C. R. Adams borrows $100 from Mr. C. 
C. Jones with the understanding that the money is to be repaid 
with simple interest at 5% at the end of 6 months. Jones made 
out the following note, which was signed by Adams: 


Cleveland, Ohio, Jan. 7, 1955 

Six months after date I promise to pay to the order of C. C. Jones $100 
with interest at the rate of 5 % per annum after date. 

Signed: C. R. Adams 

Mr. Jones has the note discounted at a bank 4 months before it 
is due at 4% true discount. Find the true discount. 

First we compute the future value of the note, or the amount of 
$100 at ordinary simple interest for ^ year at 5%. We find 

A = 100[1 + (0.05)(4-)] = 100 + 2.50 = $102.50. * 

Next, we compute the present value of $102.50 as of 4 months 
before the due date, using the rate of 4%. We find 


P = 


102.50 


102.50 102.50 X 75 


1 + (0.04) (1) 


7 6 

77 


76 


= $101.15. 


Since true discount D equals A — P, we find 

D = 102.50 - 101.15 = $1.35 true discount. 


The agreement signed by Mr. Adams is an example of a promis¬ 
sory note. The face is the sum of money mentioned in the L note 
($100). The maturity value is the amount of money ($102.50) that 
the debtor is to pay on the maturity date (July 7, 1955) and usually 
includes interest at an agreed rate (5%). If the note is non-inter¬ 
est-bearing, the face value is also the maturity value. 


Problems 

1. Find the true discount on each of the following notes: 

(а) $500 due in 3 years, money worth 2%, 

(б) $1,000 due in 60 days, money worth 3%, 

(c) $250 due in 4 years 3 months, money worth 5%, 

(d) $640 due in 2 years 4 months, money worth 4*%, 
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(e) $12,000 due in 24 days, ordinary simple interest rate 4%, 
(/) $150 due in 9 months, money worth 2%, 

(g) $250 due in 6 months, money worth 3i%, 

(h) $10,000 due in 1 year, money worth 5f %, 

(i) $530 due in 35 days, exact simple interest rate 3%, 

(j) $650 due in 1 year 2 months, money worth 5%. 


2. Find the true discount on each of the following interest- 
bearing notes: 


Note 

Face 

Value 

Rale of 
Interest 

Term of 
Note 

Term of Discount Rate 

Discount 

(a) 

S 1,000 

3% 

90 days 

30 days 

2% 

i 

(b) 

500 

2% 

120 days 

90 days 

1*% 

(c) 

650 

2^% 

6 months 

5 months 

2% 

(d) 

430 

4% 

5 months 

5 months 

3i% 

(e) 

150 

3% 

9 months 

8 months 

2% 

(/) 

10,000 

2% 

60 days 

30 days 

ii% 


3. A clothier pays for a consignment of jackets with a non- 
interest-bearing 90-day note for $1,500. This note is discounted 
60 days before it is due at a discount rate of 3%. Find the true 
discount. 

4. Smith, a merchant, gives a 120-day note for $2,000 bearing 
interest at 2% for a consignment of groceries. If this note is dis¬ 
counted the same day at a l\% discount rate, find the true discount. 

59. Bank Discount. Bank discount is simple interest deducted 
in advance and is computed on the maturity value of the note. If, for 
example, $100 is borrowed at a bank for 1 year at 5% interest, the 
S5 charge is deducted at the time the loan is made, and the borrower 
receives $95. The understanding is that he is to pay the bank $100 
at the end of 1 year. If the student will compare this procedure 
with the first true discount illustration of the last section, he will 
see that the bank discount ($5) is greater than the true discount 
($4.76). In the former case, the interest is calculated on the basis 
of the present value of the loan. In the latter case, the interest is 
computed on the basis of the maturity value of the note. The 
methods of computing bank discount at a given rate for a given 
number of days are the same as those for computing simple inter- 
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est. Observe that the bank charges discount for the total number of 
days that the bank is without the maturity value of the note. 

60. Proceeds. The difference between the amount due at maturity 
and the bank discount is called the proceeds of a note. By proceeds we 
mean the amount received when a note is discounted (“cashed”) 
at a bank. We must remember that the bank computes the dis¬ 
count on the basis of the maturity value of the note, so that if a 
note is interest-bearing, its maturity date value must be used in com¬ 
puting the discount. If we denote bank discount by D, the matu¬ 
rity value by A, the period of discount (in years) by t, and the 
annual discount rate by d, we may write as a formula for the 
proceeds 


P = A — D, 

or P = A - Adt = A( 1 - dt). (4) 


Illustration 1: A 90-day note for $300 bearing interest at 3% was 
given to the Jackson Product Company on a certain day. After 
holding the note for 30 days, the company took the note to a bank 
and had it discounted. If the bank charged a3}% discount rate, 
how much was the discount, and how much did the company 
receive for the note? 

In solving this problem, let us list a few questions and their 
answers as an aid in the (understanding of the simple principles 
involved in bank discount. 

(1) How long does the bank hold the note? Answer: The 
company held it for 30 days. The term of the note is 90 days. 
Therefore, the bank holds the note 60 days. 

(2) For how many days does the bank charge in discounting 
the note? Answer: Since the bank is without its money for 60 

days, the charge is made for 60 days. 

(3) On what sum of money is the discount charge based. 

Answer: Since the note bears interest at 3 %, the maturity value o 
the note is the amount of $300 for 90 days at 3%, which equas 
300 X X 0.03, or $2.25, plus $300, or $302.25. Note that the 

discount is based on the $302.25, not on the $300. 

(4) How much discount does the bank charge? Answer: i 
bank charges 3^% on $302.25 for 60 days. Hence, the discoun 

equals $302.25 X X 0.035 = $1,763, or $1.76. 


PROCEEDS 


165 


ch. v, §60: 


(5) How much does the company receive for the note? Answer: 

The proceeds is the difference between the maturity value of the 
note and the bank discount. Hence, the company receives $302.25 
less $1,763, or $300,487, or $300.49. 


Illustration 2: Find the bank discount and proceeds for a 60-day 
note dated Mar. 5, with face value $100 bearing interest at the 
rate of 3 % if the note is discounted by a bank on Apr. 3 at a dis¬ 
count rate of 4%. 

First, we calculate the maturity value of the note: 


A = P( 1 + rt), 

= 100[1 + (0.03)(t&)1* 

= 100(1 + = 100 + i = S100.50. 

Second, we find the number of days for which the note is dis¬ 
counted by determining the exact number of days between Mar. 
5 and Apr. 3 and, by subtracting this difference from 60, the term 

of the note. 

From Mar. 5 to Apr. 3 is 29 days. 

60 - 29 = 31 days, term of discount. 


In other words, the bank is without its money 31 days if it discounts 
the note on Apr. 3. Graphically, we have: 


Mar. 5 

Apr. 3 

29 days | 

31 days 

May 4 

Date of 

Date of 

Term of Discount 

Due 

Note 

Discount 

(the time the bank 

Date 



is without its money) 



Third, we find bank discount and proceeds. 

D = (100.50) (0.04) (^V) = SO.35, 
P = 100.50 - 0.35 = S100.15. 


Problems 

Find the bank discount and proceeds for each of the following 
notes: 
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Face Value 

Term of Note 

Interest Rate 

Term, of Discount 

Discount Rate 

* 

1 . 

$ 300 

90 days 

3% 

30 days 

4% 

2 . 

1,000 

60 days 

4% 

40 days 

4% 

3. 

950 

120 days 

4% 

60 days 

4% 

4. 

15,000 

45 days 

5% 

30 days 

5% 

5. 

150 

90 days 

3£% 

80 days 

3% 

6 . 

600 

60 days 

2 ^% 

60 days 

3% 

7. 

50,000 

120 days 

2 % 

90 days 

2 j% 

8 . 

5,000 

30 days 

3% 

30 days 

3% 

9. 

5,000 

90 days 

3% 

90 days 

3% 


Face Value 

Date of 
Note 

Term of 
Note 

Interest 

Rate 

Date of 
Discount 

Discount 

Rate 

10 . 

S 400 

Feb. 6 


6 % 

Mar. 2 

7% 

11 . 

msm 

Aug. 12 


4% 

Aug. 22 

5% 

12 . 


July 23 

120 days 

I\% 

Sept. 15 

6 % 

13. 

■H 

Mar. 19 

2 months 

5*% 

Apr. 6 

8 % 

14. 


Jan. 20 

4 months 

6% 

Mar. 17 

67 % 

15. 


June 20 

60 days 

3% 

June 20 

3% 

16. 


Aug. 3 

120 days 

3£% 

Aug. 23 

3% 

17. 


Sept. 21 

90 days 

2 % 

Oct. 21 

3% 

18. 

500 

Jan. 7 

90 days 

2j% 

Jan. 17 

3% 


19. A 90-day note for $ 10,000 bearing interest at 3% is dis¬ 
counted on the same day it is executed. What is the discount rate 
if the proceeds equal the face of the note? 

20. A 120-day note for $500 bearing interest at 4% is discounted 
30 days before it is due, yielding proceeds of $504.56. Find the 
discount rate. 

21. A 120-day note for $600 bearing interest at 3% is discounted 
at 3%, and the proceeds amount to $599.94. How long before it 
was due was the note discounted? 

22. A 9-month note for $350 bearing interest at 4% is dis¬ 
counted 6 months before it is due, and the proceeds are $353.29. 
Find the discount rate. 

23. A 90-day note for $800 bearing interest at 5% is discounted 

at a bank 60 days before it is due at a discount rate of 5?%. ® 

bank rediscounts it the same day at the Federal Reserve Bank, 
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where the discount rate is 3 %. Find the profit of the member bank. 
(Note: The fact that the note has already been discounted has no 
effect on the computation of proceeds by the Federal Reserve 

Bank.) 

If a note is non-interest-bearing, the value of the note at matu¬ 
rity is the same as the face value of the note. The bank discount, 
in this case, is computed on the basis of the face value for the time 

of the discount period. 


Illustration 3: A non-interest-bearing note for $200 was discounted 
at 5%, twenty days before maturity. Find the proceeds. 

Here, .4 = 200, d = 0.05, and t = /A- Hence, D = 200 X 
0.05 X A* = SO.56. The proceeds P, therefore, equals 200 - 

0.56 = $199.44. 


Problems 

Find the bank discount and proceeds for each of the following 
non-interest-bearing notes: 


Face Value 

Date of Note 

Term of Note 

Date of Discount 

Discount Rate 

1. $ 200 

Aug. 1 

60 days 

Aug. 16 

7% 

2. 1,000 

Mar. 15 


Apr. 14 

6% 

3. 450 

June 3 

120 days 

June 8 

5 \% 

5 

4. 185 

Jan. 23 

30 days 

Feb. 4 

7 \% 


5. An automobile dealer discounts a 90-day non-interest-bear¬ 
ing note for $500, thirty days before it is due, at his bank which 
charges 2% bank discount. The bank rediscounts the note the 
same day at the Federal Reserve Bank where the discount rate is 1 %. 
How much did the bank make on the transaction? 

6. A 9-month non-interest-bearing note for $5,000 is discounted 
by the Third National Bank 6 months before it is due at 1^% bank 
discount. The bank immediately rediscounts the note at the 
Federal Reserve Bank, which charges 1% rediscount. How much 
profit does the Third National Bank make? 
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61. Interest Rate Corresponding to Discount Rate. In 

connection with bank discount questions are often asked concerning 
the rate of interest earned by the bank in performing the transac¬ 
tion. In Illustration 1 of the preceding section we saw that, in dis¬ 
counting a note for $300 bearing interest at 3% sixty days before 
the maturity date, the proceeds were $300,487 when the bank dis¬ 
count rate was 3?%. This means that the bank virtually made a 
loan of $300,487 for the 60 days and collected the maturity value 
of the note ($302.25) at the end of that time. Hence, to determine 
the interest rate corresponding to the given discount rate, we must 
find that rate at which $300,487 will amount to $302.25 in 60 days. 
Our task, then, is to find r in the formula, A = P + Prt, where 
A = $302.25, P = $300,487, and t = . Substituting these 

quantities in the formula, we have 

302.25 = 300.487 + 300.487 X^yXr. 

Solving for r, we have 


, * 7 go _ 300.487 X r 

o 

10.578 = 300.487r, 

or r = 10.578 ^ 300.487 = 0.0352 = 3.52%. 

This means that although the bank discount rate is 3\%, the bank 
actually earns more than 3£% simple interest on the transaction. 

Can we now arrive at a formula which will give the relationship 
between bank discount and interest rate? We can obtain such a 
formula by carrying through a development similar to our example 
above in terms of symbols. We begin with the formula for proceeds. 
We have 

P = A - Adt, or P = A{ 1 - dt ), 


from which A 



If the proceeds P amounts to the maturity value A in time t, the 
interest earned on P in that time is A — P. That is, the interes 
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or 


P - P(1 - dt) 
1 - dt 


or 


Pdt 
1 - dt 


Now, since t is expressed in years, we must divide by t to find the 
interest for 1 year. Hence, the interest for 1 year is 


Pdt 
1 - dt 




The interest on SI is, therefore, 




But the interest on SI for 1 year is the annual interest rate. Hence, 
the interest rate r corresponding to a discount rate d is given by 
the formula 



Using formula (5) to find the interest rate for our example, we 
substitute d = 0.035 and t = an ^ find 


0.035 

1 - 0.035 X \ 


0.035 _ 0 .035 

1 - 0.005833 0.994167 


= 0.0352 = 3.52% 


as before. 

By solving formula (5) for d in terms of r and t , we may readily 
find a formula for discount rate corresponding to a given interest 
rate. We have 


Cross multiply, 
Remove parentheses, 
Transpose, 

Factor, 


d 

r l - dt’ 
r(l — dt) = d, 
r — rdt — d, 
d + rdt = r, 
d(l + rt) = r, 
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Divide by coefficient of d, 



r 

1 -\- rt 



Formula ( 6 ) may be used to find the discount rate corresponding 
to a known interest rate for a given period of time, where t is the 
term of the discount in years. 


Illustration: A bank wishes to earn 6 % interest in discounting a 
note for 3 months. What should be the discount rate? 

Here, r = 0.06, t = and we desire to find d. Substituting 
in formula ( 6 ), we have 


0.06 .06 
1 + 0.06 X{'1+ 0.015 


.06 

1.015 


= 0.0591 = 5.91%. 


Problems 

1. A Fairview bank discounted a note for $2,000 thirty-six days 
before it was due. If the bank earned 5% interest on the transac¬ 
tion, what was the discount rate? 

2. What interest rate is equivalent to a 7 % discount rate if the 
term of discount is (a) 9 months, ( 6 ) 1 year? 

3. What discount rate is equivalent to a 3 % simple interest rate 
if the term of discount is (a) 2 months, ( b) 4 months? 

4. A merchant takes a non-interest-bearing note for $5,000, due 
in 90 days, to his bank, which discounts it at 6 j% bank discount 
rate on the day the note was executed. What rate of simple interest 
does the bank earn? 

5. Discount $850 due in 6 months, (a) at 4% bank discount, 
( b ) at 4% true discount. 

6 . What is the amount of a note at the end of 15 months if its 
present value is $450, (a) at 2 % simple interest, ( 6 ) at 2 % bank 
discount? 

7. Mr. Roe may have his 90-day non-interest-bearing note for 
$2,000 discounted at either 4% bank discount or 5% true discount. 
Which is the more favorable procedure for him? How much more 
favorable? 
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8 If Mr. Roe has a choice of 34-% bank discount or 4% true 
discount when borrowing S500 for 90 days, which is his better choice 


and by what amount? 

9. Mr. Allen needs $4,000 to meet an obligation. How much 
must he borrow from a bank so that the proceeds of a 90-day 
note discounted at 5 % will be the required amount to meet his 

obligation ? 

10. The invoice on a shipment of golf clubs to a dealer was for 
$860, dated Apr. 4, terms 2/10, n/30. He decided to take advan¬ 
tage of the discount and to pay the invoice on Apr. 14 by borrow¬ 
ing just the amount needed, giving a note due in 20 days at 6 % 

bank discount. How much did he save ? 

62. Interest Rate in Installment Buying. Much retail 
selling is done on the installment plan . In this plan, the customei 
makes a down payment for goods purchased and agrees to pay 
stated amounts at intervals (usually regular) for a length of time to 
cover the balance of the purchase price. Under this plan, it is cus¬ 
tomary for the retail establishment to charge the customer an 
amount of money for the privilege. This charge is called the 

carrying charge. 

It may be of interest to a customer to determine the actual rate 
of interest that is paid under the installment plan. For example, 
suppose that a refrigerator that sells for $250 cash is bought for 
$50 down and $20 a month for 11 months. Does the difference 
between S250 and $270 truly represent the cost to the customer 
resulting from the payment plan? If not, what is the rate of inter¬ 
est actually being charged? To answer this latter question, we need 
to concern ourselves with annuities, a subject to be taken up in a 
later chapter. However, we shall give here a formula for comput¬ 
ing the approximate rate of interest that the customer actually 
pays. This simple formula* may be written as follows: 


6 M 

r “ 3(n + 1) + Min - 1)’ 

in which r = interest rate per period, 

n = number of equal periodic payments, 



* Due to H. E. Stelson, The American Mathematical Monthly, Vol. 56, pp. 
257-261. 
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in which R = period payment, 

P = unpaid balance after initial down payment, 
and n has the same meaning as above. It may be observed that 



carrying charge 
unpaid balance 


and that this ratio can readily be computed and substituted into 
the formula for r along with the value of n to calculate the approxi¬ 
mate interest rate per period. The yearly interest rate , which is 
usually more meaningful, may be found by multiplying r by the 
number of payments in a year. 

It can be shown that the error in r computed by the approxima¬ 
tion formula is less than 


2(n - l)(n + 2 )M 3 
9(n + l) 3 

This error is usually very small. For example, if M = 0.1 and n 
is around 12, the error is less than 0.00002. Furthermore, the 
“upper bound” of error becomes less as M decreases for a fixed 
value of n and also becomes less as n increases for fixed values of 
M. Because of these properties, the formula for r may be consid¬ 
ered quite useful for making a rapid calculation of the actual inter¬ 
est rate being charged under a given installment plan. 


Illustration 1: A refrigerator sells for $250 cash or $50 down and $20 
at the end of each month for 11 months. Find the interest rate 

charged under the installment plan. 

The quantities to be substituted into formula (7) may be listed 

as follows: 


n = 
P = 
R = 

M = 


11 , number of equal periodic payments, 

$200, unpaid balance after the down payment, 
$20, periodic payment, 

Rn- P (20) ( 11) - 200 _ 220 - 200 = 20 

__ — --- --- 


200 


200 


200 
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37 

= 0.01622. 

Since there are 12 periods in a year, the approximate yearly interest 
rate is, therefore, 12 X 0.01622 = 0.195, or 19.5%. 

Sometimes it is convenient to have the periodic payment fixed 
at some convenient amount, as for example $20 per month, with 
the last payment equaling whatever amount remains after the other 
equal payments have been made. In this situation the approxi¬ 
mate periodic rate of interest, r, under the installment plan may be 
obtained from the formula 

_ 2 I(P + I) 

~ P(n + 1)(P + / +£)’ W 

in which r = interest rate per period, 

n = number of equal period payments, 

R = amount of each equal periodic payment, 

P = unpaid balance after initial down payment, 

L = amount of last payment, 

I = Rn L — P = carrying charge. 

As in the case where all payments are equal, the yearly rate of inter¬ 
est may be obtained from r by multiplying by the number periods 
in a year. 

Illustration 2: A man bought a watch priced at $60 cash for S20 
down and $5 a month for 8 months, and a payment of S4 the ninth 
month. Find the rate of interest charged under the installment 
plan. 

The quantities to be substituted into formula (8) may be listed 
as follows: 

n = 8, 

R = $5, 

P = $40, 

L = $4, 

J - = ($5) (8) + $4 - S40 = $4. 
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( 6 ) ( 0 . 1 ) _ 0.6 
Hence ’ r “ (3)(11 + 1) + (0.1)111 - 1) 36 + 1 
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Making the substitutions and solving for r, we find 

2 X 4(40 + 4) _ 8 X 44 _ 11 _ n nonQ7 

r 40 X 9(40 + 4 + 4) 40 X 9 X 48 540 

Since there are 12 periods in a year, the approximate interest rate 
per year is, therefore, 12 X 0.02037 = 0.244, or 24.4%. 


Problems 

Find the yearly interest rate being charged in each of the fol¬ 
lowing installment plans: 


Plan 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 


\h Price 
Article 

Down 

Payment 

Number of 
Payments 

Amount of 
Each Payment 

Payment Due 
(Period) 

60 

$ 10 

10 

$ 5.50 

Monthly 

100 

10 

12 

8.00 

Monthly 

40 

None 

22 

2.00 

Weekly 

50 

2 

52 

1.00 

Weekly 

500 

150 

24 

16.25 

Monthly 

2,000 

500 

16 

100.00 

Monthly 

1,000 

None 

20 

58.70 

Monthly 


8. Show that if the ratio of carrying charge to unpaid balance 
is small enough to be neglected (that is, if M is small compare 
with 3), then an approximation to the periodic interest rate r in 

formula (7) is given by the formula 

2 M 


r = 


71+1 


9. Use the formula of Problem 8 to compute the periodic inter¬ 
est rate for an installment plan purchase of a $200 camera oug 
for $20 down and $16 a month for 12 months. Compare 
answer with that obtained by using formula (7). 

10. A certain small loan company will make a loan of $5 ° 

be repaid in 12 monthly payments of $48 each. Find the 

interest charged. 

11. A portable radio sells for $39 cash or $9 down and $5 a 

month for 6 months, and a payment of $2 for the seventh m last 
payment. Find the rate of interest paid by a customer us g 
installment plan. 
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63. Partial Payments. When an interest-bearing note is paid 
at maturity, the amount of the settlement equals, of course, the 
sum of the face of the debt plus the interest. But what happens 
when the debtor makes equal or unequal payments on the principal 
before the date agreed upon? The payments should draw interest 
in favor of the debtor, for the money which he might have used for 
the remainder of the period is now in the hands of the creditor 
sooner than agreed upon. 

There are two methods of applying partial payments to the 
reduction of a debt. The method adopted by the United States 
Supreme Court, and which is now a law in nearly every state, is 
called the “United States Rule”; the other method, which is more 
or less prevalent among businessmen, is known as the Merchants 
Rule.” 

According to the United States Rule, when a payment is made 
on an interest-bearing debt, the payment must first be applied to 
the accumulated interest and what remains goes toward the reduc¬ 
tion of the principal. In case the payment is smaller than the 
interest due, the previous principal continues to draw interest until 
this payment and succeeding payments exceed the accumulated 
interest. 

According to the Merchants’ Rule, the principal draws interest 
from the date of indebtedness to the date of final settlement, and 
when a payment is made, interest is allowed on the payment from 
the date of payment to the date of final settlement. When the sum 
of all the payments together with the interest on these payments 
is deducted from the total amount of the debt including interest, 
the remainder is the amount due at the date of settlement. 

In order that the two methods may be compared, the following 
illustration will be carried out by both methods. 


Illustration: On Mar. 15, Mr. Adams gave a note for SI,000 in 
order to purchase some building materials. The note carried inter¬ 
est at 3%, and three payments were made as follows: 


Mar. 30. S200 

June 28. 6 

Aug. 3. 525 


How much was due Sept. 11? 
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Solution by United States Rule 


Face of note. 

Interest from Mar. 15 to Mar. 30—SI,000 for 15 days 

Amount due Mar. 30. 

Deduct Payment. 


Balance due Mar. 30. 

Interest from Mar. 30 to June 28—S801.25 for 90 days. 

Since the interest exceeds the second payment, the second 
payment is held over and the principal remains unchanged. 
Interest from Mar. 30 to Aug. 3—$801.25 for 126 days. 

Amount due Aug. 3: 

Deduct sum of payments: 

June 28. S 6.00 

Aug. 3. 525.00 

Balance due Aug. 3. 

Interest from Aug. 3 to Sept. 11—$278.66 for 39 days. 

Balance due Sept. 11. 


$1,000.00 

1.25 

$1,001.25 

200.00 

S 801.23 
( 6 . 01 ) 


8.41 
$ 809.66 


531.00 

$ 278.66 
0.91 

$ 279.57 


Solution by Merchants’ Rule 

Face of note. $1,000.00 

Interest from Mar. 15 to Sept. 11—$1,000 for 180 days. _ 

Maturity value of note, Sept. 11. $1,015.00 

First Payment, Mar. 30. §200.00 

Interest from Mar. 30 to Sept. 11—$200.00 for 165 

days. 2.75 

Second Payment, June 28. 6.00 

Interest from June 28 to Sept. 11—$6.00 for 75 days 0.04 

Third payment, Aug. 3. 525.00 

Interest from Aug. 3 to Sept. 11—$525.00 for 39 days 1 -71 _ 

BalancedueSept.il. ^ 279.5 

The difference between the balance as computed by the Mer 
chants’ Rule and the balance as computed by the United Sta es 
Rule becomes larger for greater amounts and for longer peno 
time. 


1.71 735.50 


Problems , 

Solve the following problems first by the United States u 
and then by the Merchants’ Rule, and compare the answers: 

1. $1,500 with interest at 6%, dated Apr. 1. Payments: un 
15, $500; July 10, $250; Oct. 2, $200. Balance due Jan 15. 

2. $600 with interest at 6%, dated Sept. 5. Endorseme 
Oct. 1, $120; Nov. 1, $130; Dec. 1, $200. Balance due Dec. • 
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3. $175 with interest at 5%, dated Aug. 9. Payments: Sept. 9, 
$50; Oct. 23, $100. Balance due Dec. 6. 

4. S3,500 with interest at 6%, dated Jan. 12. Payments: June 
16, $200; Dec. 15, $2,500; Mar. 17, S300. Balance due July 16. 

5 . Consider a loan of P dollars for T years at a rate of r, simple 
interest. If a payment of Pi dollars is made on the loan t years 
after it is made, set up an expression for the balance due at the end 
of T years according to the United States Rule, (t is less than T ; 
Pi is less than P.) 

6 . Use the data of Problem 5, and set up an expression for the 
balance due at the end of T years according to the Merchants’ Rule. 

7. Using the results of Problems 5 and 6, find the difference if 
the balance under the Merchants’ Rule is subtracted from the bal¬ 
ance under the United States Rule. When is this difference equal 
to zero? 


Exercises 

1. A man borrows S600 for 7 years at 4%. What is the interest? 

2. At what rate will $3,000 produce S600 interest in 5 years? 

3. How long will it take an investment of S550 to amount to S700 if 
placed at 5% simple interest? 

4. A note of $3,500 without interest is due in 5 years. What is the 
present value of the note if money is worth 2%? 

5. What is the true discount on a note for $7S0, due in 4 years, money 
being worth 3%? 

6 . A note dated May 25, payable in 5 months, without interest, was 
discounted on July 27 at a bank whose discount rate was 8%. If the 
proceeds were $243.76, what was the face of the note? 

7. If the exact interest on a principal P for t years at rate r is /«, show 
that the ordinary interest /„ is given by the formula I 0 = /« -f- I,/ 72. 

8 . If the exact interest on a certain loan is $21.30, what would be the 
ordinary interest? 

9. Find the ordinary interest for the approximate number of days 
on a loan of $26,000 made on July 14, and due Jan. 17, if money is worth 
3%; do the same for the exact number of days. 

10. Find the exact interest for the exact number of days on a loan of 
S675 made on May 3, and due Mar. 9 following, if money is worth 2£%; 
do the same for the approximate number of days. 

11. Howard Hoose buys a bill of goods and is given an option of paying 
$5,000 cash or $5,200 at the end of 3 months. If he pays cash, at what rate 
of interest could he consider his $5,000 invested for the next 3 months? 
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12. A merchant buys goods for S7,000 due in 3 months with 3% off for 
cash in 20 days. What is the highest rate at which he could afford to 
borrow money on the 20th day to pay cash? 

13. Johnson buys his wife a fur coat from a furrier who wants $350 at 
the end of 1 month. If Johnson wishes to pay cash, what should the furrier 
charge him if money is worth 3£%? 

14. Mr. Jenkins buys a refrigerator for $280 due in 30 days with 2% off 
for cash. He can borrow money from a credit union for 6% interest. 
Would he be ahead financially to borrow and take advantage of the 
discount? 

15. Show the division of profits for a partnership business in which A 
invested $7,000, B invested $5,000, and C invested $4,500 if the net profits 
for the year amount to $4,000 and, by agreement, each partner is to receive 
5% interest on his investment (this interest to be deducted from net profits) 
and the balance of the profits is to be divided equally. 

16. A note for $1,700 is dated May 20, 1961. The interest is 6% from 
date and the following payments are made on the note: 


Sept. 7, 1961. $ 45 

Dec. 16, 1961. 20 

July 8, 1962. 140 

Nov. 15, 1962. 250 


By use of the United States Rule, find what amount is due Dec. 30,1962. 

17. A note for $900 with interest at 5% was dated Feb. 3 and had the 
following endorsements: 


Mar. 1. $150 

June 3. 96 

July 8. 300 

Dec. 20. 250 


By use of the Merchants’ Rule find what amount was due Jan. 17 following. 

18. Find the true discount on $220 due in 7 months if money is worth 

4t%- 

19. The proceeds of a non-interest-bearing note, discounted at 4% for 
3 months, are S400. Find the face value. 

20. A note with a maturity value of $75,000 is discounted 10 mon 
before it is due, and the proceeds are $70,000. Find the discount rate. 

21. A note with maturity value $600 is discounted on Jan. 17, 19 , 

3%, and the proceeds are $565. When is the note due? . 

22. What interest rate is equivalent to a discount rate of 8 }% 

7 months’ time? For 1 year’s time? 
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23. A non-interest-bearing note of face value SI,500 is discounted 4 
months before it is due at a bank charging 4% discount rate. Find the 
proceeds. What equivalent rate of simple interest is the bank earning. 

24. Smith gives Brown his 90-day note for $230 bearing interest at 3% 
on June 26. Brown discounts the note on July 7 at the First National 
Bank, which charges 5% simple discount. Find the proceeds. 

25. The Fairview Department Store discounted a 100-day note for 
S30,000 bearing interest at 2 5 % and dated Aug. 22, at their bank on Sept. 1. 
The bank’s discount rate was 1 %. Find the proceeds. 

26. Find the proceeds of the following note if discounted on Mar. 6 , 
1956, at a bank charging 2 % discount rate: 

Bellefonte, Feb. 8 , 1956 

Six months after date I promise to pay to W. 0. Rogers S930 together 
with interest from date at 3$ %. 

Signed: Paul Beardslee 

27. Mason owes Jones $10,000. He gives him a 45-day non-interest- 
bearing note from which Jones gets his money by discounting it immediately 
at a bank charging 4% discount rate. What is the face of the note? 

28. A merchant wishes to pay cash and receive a 5% cash discount on a 
bill for $1,000. How much must he borrow from a bank on a 120-day 
note in order to do so if the bank discounts his note at 4-£%? 

29. Find the present worth of $312 due in 6 months if money is worth 

4%. 

30. How long will it take $144 to amount to $145.50 at 2\% simple 
interest? 

31. Find the exact interest on $292 for 360 days at 4%. 

32. What bank discount rate is equivalent to an interest rate of 3^% 
if the discount is for a term of 10 years? 

33. A note for $500 bearing interest at 6 % is due in 6 months. A first 
payment of $200 is made at the end of 3 months. Find, by the United 
States Rule, the balance due after the first payment is made. 

34. A S. Fite can buy a car for SI,500 due at the end of 3 months or 
at 10% cash discount if paid within 1 month. He elects to take advantage 
of the cash discount but must borrow money to do so. At what rate 
should he borrow at the end of 1 month so that his method of payment is 
equivalent to the 3-month method? 

35. A refrigerator sells for $290 cash or $80 down and $13.50 a month 
for 18 months. Find the rate of interest paid by a customer using the 
installment plan. 

36. An electric stove sells for $310 cash or $80 down and $13 a month 
for 18 months, with the nineteenth payment being $7. Find the rate of 
interest paid by a customer using the installment plan. 
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Self-Test 

Time: 50 Minutes 

(Score 5 points for each problem correctly solved) 

1. Find the exact simple interest on $600 for 144 days at 5%. 

2. What interest rate is earned by a bank discounting a note for 
2 years if 1 % discount is charged? 

3. How long will it take for $900 to amount to $967.50 at 3% simple 
interest? 

4. Find the exact number of days between Jan. 4, 1963, and Aug. 9, 
1963. 

5. Find the exact number of days between Mar. 23, 1963, and July 5, 
1963. 

6 . Find the exact number of days between Veterans Day and 
Christmas. 

7-9. Find the approximate number of days between each of the 
pairs of dates given in Problems 4 to 6. 

10. Find the true discount on $800 due in 3 months if money is worth 

4%. 

11. Find the present value of a note for $500 due in 9 months if money 
is worth 4%. 

12. A set of books sells for S100 cash or $20 down and $3.20 a week for 
26 weeks, and a payment of $1.80 on the 27th week. Find the installment 
interest rate. 

13. 14. A debt of S900 contracted on Apr. 15 bears interest at 2%. A 
payment of $400 is made on Aug. 3. Find the amount due on Nov. y 
the Merchants’ Rule; by the United States Rule. 

15, 16. The Berkley Square Department Store discounts at a bank a 
non-interest-bearing note for $1,000 due in 6 months. If the bank discoun 
rate is 2%, what is the bank discount? The proceeds of the note. 

17, 18. A note dated Jan. 5, for $1,600, and bearing interest at 4%, 

falling due on Apr. 5, was cashed at a bank on the da * T , 

bank discount rate was 1%, what was the maturity of the no 

bank discount? 

19, 20. A note for $990, payable on July 1, bearing interest at 3%, was 
signed by A. C. Miller on Mar. 3. If the bank discount rate J&s 
what amount was due on July 1, and what were the procee s 
if discounted on May 2? 



Chapter VI 

FURTHER ALGEBRAIC OPERATIONS 

Introduction. In a previous chapter, we extended the number 
system of arithmetic by the introduction of negative numbers and 
proceeded to show how the simple operations of addition, subtrac¬ 
tion, multiplication, and division were carried out when symbols 
were used to represent quantities. Rules for these operations were 
developed, and opportunity for practice in their use was provided. 
In that chapter, the student became acquainted with the meaning 
of algebra and had a limited view of some of the practical applica¬ 
tions of algebra in the solution of problems. 

In the present chapter, we shall continue our treatment of alge¬ 
braic operations as further aid in the solving of business problems. 
In particular, we shall consider a few operations involving polyno¬ 
mials and expressions containing fractions; and we shall extend the 
definition of exponents to include fractional exponents, negative 
exponents, and radicals. Meaning will be given to the exponent 
zero, and practice will be afforded in the use of exponents as prep¬ 
aration for the understanding of logarithms and the solution of cer¬ 
tain types of equations encountered later in problems of finance and 
other business applications. The chapter will close with a discus¬ 
sion of square root, rectangular coordinates, and the construction 
of formula graphs. 

64. Addition and Subtraction of Polynomials. Algebraic 
expressions containing more than one term (see Section 20) are 
added or subtracted by arranging like terms in the same column 
and then combining them as was done in the case of single terms. 

Illustrations: 

1. Add: Mi + M 2< 2Mi + 3/ 3 , 43 / 2 - 63/ 3 . 

Arrange the expressions so that like terms are in a column. 

M i -T M 2 
2 Mt + Mi 

43 / 2 - 6 Mi 
33 /1 + 53 / 2 - 53 / 3 
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2. Subtract 4 a — 26 from 9a + 56 — 3c. 

Arrange the expressions so that like terms are in a column, with 
the subtrahend beneath the minuend. 

9a + 5 6 — 3c 
4a — 2b 

Subtracting, 5a + 76 — 3c 

Problems 

Add the following polynomial expressions: 

1. 5x + 7 y, 3 x — y, x - 3 y, 

2. a — 66, 4a — 6, a + 6, 

3. 15 x 2 y — 4 y, —4 y — 6 x 2 y, —x 2 y + y , 

4. 6 x 3 yz, 3 y 2 — x 3 yz, —4 y 2 — 7 x 3 yz, 

5. 6a; 2 , 7 y 2 , lx 2 - 6 y 2 , -lx 2 - ly 2 , 

6 . 2a + 46 - 3c + 7, 3a - 26 + 4c - 11, -6a + 76 - c + 9, 

7. 6 x 2 y - 4 xy 2 + 6, 9 - x 2 y, 4 xy 2 - 12 x 2 y, 

8 . 6c - bd + 7, 3a - 26 + 6, 4e - 8/ - 13, 

9. y 3 - y 2 + y - 8, 2 y 3 - Gy + 5, 17 - 9 y 2 , 3 y 3 + 6y + 100, 

10. 4.7a; + 2.9 y, 0.6 y - 1.5a;, -0.2 y - 0.9a;. 

Subtract the following algebraic expressions: 

11 . 2a from 5a, 14. 2 x 2 y from 9 x 2 y, 

12. — 3r from 2r, 15. 3a + 46 from 5a + 55, 

13. 4» from -6 i, 16. 9 P-S from 10P + 35, 

17. x + 5y — 4u> from 3a; — 8 y + w, 

18. a + 26 — 3c from 3a — 26 + c, 

19. 4a; 3 - by 2 + 7 from 3a: 3 + 2y 2 , 

20. x 3 + 5x 2 - 10 from x 4 - 2x 3 + 2x, 

21. 9 rt 2 - 4r + 6< - 7 from 12, 

22. Qx 2 yz + 2 xy - lyz from 15yz - 9 xy + x*yz, 

23. iP + from f# - fT 5 + A0, 

24. fS + - 9Z) from D - , 

25. Subtract a - 6 + 3c from the sum of 2a + 26 - c an 

—4a — 7£ 4- 2c. 
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26. Subtract 7 - 2y + 3x from the sum of x + Qy - 10 and 
3y - 4x - 12. 

27. Subtract xy - 3x - 2 y from the sum of 10 + 2 xy and 


lx - 13. 

65. Multiplication of Polynomials. As a result of the funda¬ 
mental assumptions of algebra (see Section 22), the following rule 
for multiplication of polynomials may be stated: 

To multiply polynomials, multiply each term of one polynomial 
(i the multiplicand) by each term of the other (the multiplier), and add 
the results. 

The method for carrying out the multiplication of polynomials 
is illustrated below: 


Illustrations: 

1. Multiply 3x — 4 y by 2x + 5 y. 

Multiplicand = 3x — 4 y 
Multiplier = 2x -f 5 y 
2x times (3x — 4 y) = 6 x 2 — 8 xy 
5 y times (3x — 4 y) = loxy — 20 y 2 

Adding, Product = 6 x 2 + Ixy — 20 y 2 

2. Multiply x- — 4x + 5 by 2x — 3. 

Multiplicand = x- — 4x + 5 
Multiplier = 2x — 3 
2x times (x 2 — 4x + 5) = 2x 3 — 8 x 2 + lOx 

— 3 times (x 2 — 4x + 5) = — 3x 2 + 12x — 15 

Adding, Product = 2x 3 — llx 2 + 22x — 15 


Problems 
Multiply: 

1. (a - 6)(a + b), 

2. (c + d)(c + 2d), 

3. (x 4- 2y) (x + y), 

4. (x - y)(x - y), 

5. (2r + d)(2r + d), 

6. (x — w)(x + w), 


7. (F - 3 )(F + 4), 

8. (S + 2 P)(S - P), 

9. (C + 3)(C - 2), 

10. (p + q)(p - q), 

11. (a + L)(a + L), 

12. (3x - 7y) (2x + y), 
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13. (2c + rf)(9c - 4 d), 20. (F + D)(F 2 — FD + D 2 ), 

14. (3x 2 - 2z)(3x 2 + 2s), 21. (c + 3d)(c 2 - 2d + d), 

15. (5a 2 + 26)(4a 2 - 6), 22. (F + 3)(2F 2 - 8 Fp + 9), 

16. (:x 4 + 2 / 4 )(x - y), 23. (a + 6)(a 2 + 2a6 + 6 2 ), 

17. (z 3 - 8r 2 )(t - 2r), 24. (x - y)(y 2 ~ 12® + 36), 

18. (a 2 + i> 2 )(u 2 - v 2 ), 25. (a: 3 + y 3 )(a - 3x + 2y), 

19. (x — a/) (a: 2 + xy + y 2 ), 26. (z — 2w>) (z 2 + 2zit> + 4w 2 ), 

27. (m — n)(m 4 + m 3 n + m-n 2 + mn 3 + n 4 ), 

28. (p + g)(p 4 - p 3 q + vW ~ PQ 3 + <? 4 ), 

29. (a + 6 — a6)(a + 6 + a&), 

30. (x 2 + xy + y 2 ) (x 2 - xy + y 2 ), 

31. (3a 2 + a - l)(2a 2 - 3a + 2), 

32. (a + 6 + c)(a - b - c), 33. (1 + x + y)(l + x - 3y), 

34. (9r 2 - 3 i*j + 2j 2 )(8r 2 - 5j 2 - 2t», 

35. (P + £)(P + £)(P + S ), 36. (p - rfl(l + r)(p + t), 

37. (0.7p 2 - 0.2p + 0.7) (0.35p 2 + 0.6p - 0.84), 

38. (1 -y)(2-g)(3-g)(4-g). 

66. Factoring Polynomials. The problem of expressing 
polynomials as the product of factors is complicated because of the 
great variety of forms of polynomials. In Section 29, we saw that 
the monomial factors of a polynomial could readily be obtained by 
inspection; for example, the factors of PRT + 100P are the mono¬ 
mial factor P and the binomial factor RT + 100, that PRT + 
100P = P{RT + 100). There is no direct process for obtaining 
the factors of any given polynomial expression, so that we must 
depend upon our ability to recognize a given expression as having 

arisen from multiplication of certain factors. 

If the polynomial is the difference between the squares of two 
numbers, the sum of the numbers is one factor and the difference 
of the numbers is the other. Thus, x 2 - 25 may be written as 
(x + 5) (x - 5). Justification for this easy rule lies in the fact that 
multiplying (a + b) (a - b) gives a 2 - b\ and we have simply 

replaced a by x and b by 5. . , 

Factoring is usually limited to finding the factors of polynomials 

With rational coefficients, and we try to find factors that conta 
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only rational numbers. Often, very complicated expressions may 
be written in factor form if the worker can hit upon suitable com¬ 
binations which, when multiplied, will yield the given expressions. 
The following illustrations will indicate how certain trinomials (poly¬ 
nomials containing three terms) may be factored. 


Illustrations: 


x 2 + lx + 12 = (x + 3)(x + 4), 
x 2 - x - 12 = (x + 3)(x - 4), 
2x 2 + 9x + 10 = (2x 4- 5)(x + 2), 
12x 2 + 26x + 10 = (4x + 2) (3x + 5), 
10x 2 + llx - 6 = (5x - 2)(2x + 3). 


Problems 

Factor: 

1. 3afcc — 27a6, 

2. 2r - Art + 3r 2 , 

3. x 2 - y\ 

4. 16 - a 2 , 

5. x 2 + 6x + 9, 

6. 42 - G - G 2 , 

7. a 2 b 2 - 25mV-, 

8. R 2 + AR- 21, 

9. 2a 2 + 5a + 2, 

10. AR 3 - AR, 

11. 64 2 °- - 482-uj + 9 w 2 , 

12. D 2 + 0.5D + 0.06, 

13. 50F 2 - 72N 2 , 

14. 10x 2 - 26 xy 4- 12 y 2 , 

15. 3ca 4 - 36 4 c, 


16. 8r 2 - 15rs - 2s 2 , 

17. 30a 2 4- 17ap - 42p 2 , 

18. 12p 2 4- 40p - 7, 

19. (p + q ) 2 - 1, 

20. 625u> 2 - lOOwu + 4y 2 , 

21. c 2 d — d 2 c, 

22. 16x 2 4- 102x - 13, 

23. 2 z 2 y - 14 zy 2 + 8 y, 

24. aV - b 2 f\ 

25. (1 4- r) 2 - (1.03) 2 , 

26. 1 4- 2 rt 4- r 2 t 2 , 

27. Adt* + t n ~ 2 , 

28. y 2 + 2 xy + x 2 - 2 2 , 

29. 144 pq* + T2pq 2 4- 9p, 

30. 81s 2 p 2 4- 36spr 4- 4r 2 . 


67. Addition and Subtraction of Fractions. Everything 
that was learned about handling fractions in arithmetic may be car¬ 
ried over into operating with fractions in algebra. Fractions may 
be added and subtracted, multiplied and divided. Just as in arith¬ 
metic, we shall need to know how to get a least common denominator 
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when adding or subtracting; and we shall need to remember that 
when we divide one fraction by another, we invert the divisor and 
multiply. One basic principle we must keep in mind is that the 
value of a fraction is unchanged if the numerator and the denomina- 
tor are both multiplied by the same quantity (zero excepted). The 
following illustrations will serve to demonstrate how the least com¬ 
mon denominator is found, how to change fractions to equivalent 
fractions with the least common denominator, and finally how to 
combine fractions by addition and subtraction. 


Illustrations: 

1. Find the least common denominator for 

1 J7_ ^ 

a*’ ax 2 y 3 ’ 2 a 3 

First, write the prime factors of each denominator. 

a 4 = a - a - a' a, 
ax 2 y 3 = a • x • x • y • y • y, 

2 a 3 = 2 • a • a • a. 

Then write the product of all the different factors, using each factor 
the greatest number of times found in any one denominator. 

2 - a- a'a'a-X’X’y'y’y = 2 a*x 2 y 3 (LCD). 

The student will soon discover that the LCD can usually be found 
by inspection. 

2. Change the fractions of the preceding illustration to equiva¬ 
lent fractions having the LCD. 

When the LCD, 2aVy 3 , is divided by the denominator of the 
first fraction (a 4 ) we obtain 2 x 2 y 3 , which must now be multiplied 
by the numerator (3) of that fraction. As our new numerator we 
thus obtain 3 • 2 x 2 y 3 , or 6 x 2 y 3 . Hence, for the first fraction we have 

3 3 • 2 x 2 y 3 _ 6 x 2 y 3 

^ ” 2 a K x 2 y 3 2a K x 2 y 3 

Likewise, for the other two fractions we obtain 

7 7 • 2a 3 _ 14a 3 

= 2a 4 xV ~~ 2 a*x 2 y 3 ’ 

— 5 -5 • ax 2 y 3 _ -5 ax 2 y 3 
2 a 3 " 2 a*x 2 y 3 2a*x 2 y 3 


and 
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3. Combine the three fractions of Illustration 1 into one frac¬ 
tion by writing the numerators in succession over the common 

denominator. 

The three given fractions written in terms of their least common 
denominator are, as found in Illustration 2, 


Kence, 


6xV 

2 a x xh/ 


i + 

a* 


ax-y 3 


+ 


14a 3 

2 aVj/ 3 ’ 


and 


— oax-y 3 
2 a'x-y 3 ' 


-5 G x-y 3 + 14a 3 - bax-y 3 

2a 3 ” 2 a*x-y 3 


4. Add + ^ 

Since both numerator and denominator of a fraction can be 
multiplied by the same nonzero quantity without changing the 
value of the fraction, it is seen that 



— a 


Both numerator and denominator of the fraction were multiplied 


by (-1) to obtain and the last equality was found by the rule 

for dividing a positive number by a negative one. Ihus, we can 
write our original problem as 



It is seen that the rule for changing the signs of a fraction can be 
formulated as follows: 

Of the three possible signs in a fraction (in numerator, in denomi¬ 
nator, and in front of the fraction), any two can be changed without 
changing the value of the fraction. 


5. Add 




The LCD would be a- — b- if b — a could be written as a — b. 
This can be done by the rule for changing the signs of a fraction. 
Thus, since 


2 


2 
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the problem can be written 


3 




Changing into equivalent fractions having the LCD and adding, 
we have 


3 2(<z + b) _ 3 + 2a + 26 

a 2 — b 2 ' a 2 - b 2 a 2 - b 2 


Problems 

Perform the indicated operations: 
24 12 


1. 


1 + r (1 + r) 2 ' 


7 — _j_ JL A, 

9 ^ 7x 2 ^ Sx 


na 4D 

2 * T + 7T 


3. 


2a6 3 a 


a; 2 ?/ 


xy 


8 . 


9. 


4a 


5a 


(2a - 3) (a + 2) 
P 


P + 1 


- 0.04, 


4a 5 
4 * 5 8a’ 


10. —r d-5 4-1 

X 3 X 2 X 


fi 1,3 
6> P P 2 + 5’ 


11 . 


12 . 


2P 

3P 2 S 

x 


P - S S_ 
3 R + 2R’ 


2 - y 2 + x - y x + y 


y 


y 


14. 


15. 


16. 


3 q 

a 


2 V 


+ 


a 2 + 2a6 + b 2 ' a + 6 

£ + y x 


(a + &) 

2 

+ 


y 


x 2 — xy — 12y 2 (x — 4?/) 2 x + Sy 

3-2 a _3 

2a — ba b — 2 


19. 


d + 1 




17 ix ^ -|—!—, 

17 ' 2i + ft - 2i + k - 2 


20 . 


4d* - + d 2 t 2 - 1 
3x 2 + 4 xy _ 3a: 


2x 2 + xy - 6y 2 2z + 4y 


1 


1 


18, A B + AB 


+ 


+ - P 
+P ; 


68. Multiplication and Division of Fractions. To multiply 

fractions, we multiply their numerators for the numerator of their 
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product and multiply their denominators for the denominator of 
the product. Factors common to numerator and denominator 
may be canceled out either before or after the multiplication is 

performed. 


Illustrations: 

a 4 _6_ _ ar_ 
b 3 a-y b-y 

(2x + 3) 2 4 _ 4(2x + 3) 2 _ (2x + 3) 

12 ‘ (2x + 3) 12(2x 4-3) 3 

To divide one fraction by another, invert the divisor and then 
multiply. 

Illustration: 

3 x — 1 3 . *+! _ 3 _ 3 

(1 + x) 2 ' x + 1 (1 4- x)- x - 1 (14- x)(x - 1) x 2 - 1 


Problems 

Perform the indicated operations, and simplify: 


a 4 6 3 c 5 . ax 2 y* 


b 2 c 3 y 

a 2 c 

8. 

f V 

1 n + 1 

a 2 - b 2 

24x 2 

9. 

(¥-)•& 

3 xy 

y(a - b)’ 

4m4i 3 

15 r 2 s 2 

10. 

Prt P 

• 

3 rs 

8 mn* 

100 + k ’ 100’ 

5ab 

3 ax 

11. 

x 2 — y 2 6x 2 — 9x 

a — b 

’ a + b’ 

3x x — y 

10 a 6 z*w 
3 ac 

2 z 3 w 2 
‘ Gad ’ 

12. 

a + b a + 1 

, t 

a a — b 

1 i i 

5 » 


13. 

1 

X 

X 

1 

X - 

y 

\ } 

y - - 

X 


14. 

1 

T' 

X 
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15. 

Sx 2 — 8x 

+ 4 . x 2 - 

4x + 4 

— ■ j 



x + 3 

x 2 

- 9 



16 

R - S 

• 

R + S 


C 2 - P 2 800 



R + S - 

R - S' 


4 C - P 

y 

17. 

i 2 - r 2 

ir 




i z r 4 i 

- y 

— T 

24. 

— 19p 5 g 7 . r 2 s 



1 _ 1 



95 q ’ rs 2 ’ 


18. 

n n 
- ) 


25. 

44 i 3 . -lit 


71 


r 3 d & ‘ r 3 d 7 ’ 


19. 

(' Q 2 -2 q + qp) -5- |» 

Oft 

38 + 13r - 3r 2 

3 r 2 

20. 

(xy - x 

■, y - jv i 


27 r 

3r - 19’ 

\xy + y 

X + 1/ X 

27. 

2k 2 

6m — 5fc 

21. 

A 

(1 + ry 

(1 + r), 

5k 2 — mk — 6 m 2 

6mA: ’ 

22. 

Pdt 

(1 + dy 

1 

' l+d! 

28. 


y\ . y 

2/ ■ 12- 

«■ • 


69. Fractional Exponents. In Chapter II our discussion 
about exponents was confined to positive integral exponents only, 
and we used these exponents in multiplication, division, and rais¬ 
ing to powers. The fundamental laws for positive integral expo¬ 
nents may be summarized as follows: 

1. Law of multiplication: a m • a n = a m+n . 

2. Law of division: a m + a n = a m ~ n {a ^ 0, m > n). 

3. Law for power of a power: ( a m ) n = a mn . 

4. Law for power of a product: (abc •••)*" = a m b m c m • 

We may extend the definition of exponents to include fractional 
exponents by defining fractional exponents in such a way t a 
the laws for positive integers also hold for fractional exponents. 

Accordingly, we define 



and so forth, and, in general, 

a 1/n = -\/a, 


and 


o m/n = (Va) m > 
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provided that a is positive when n is even. The symbol y/ , 
known as a radical, denotes the root that is to be taken. The num¬ 
ber or expression under the radical sign is called the radicand, and 
the index of the radical specifies the root to be taken and the order 
of the radical. Thus, aJ/ 27 means “the cube root of 27,” \/64 
means “the sixth root of 64,” and so forth. For the square root 
it is customary to omit the index 2 and write the radical sign y/ . 
When there are two real roots, the radical without a sign prefixed 
indicates the positive real root. We say, therefore, that a ,/n means 
the nth root of a; and that a m/n means the /nth power of the nth 
root of a, or the nth root of the mth power of a. 

Illustrations: 

1. 9* = V9 = 3, 3. ( — 64) s = v^~64 = -4, 

2. 91 = (V9) 3 = 3 3 = 27, 

4. (8a 3 )l = (v^ 3 ) 2 = (2a) 2 = 4a 2 , or = \/<&a 6 = 

4a 2 , 

5. 16* • 161 = 16‘+‘ = 16 1 = 16, 

6. 27* -j- 27‘ = 27l-‘ = 27‘ = 3, 

7. (25 J ) 2 = 25* 2 = 25 3 , 8. (4‘ • 9i ) 4 = 4H • Qi* = 42 • 9\ 

9. (27x 3 // 6 )l = (^27^V) 2 = (3 xtf-y- = 9x 2 //\ or \Z(27x*y*)* 
= ^729x 6 // 12 = 9 x 2 y\ 

10. (a‘6 2 )l • (a6)l = a-W • aW = a*+l • 61+1 = a !fc*. 

Problems 

1. Express with radical signs: 


(a) 

(50)1, 

(/) 

(18)1 • (16)1, 

(*) 

(6x 2 ?/ 3 )l, 

(6) 

(1.02)1, 

(9) 

(1 + t)», 

(0 

14x//l, 

(c) 

(16x)l, 

(6) 

(12)1, 

(m) 

1-1 (xy)*, 

(d) 

16x1, 

(i) 

7(5r)*, 

(n) 

2 /?!, 

(e) 

fry)*, 

U) 

(R + 5)*, 

( 0 ) 

(18p 3 ? 2 )* • (1.04)*. 

Express with fractional exponents: 



(a) 

3a y/b, 

(/) 

v'Cp + 9 )*, 

(k) 

\/a 3 - x 3 , 

(6) 

*y/b\ 

( 9 ) 

VVa, 

0 l ) 

3C y/C 2 - 5 2 , 

(c) 

— 9m 4 y/m, 

(h) 


(m) 

V5i, 

(<*) 

y/ m z n 2 , 

0) 

y/{RSY- • y/T\ 

(n) 

-vW, 

(e) 

</( 1 + r) 5 , 

U) 

V3(l + *), 

( 0 ) 



192 


FURTHER ALGEBRAIC OPERATIONS 


[Ch. VI, §70 


3. Simplify the following expressions. Be sure to apply the 
fundamental laws for multiplying, dividing, and raising to a power 
where fractional exponents are met as well as to the already familiar 
positive integral exponents. 


(a) a* • a* • a*, 

(b) (f) 5 + (!)’, 

(c) (3s) 1 • (3s)«, 

(d) [(4r)*]», 

(e) ( 27 * - 5 )*, 

(/) (v /3 aom) 4 , 

(g) (x 2 y 4 z 3 )* • ( xyz 2 )*, 

(h) ( 1 6z*w)l ( 27 z 4 )\ 

(i) (r*Sy - (r&)*, 

8H-8IJ»I. 

9i • 64* 

(k) - 4a 3 ]*, 

(l) (1 + 0 . 05) 1 • \Zh05, 


(m) \/(l + r) 3 • Vl + r, 
(») (1.03) 13 4- [(1.03)*]®, 

(«) < 1 - 04 )*' ( 04 ) 1 ’ 

(P> + ')’ ■ (TTrF 


(9) 

(r ) 

(s) 


L\4 


2 - 2(i) 

i _ 1 * 

1 s 

3-3 (-v/2) 8 


-5 


60 


[- 


04 - (1 + 0-04) 2 
0.04 


} 



32* • 1000* • y/ (9) 3 
27 ^ (4.7) 3 • 0 + 400 


70. Zero Exponent. By assuming that the laws of exponents 
hold for all positive exponents and zero, we may find a meaning or 
a 0 , where a is not equal to zero. According to the law for mu tip 
cation we have that 

a m • a" = a m+n 

If 77i = 0, we have 

a° • a" = a°+ n = a n . 


Hence, since the multiplier a« leaves a" unchanged, we write a" 1. 
We may also show that any number other than zero ailec 

by the exponent 0 equals 1 by writing 

Qm _j_ q* — a m— " (771 greater than n). 


When 77i = n, we have 


But 

Therefore, 


a n -i- a n = a n_n = a 0 - 

a" -f 0 " = 1, 

a° = 1 M °)- 
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Illustrations: 

1 . 2 ° = 1 , 

2. (1.06)° = 
3. (-7)° = 


4. (3x)° = 1, 

5. 3x° = 3 • 1 = 3, 

6. K° + (1 + r)° = 1 + 1 = 2. 


Problems 

Find the value of: 

1. 4a° + 64, 7. (RST) Q -f- R*S°T° } 

2. (4a) 0 + 64, 8. (x 3 */ 2 )* ■ ( x-y 3 )°, 

3. (1 + i) # (l + i) 2 ( 1 + i) 4 , 9- [(1.08) 3 ( 1.06)°] 2 , 

4. (p + q ) 6 - (p + ?)° - 1°, 10. (3pg)° • 3p<?°, 

5. 2a°(2a)°, 11. (6°)°, 

6. 3x 2 ?/ 3 • x° • 0, 12. (472.65)°. 

71. Negative Exponents. The definition of exponents may 
also be broadened so as to give meaning to negative exponents. In 
order for a~ n to obey the law of multiplication, we must have 

a -n . a n — a -n+n = a ° = 1 (u positive, a 0). 

That is to say, ar n and a n must be reciprocals, since l/a n is the 
only number that will multiply a n to give 1. 

Hence, we write a n = . 

' a~ n 

We see, therefore, that a number raised to a negative power is equal 
to the reciprocal of the same number raised to the corresponding 
positive power if the multiplication law of exponents is to be satis¬ 
fied. This definition of a negative exponent will satisfy all the 
laws of exponents we have studied. 


Illustrations: 



1 

(1 + i) 3 ’ 



2. (1 + i)~ 3 
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Problems 


1. Give the value of: (— 27)*, (f)~ 3 , (81)-*, (1.2) -2 . 

2. Write with positive exponents in simplified form: 


(a) (1.06)— 6 , 

© * r;, 

y~ 2 x 4 

(b) (1.04)-!, 

(i) a" 3 + b~ 3 , 

(c) (1 + r)-», 

(k) p~ 2 q 2 -5- (1 + r)“ 2 , 

(d) (p + q)~ n , 

<*) (1)-*, 

{e) (a + 6)- 3> 

w a)-*, 

(/) + tr\ 

(») 6- 1 + ^ 

(g) P (i + 

(o) 100(1 + r)-\ 

(A) v" n , 

(p) 670(1.03)— 7 . 


Simplify and leave your answer free from negative exponents: 


3. 

4. 

5. 

6. 

7. 

8 . 


(xV)-!(x 3 y 2 )!, 

( r l s -l)- 2 (rs§) 8 , 

a b b~ 2 c~ 3 

a~ 2 b 3 c~ l} 

x~V 
xh 3 ’ 


(3IZ~ 2 S-i)i 
(3 R°Sy ’ 


(C~ 2 S 4 T°)t 
CST ; 


9. (x~V) (xy)~ 3 • xy, 

10. (abc)(abc)ta*bW, 

11. (i~ l j 2 k n ) * (ij~^k) ~ l y 


12. x~*y°z 3 -5- xyz ~ 2 , 

*S~ 2 - r- 2 
13 - S + r ’ 

14. a -3 (o + a 2 ), 

15. (r- 1 +u- l )(r- 1 +2u~ 1 )' 


16. (xV - 2 )(x 2 y* + 3), 

17. (R* - £*)(# + ## + ^)» 

18. (x 3 - y ~ 2 ) 2 . 

Compute: 

19. (1.06) 4 • (1.06)”*, 

20. (#)->(*)-*, 

21. ( — 8)* -4-1 + 1, 

22 ‘ 100 ' (L03? (l-03p ’ (L ° 3) ’ 

OQ (—32)1(8)1(225)-! 

(100)- 1 • (15)" 1 

24. 4 ! • 4° • 4 2 — 31, 

25. (1.05)-* - 

26. 1.02 - (1.02)" 1 

27. (\/2 - V / 3)(V / 2 + V%)> 

28. (27-1 - f)[f - (*)*]. 
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72. Operations with Exponents and Radicals. In many 
problems of business and finance, operations involving exponents 
and radicals occur in the extraction of roots, simplification of expo¬ 
nential expressions, and solving certain equations involving powers 
and roots. Tables giving powers and approximate roots of num¬ 
bers are available in most handbooks and aid in making computa¬ 
tions. Certain powers and roots for numbers from 1 to 100 are 
given on pages 377 to 379. We shall see later that logarithms are 
useful in dealing with exponential expressions and in solving expo¬ 
nential equations. At times, however, we shall need to be thor¬ 
oughly familiar with the rules for exponents in making computa¬ 
tions without the aid of tables and other labor-saving devices, for 
it is almost impossible to rely entirely upon such devices without 
an understanding of the processes and operations involved. The 
following types of simple computations should be thoroughly 
mastered. 


Illustrations: 

1. What is the value of 23 cubed? 

In Table II, page 378, go down the left-hand column to the 
number 23. Opposite 23, in the column marked “Cube,” we find 
12,167. Hence 

23 3 = 12,167. 

2. What is the value of 5.7 squared? 

In the table, go down the left-hand column to the number 57. 
Opposite 57, in the column marked “Square,” we find 3,249. Since 
there must be two decimal places in the product, we write, 

5.7 2 = 32.49. 


3. What is the value of \/75 -f- \/48 — 

We may first simplify the expression by writing 



V25 X 3 + V 16 X 3 - V9X~3 = 5V'3 + 4 V / 3-3\/3 

= 6 VS. 

In the table, we find \/3 = 1.7321. Hence, 6 \/3 = 6 X 1.7321 = 
10.3926. 

4. Find (|) 3 . 

Since the quantity within parentheses is to be used as a factor 
three times, we write 
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27 

5 A 5 A 5 125' 


Hence, 



5. Find Vr- 

We may avoid the use of two approximate numbers from the 
table if we first rationalize the denominator by multiplying both 
the numerator and the denominator of the fraction by y/7. We 
have 

V2l 

■ • 

7 


/3 _ \/3 _ V3 V7 
\7 V7 V7 V7 


In the table we find \/2i = 4.5826. Hence, Vr = 4.5826 -s* 
7 = 0.65. 

6. Write y/200x 3 in simplest radical form. 


\Z200x 3 = V100 Xx 2 X2x = 10a: X y/2x. 

7. Write y/^x 2 y 4 in simplest radical form. 

y/§x 2 y A = y </ (3a:) 2 = y(3a:) J = y(3a:)* = y y/Zx. 

Thus, we see that if the exponent of the radicand and the index 
have a common factor, it may be divided out. 


Problems 

By making use of the table on pages 377 to 379, wherever pos¬ 
sible, find the value of each of the following: 


1. 19 2 , 

2 . 3 8 , 

3. 12 4 , 

4. (I) 3 , 

5. 93 3 , 

6. (0.06) 2 , 

7. (3.7) 3 , 

« 43 
73 ' 

9. (0.05) 6 , 

10 . 8 3 + 6 2 , 

11. 5 2 X 3 2 X 4 3 , 

12. Vl44 + \/729, 


13. \/529, 

14. VP41, 

15. 


43 



16. y/9S + a/288 + V™, 

17. 37 3 X 1.5 2 , 

18. v^50 - ^128, 

19. 

20 . . 

21. 2 a/ 48 + \/l2 - y/27, 

22. v^T - f ___ 

23. 3 V45 + 2 Vl25 - y/500 r 

24. y/Z2 - y/l2. 



17 

■5T7 


03 

"ST; 
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Express in simplest radical form: 


25. VS, 

26. VT^ooo. 

27. V24> 

28. 

29. \/98;V» 

30. \/54/? 4 5 5 , 

31. V^SS 7 * 2 , 

32. Vl62x 10 */ 3 , 

33. \/0.75p 7 gs*°, 

34. V800(1 + V 3 , 

35. V36> 


36. V25» 

37. VlOOxV, 

38. V±iY> 

39. V27zV> 

40. V8iM 

41. Vl0,000S 2 T 6 , 

«■ ® 

43. VO.008? 18 , 

44. V 242x 3 X V^" 6 . 

45. V(lW 4 X V (1.05) 4 P 7 . 


A knowledge of exponents is quite useful in solving many types 
of equations encountered in financial and business problems. A 
more extensive treatment will be given in a later chapter, but a few 
illustrations and problems at this time will show’ their application 
in some of the simpler equations and formulas. 


Illustrations: 

1. Solve the equation A rl = 36. 

The instructions embodied in the exponent of N are to find the 
number such that when w*e take its cube root and then square the 
result we shall have 36. To find N, we make use of the fact that 

N = (ATJ)i, 

w’hich follows from the law for raising a pow'er to a pow’er. Hence, 
by raising both sides of the given equation to the f pow’er, we see 
that 

N = 36* = 6 3 = 216. 

2. Find the value of the expression 5(1-4- f) -n , when S = 200, 
i = 0.04, and n = 2. 

Making the substitutions, we have 

200(1.04)- = (Si - OT “ 184 9L 
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Problems 


1. Solve the following for x: 


(а) x * = 3, 

(б) zi = 16, 

(c) x ~* = 2, 

(d) = 5, 

(e) 2x* = +54, 


(/) = 18, 

G 9 ) (1 + x)i = 1.03, 
(A) 384 = 3 X 2 Z , 

(*) A = 4(^) z . 



Simplify and find the value of the following expressions: 
(a) P(1 + r) n , when P = 500, r = 0.08, and n = 2; 


(k) R ^ ^—J> when R = 100, i = 0.06, and n = 2; 

[ n 4- {) n — i"| 

-- l when R = 200, i = 0.03, and n = 2; 

(d) 4(1 + r)~», when A = 1,000, r = 0.03, and n = 2; 

( e ) - y_ r > when a = 3, r = 2, and n = 6; 


(/) ar*” 1 , when a = — J, r = n = 6; 

(Z7' n — Ct 

({/) — _ 1 > when r = -1, a = 2.3, n = 26; 


(A) P 


' (1 +t)-" - l j 


> when R = 50, t = 0.04, n = 1; 


2 

(f) j- _ ^ ^_ n > when i = 0.025, n = 1; 

0) p[(l + i) 1/p ~ 1], when p = 2, t = 0.21; 

(/c) p ( T+ ly'v - l ’ when P = 2, i = 0.44; 


(Z) P (l + ^) , when P = 1,000, j = 0.06, m = 2, w = 1. 


\ mn 


73. Square Root. When neither tables of square roots nor com¬ 
puting machines are available, it is often necessary to find a square 
root by arithmetic. The process may be explained through algebra 
but is perhaps best demonstrated by means of examples. In the 
first illustration below, each step is shown in the order in which the 
operations are carried out. 
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Illustration 1: Find the square root of 591.285. 

1. Point off the number into groups of two 
places each, beginning at the decimal point and 
working both ways. The root will have one digit 
for each group, and the decimal point will be 
directly above the decimal point in the number. 

2. Find the largest square in the first, or left- 
hand, group, and enter its square root as the first 
digit in the answer. At the same time, place this 
square below the first group, and subtract. 

3. Bring down the next group for a partial 
remainder. 


4. Double the root already found for a trial 
divisor. 

5. Place the trial divisor to the left of the partial 
remainder, leaving enough space to write another 
digit in the completed divisor. 

6. For the moment, disregard the right-hand 
digit in the partial remainder, and divide the rest by 
the trial divisor for a trial quotient. 

7. Write the trial quotient as the last digit in 
the completed divisor, and also as a new digit in 
the answer. 

8. Multiply the completed divisor by the trial 
quotient, and subtract the product from the 
remainder. 


y/ 5|91.28|50 


2 . 

V5|91.28|50 

4 

1 

2 _ 

\/5| 91.28| 50 
4 

1 91 

2X2 = 4 

2 . 

y/ 5|91.28|50 
4 

4 1 91 

19 -H 4 = 4+ 

2 4. 

y/ 5|91.28|50 

4_ 

44 191 

2 4, 

y/ 5|91.28|50 

4_ 

44 1 91 

4 

176 1_76 

15 


9. Repeat steps 4 to 8 until the root is found to as many decimal 
places as desired. The work necessary to carry out the answer to 
two decimal places is given below. 
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2 4. 3 1 


V5|91.28|50 

4 


44 

1 91 

(Trial divisor 4) 


176 


483 

15 28 

(Trial divisor 48) 


14 49 


4861 

79 50 

(Trial divisor 486) 


48 61 



30 89 



Sometimes, the product found in step 8 turns out to be larger 
than the partial remainder from which it is to be subtracted. When 
this happens, we must decrease the trial quotient by one point 
and retrace steps 7 and 8. A little practice will enable the worker 
to foresee this situation and use the correct quotient in the first 
place. 

Illustration 2: Find the square root of 3,961. 

6 3. 

\/39l6l 

36 

123 3 61 (Trial divisor 12) 

3 69 

We see that the trial quotient 3 is too large; so we must change it 
to 2. By making a mental trial we might have anticipated this 
situation and written 2 in the first place instead of trying to use 3. 
We have 

6 2. 9 
V39|61.00 
36 

122 3 61 (Trial divisor 12) 

2 44 

1249 1 17 00 (Trial divisor 124) 

1 12 41 

When the trial divisor in step 6 turns out to be larger than 
that part of the partial remainder into which it is to be divi e , 
a zero must be entered in the trial divisor and in the answer, an 
another group brought down. The work then continues as e ore. 
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Illustration 3: Find the square root of 921.86. 

3 0. 3 6 
V9|21.86|00 
9 

603 21 86 (Trial divisor 60) 

18 09 

6066 3 77 00 (Trial divisor 606) 

3 63 96 

We see that 6 was too large to divide into 2 after the 21 was 
brought down. We therefore place a zero beside the 6, making 
the trial divisor 60, and also place a zero in the answer. Then the 
86 is brought down, making the partial remainder now 2,186. T.he 
work is then carried out as shown in steps 6 to 8. 


Problems 

Mark off the following numbers into groups of two places each, 
and place the decimal point in the correct position; then extract 
the square root to three decimal places. 


1. 355.50. 

2. 876. 

3. 397.6. 

4. 888.431. 

5. 1.083. 


6. 1.06. 

7. 0.065. 

8 . 0 . 2 . 

9. 0.00368. 

10. 731.86424. 


Obtain the square root of the following numbers to two decimal 
places, and round off to one decimal place; hence obtain the square 
root correct to one decimal place: 

11. 934. 14. 89.34. 

12. 6. 15. 3.905. 

13. 2. 16. 1,056.7. 

74. Formula Graphs. The compound amount A of a prin¬ 
cipal P for a period of 5 years at 6% is expressed by the formula 

A = P(1.06) 6 . 

Taking (1.06) 5 = 1.34, this formula may be written A = 1.34 P. 

This mathematical statement may be represented graphically 
by computing a set of values satisfying the formula and drawing a 
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line graph of the data secured. It is usually desirable to draw a 
smooth curve through the plotted points, especially when a great 
many points have been used. The calculations for values of P 
equal to $100, $200, $300, and so forth, to $800 are given below, 
and the corresponding graph is shown in Figure 3. 

Value of P • 1.34 = Value of A 


p 

A 

S100 

% 134 

200 

268 

300 

402 

400 

536 

500 

670 

600 

804 

700 

938 

800 

1.072 


The graph of the formula A = P(1.06) 6 is a visual representa¬ 
tion of the relationship between a given principal and the resulting 
amount determined by this principal through the algebraic state¬ 
ment. Since the interest rate (0.06) and the time (5) are constant, 
there are but two variables in the formula. Since the amount A 
depends upon whatever principal P is selected, we say that A is 
the dependent variable and P is the independent variable and that A 
is a function of P. 
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In general, it is said that one variable is a function of another 
variable if a relationship exists between the two such that when the 
second is given, the first is determined. This relationship may be 
expressed in words, in a table of values, in an algebraic formula, or 

in a graph, as we have done in Figure 3. 

In making a graph to show the relationship between an inde¬ 
pendent variable and a dependent variable, it is conventional to 
locate pairs of corresponding values with respect to a pair of per¬ 
pendicular lines, called the coordinate axes. One of these reference 
lines is drawn horizontal. Then negative values of the independent 
variable are laid off to the left of the vertical line, and negative 
values of the dependent variable are laid off below the horizontal 


line. 



Illustrations: 

1. Graph the equation xj = 2x — 4. 

As written, the equation would indicate that x is the independ¬ 
ent variable, y the dependent variable. ^ alues of x are selected 
arbitrarily, and the corresponding ij values are found by substitu¬ 
tion into the equation. A few of these pairs of values are shown 
in Figure 4. 




y 



Figure 4. Graph of y = 2x — 4 
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The pairs of values x = 0, y = —4; x = 1, y = —2; and so 
forth, are usually simply written as (0, —4), (1, —2), and so forth, 
and are referred to as the coordinates of the respective points on the 
graph. The point (3,2), for example, is located by moving 3 units 
to the right of the y axis and 2 units up from the x axis. To plot 
the point ( — 2, —8), we move 2 units to the left of the y axis and 
8 units below the x axis. When sufficiently many points have been 
plotted to indicate the nature of the relationship, a smooth curve 
(in this case, a straight line) is sketched through the points to com¬ 
plete the graph as shown in Figure 4. 

2. An economist in studying price changes developed the follow¬ 
ing formula relating the price of a certain commodity to the time 
elapsed since the end of World War II. 

P = 80 + 16t — t\ 


in which t is the time in months and P is the price. 

To observe the graph of the formula for a period of 1 year, we 
first find values of P corresponding to t = 0, 1, 2, 3, and so forth, 
to 12, and then plot the “points” thus obtained on coordinate 
paper, using perpendicular axes for t and P (see Figure 5). 


P 



t 

P 

0 

80 

1 

95 

2 

108 

3 

119 

4 

128 

5 

135 

6 

140 

7 

143 

8 

144 

9 

143 

10 

140 

11 

135 

12 

128 


Figure 5. Graph of P — 80 + 16t t* 

A smooth curve drawn through the plotted points completes the 
graph of the formula. The curve (Figure 5) indicates that the price 
of the commodity rose steadily for the first 8 months and then 
began to fall. The peak of the curve is sometimes referred to as 
maximum,, as contrasted with a low point in a dip, which is called 
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minimum, although, of course, more precise definitions would be 
required in a thorough analysis._ 

Problems 

Draw graphs of the following formulas or equations: 

1. L = 2.4d. (Take at least 5 negative and 5 positive values 
of d.) 

2. y = 2x + 1. (Take integral values of x from —3 to -f 4.) 

3. S = (1.06)". (Take n = 1, 2, 3, and 4.) 


In Problems 4 to 19 take convenient values for the independent 
variable, and sketch a smooth curve through the plotted points. 


4. y = Sx — 2. 

5. y + x = 4. 

6. 2y + 4x = 3. 

7. x = 2y — 3. 

8. y = 2x 2 . 

9. y = V~x. 

10. 2y 2 = x. 

11. y = V16 - x 2 . 


12. y = y/2o + x 2 . 

13. / = P(0.04)(3). 

14. y = 3*. 

15. y = 3 -r . 

16. y = 2 • 3*. 

17. y = 3* + 4. 

18. .4 = 7Tr 2 . 

19. C = D 2 + 5D + 6. 


Exercises 

1. Add the following expressions: 

(а) L x "b 2L I+ i — 3L x+2 and 4L X 6L x +i 4* 9Z/ x +2, 

(б) C - AS*, 4C + 5 RS k , and 

(c) an + nL, 2an — 3 nL, and an + nL + 15, 

(d) ar* + ar 3 + ar 2 + ar + a, and —ar — ar 2 — ar J , 

(e) 4xy — 3x4/ + 2xj/ 2 , and xj/ 2 + x 2 j/. 

2. Simplify: 


(а) 5x — 4y — (2x - 3 y), 

(б) (1 + 2r + r 2 ) - (r - 

(c) XiT/i + X 2 i/2 + X3J/3 ~ 


r 2 ), 

X \ V \ + X:!/ 2 + XzVi 


(d) (6n — 7n) — (2n + 3n) — (—3n + 5n), 




206 


FURTHER ALGEBRAIC OPERATIONS 


[Ch. VI, §74 


Find the following products, and simplify your answers: 

3. (3x + 2)(3x - 2). 

4. (7s - 6)(4s + 3). 

5. (R - S)(R 2 + RS + S 2 ). 

<•-?(-♦¥} 

7. (P + 2)(2P - 40)(P - 1). 

Factor the following expressions: 

8. 32m 2 - 50n 2 . 

9. 28a 2 - 8a - 20. 

10. 3 R 2 + 43P - 30. 

11. a 2 b 2 c 2 — a 2 b 2 d 2 . 

12. - s 2 + - x + 1. 

13. Divide 2s 2 - 11s - 21 by 2x + 3. ( Suggestion: Factor and then 
simplify.) 

14. Divide the sum of (a + b ) and (a — b) by the product of a and b. 

15. Obtain by inspection the following products: 

(а) 3x(4x - 1), (d) 2p 2 (4p - 3?), 

(б) (2s + l)(2x - 1), (e) 3s(3s + 2)(3s - 2). 

(c) (r - 5)(r + 4), 


16. Factor the following: 

(а) P + Pni, (d) k 2 + 5k - 24 

(б) 9x 2 - 25 y 2 , (e) 3m 3 - 6m 2 - 24m 

(c) d 2 -d- 6, 


(/) P(1 - di)(l - d 2 ) - P(1 - di)(l - d 2 )d3, 
(?) C(1 - r) - (1 - r)Cr, 



n(n — 1) 
2 


i 2 + 


n(n — lKn —2) ., 

• ~ l • 

6 


17. Simplify by factoring and cancellation: 


(a) 

(*>) 


4s 2 - 9y 2 
G y — 4x 
t 2 + M + 4 
< + 2 


(P + OK 

(c) 2K + 4KP 
6x 2 — 7s — 3 

(d) 4s 2 - 12s + 9’ 


a 2 + 2ab + b 2 a 2 - 2 ab + b 2 
^ a -b ' a + b 
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18. Expand: 

(a) (x + y)\ (c) (1 + R)\ (e) (2x - l) 4 , 

(b) (x - t/) 3 , ( d ) (2r + g) 3 , (/) [a + (1 + r)] 2 . 


19. Perform the indicated operations: 



(d) | + -^r 
3 a -f 6 





x — 1 
(* - 1 ) 


—• • 
2 


Graph the formulas of Problems 20 to 28 by drawing a smooth curve 
through at least five sets of values. 


20. 

I = 

2,400(0.06)*. 

24. 

/l = 4D + 2D 2 . 

21. 

I = 

(1.03)". 

25. 

5 = e u . (Take e 

22. 

P = 

100 

26. 

3y = 6x — 2. 


(1.06)" 

27. 

3 = $100(1.06)". 

23. 

y = 

3x + 4. 

28. 

x* = y + 4. 

29. 

Simplify: 




(a) 

xYta/ 2 ) 1 , 

(J7) 

6" • 6", 


(*) 

(a6c)(a 2 6 2 c)(a6c) 2 , 

(A) 

5a*6-* • 3aW, 


(c) 

(2a°)(2a)°, 

(0 

c-»(2d)-*(cd), 


(d) 

z n-l . x l-n 0), 

(j) 

2" 2 3 , 


(«) 

(— 4x 2 t/ 3 )(6xr/ 2 ), 

(k) 

8a~*b~ 2 - 4a&, 


(/) 

(3x -2 y 6 )(—2x 3 y -4 ), 

(0 

/iV 



a * \4a/ 

30. 

Simplify: 




(a) 

7 2 X 10 8 , 

(d) 

1 f9 


(b) 

'V / l6c 4 d 8 , 



(c) 

Jill, 

(e) 

2 \/2 X 7 \/3, 


\ 11 

(/) 

(2 V^7 - V48) 


31. Find the square root of each of the following numbers correct 
(rounded off) to two decimal places: 

(а) 75.90, ( d) 0.0144, ( g ) 202.04, 

(б) 4,780, (e) 0.1440, ( h ) 27.035, 

(c) 1,026.34, (/) 0.00367 (t) 9.0064. 
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Self-Test 

Time: 50 Minutes 

(Score 5 points for each problem correctly solved) 

1. Subtract the sum of m + 2n and n — 2m from 4m — 4 n. 

2. If L x + L x + 1 persons each receive D -f- 2 dollars in dividends at the 
end of each year for N years, what is the total amount of dividends received? 

3. Multiply (1 — a)(l — 6)(1 — c). 

4. What is the sum of (a + L) 4* (a + L) + (a + L) and so forth, 
for n terms? 

5. Simplify: 

(а) (2x-y)(-3 x*y->), ( c) (a" 2 6*) 2 

( б ) 2 aW ■ a°b-*, (d) 4a" 2 6 _1 + 2 ab. 

6 . Simplify: 

(a) a/27 - \/48, (&) (<0 'V / 81xy 

7. What is the square of 1 H—? 

m 

8 . Write in simplified form: 

n 

D x ' 2Z), 


Prt . P 

9 * Dlvlde loo+l by Too' 

10. Perform the indicated operations: 

P + S 

R 

R 


27 - x 3 , 9x 2 

11. Write in simplest form the product of 27x 3 3 — x 


12. What is the LCM of m + n, m - n, m 2 - n 2 , and m? 

13. Divide 2x 2 + * - 10 by x - 2. 

14. Write in expanded form: (H + T) z . 


15. What is the square of x + y + r? 

16. The graph of the formula L = 16 + d passes 


through what point 


where d = 7? , 

17. Between what two values of t does the graph 
£ _ 4 _j_ 6 * _ p pass through a “maximum pom . 


of the equation 
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18. What is the value of y where the graph of the equation 2y = 3x — 7 
crosses the y axis? 

19. Draw the graph of A — P(1 + i) n , P — \,i = 0.05, using n = 1, 2, 
3, 4, and so forth. Describe the shape of the curve. Does .4 increase or 
decrease with n? 

20. Find the square root of 2,360 correct to two decimal places. 



Chapter VII 

LOGARITHMS 


Introduction. Many calculations that occur in business and 
industrial problems entail lengthy arithmetic operations. Even 
the simple task of multiplying $437.63 by 92.64 and dividing the 
product by 352.7 turns out to be a rather lengthy calculation when 
carried out in the usual manner by the use of multiplication and 
division. Workers vary immensely in the rapidity and accuracy 
with which they perform arithmetic computations; but no degree 
of competence eliminates the vast amount of time and labor required 
when no labor-saving device is employed. 

Computations involved in various problems can often be carried 
out in a much more efficient manner by the use of logarithms a 
labor-saving device invented early in the seventeenth century. By 
means of logarithms, multiplication and division of numbers are 
reduced to the simpler operations of addition and subtraction of 
their corresponding logarithms, and such operations as the extract¬ 
ing of a root and the raising to a power are reduced to the simpler 
operations of multiplication and division. Calculating machines, 
tables, and slide rules are all valuable aids to computation, but 
logarithms have a place in the business world which cannot be over¬ 
looked by the student of business and finance. 

The present chapter deals with the meaning and use of loga¬ 
rithms and is intended to give the student a working knowledge o 
this labor-saving device. One of the many important applications 
of logarithms will be found in the solutions of equations arising in 
connection with such problems as compound interest and paymen 

of debts, which will be discussed in the next chapter. 

75. The Meaning of Logarithms. In the study of exponen s 

certain numbers were expressed in terms of powers o 
example, 


210 
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1 = 10 °, 

10 = 10 1 , 

100 = 10 2 , 

1,000 = 10 3 , 

10,000 = 10 4 , 

100,000 = 10 5 , 

and so forth. 

But what about the numbers between 1 and 10, between 10 and 
100, between 100 and 1,000, and so forth? Does it not seem rea¬ 
sonable that if the proper exponent were known in each case, every 
positive number might be expressed in terms of 10 raised to a power? 
Furthermore, would we not expect that if the number is between 1 
and 10, the exponent needed would lie between 0 and 1 ? Is it not 
evident that, for numbers between 10 and 100, the needed expo¬ 
nent would lie between 1 and 2; for numbers between 100 and 1,000, 
the exponent would lie between 2 and 3, and so forth? In fact, 
it is true that every positive number can be expressed, to any 
desired degree of approximation, in terms of 10 raised to a power. 
For example: 


1 = 

100.00000 

26 

= 

10 1 41497 , 

875 

— 

1Q2.94201^ 

2 = 

100.30103 

54 

— 

10 1 73239 , 

990 

— 

10 2.99564 > 

6 = 

10°* 77816 , 

82 

— 

10 19| m 

1,000 

= 

103.00000^ 

8 = 

100.90309 

97 

— 

10 1 98677 , 

1,964 

= 

10 3 - 29314 , 

9 = 

10°.95424 > 

100 

= 

102-00000 

3,472 


103.54058^ 

10 = 

101. ooooo 

248 

— 

10 2 39445 , 

7,965 

— 

10 3 90H 9) 



462 


10 2.66464 > 

9,240 


103.96567 


The exponents above are correct to five decimal places, and the 
statements are of the form 



in which to every positive number N there corresponds a definite 
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value x. (It can be seen that a negative number does not have a 
real number for its exponent when the base is positive. For 
example, when x is negative, 10“ z may be written l/10 x , which is 
positive.) The exponent x is called the logarithm of N to the base 
10. Hence, a logarithm is an exponent—a special exponent thai 
corresponds to a number which may be expressed as a base raised to a 
power. Bases other than 10 are often used in connection with 
certain phases of mathematics, but the base 10 is most convenient 
for most computations. 

According to the definition of logarithms we say that the loga¬ 
rithm of 1 to the base 10 equals 0, the logarithm of 2 to the base 
10 equals 0.30103, the logarithm of 6 to the base 10 equals 0.77815, 
and so forth. In general, when referring to a number N whose 
logarithm is x , we may say that the logarithm of N to the base 10 
equals x. In abbreviated algebraic notation, this is written 

logio N = x, ( 2 ) 


or simply log N = x, where it is understood that the base is 10. 
Equations (1) and (2) give the same information in two different 
ways. The first is called the exponential form; the second, the 

logarithmic form. 

In logarithmic form, the preceding statements may, therelore, 
be written as follows: 


log 1 = 0.00000, 
log 2 = 0.30103, 
log 6 = 0.77815, 
log 8 = 0.90309, 
log 9 = 0.95424, 
log 10 = 1.00000, 
log 26 = 1.41497, 
log 54 = 1.73239, 
log 82 = 1.91381, 
log 97 = 1.98677, 


log 100 = 2.00000, 

log 248 = 2.39445, 
log 462 = 2.66464, 
log 875 = 2.94201, 
log 990 = 2.99564, 

log 1,000 = 3 . 00000 , 

log 1,964 = 3.29314, 
log 3,472 = 3.54058, 
log 7,965 = 3.90119, 
log 9,240 = 3.96567. 
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Problems 

1. Write the following statements in logarithmic form: 

(a) 10,000 = 10\ (t) 8,422 = 10 3 92842 , 

(b) 2,550 = 10 3 406M , O') 842.2 = 10 2 92642 , 

(c) 87.55 = 10‘- 94228 , (k) 84.22 = 10 l - 92M2 , 

(rf) 6.25 = 10 0 79588 , (l) 8.422 = 10°- 92542 , 

(e) 35 = 10 1 - 64407 , (m) 13 = 10 1 11394 , 

(/) 3.5 = 10° 54407 , (n) 1,000,000 = 10 6 , 

(g) 8 = lO 0 90309 , (o) 101 = 10 2 00432 . 

(h) 120 = 10 2 07918 , (p) 75 = 10 1 87606 . 

2. Write the following statements in exponential form: 

(а) log 5 = 0.69897, (g) log 290.95 = 2.46382, 

(б) log 45 = 1.65321, (h) log 5,325.2 = 3.72634, 

(c) log 290 = 2.46240, (i) log 2,345 = 3.37014, 

(d) log 5,325 = 3.72632, (j) log 234.5 = 2.37014, 

(e) log 5.25 = 0.72016, (k) log 23.45 = 1.37014, 

(/) log 45.9 = 1.66181, (/) log 2.345 = 0.37014. 

3. Fill in the blanks in the following table: 


Number Base log 

(а) 32 2 _ 

(б) - 4 3 

(c) 9 - 2 

(d) 49 _ 2 

(e) 216 6 _ 

(/) t 2 _ 

(i g ) 0.001 _ -3 

(A) * _ 3 

(i) - 4 -2 

(j) - 6.342 0 


76. Characteristic and Mantissa. We have seen that a 
number between 1 and 10 has a logarithm between 0 and 1, writ¬ 
ten 0 plus some decimal. If the number is between 10 and 100, 
the logarithm is 1 plus some decimal. A number between 100 and 
1,000 has a logarithm equal to 2 plus some decimal. In general, the 
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logarithm of a number will consist of an integral part and a decimal 
part. The integral part is called the characteristic and the positive 
decimal part, the mantissa. It can be shown, for example, that the 
logarithm of 5,278 = 3.72247 to five decimal places. In this case, 
the characteristic is 3, and the mantissa is 0.72247. 

Consider, now, positive numbers less than 1. From the defini¬ 
tion of logarithms it is evident that the two forms of statements in 
the following table are equivalent: 


Exponential Form 

10 ° = 1 ., 

10- 1 = 0 . 1 , 

10- 2 = 0 . 01 , 
10" 3 = 0 . 001 , 
10 ~< = 0 . 0001 , 
and so forth. 


Logarithmic Form 
log 1 = 0, 

log 0.1 = — 1, 

log 0.01 = -2, 

log 0.001 = -3, 
log 0.0001 = -4, 
and so forth. 


It appears from the foregoing expressions that the logarithm 
of a number between 0 and 1 is negative. It also appears that the 
logarithm of a number between 1 and 0.1 lies between 0 and — 1 
and hence equals — 1 plus some decimal. Similarly, it is indicated 
that the logarithm of a number between 0.1 and 0.01 lies between 
— 1 and —2 and hence equals —2 plus some decimal, and so forth. 
To illustrate, 

log 0.43 = —1 + the mantissa 0.63347, 
log 0.08 = — 2 + the mantissa 0.90309, 
log 0.004 = — 3 + the mantissa 0.60206, 
log 0.00075 = —4 + the mantissa 0.87506. 

The mantissa, or the decimal part of a logarithm, may be found 
in a table of logarithms. It would be more correct to call such a 
table a table of mantissas, since the characteristic, or the integra 
part, is not given in the tables and must be determined by inspec¬ 
tion. The characteristic is found by simply observing whether the 

number lies 

Between 1 and 10. 

Between 10 and 100, 

Between 100 and 1,000, 

Between 1,000 and 10,000, 
and so forth, 
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or Between 1 and 0.1, 

Between 0.1 and 0.01, 

Between 0.01 and 0.001, 

Between 0.001 and 0.0001, 
and so forth. 

This discussion leads naturally to the following rules for deter¬ 
mining the characteristic of the logarithm of a number. 

Rule 1. The characteristic for a number greater than 1 is a posi¬ 
tive integer (or zero) which is one less than the number of digits in the 
given number to the left of the decimal point. 

For example, since 

7.6 lies between 1 and 10 (10° and 10‘), log 7.6 = 0. + the man¬ 
tissa, 

89 lies between 10 and 100 (10 1 and 10 2 ), log 89 = 1. + the man¬ 
tissa, 

358.215 lies between 100 and 1,000 (10 2 and 10 3 ), log 358.215 = 

2. + the mantissa, 

5,408.2 lies between 1,000 and 10,000 (10 3 and 10 4 ), log 5408.2 = 

3. + the mantissa. 


Problems 


What is the characteristic of the logarithm 
ing numbers? 


of each of the follow- 


1 . 

5, 

5. 3.29, 

9. 

350,000, 

2. 

3.36, 

6. 3.297, 

10. 

16.12, 

3. 

53, 

7. 356.2, 

11. 

1.001, 

4. 

253, 

8. 2358, 

12. 

1,001.01 


13. 6.0007, 

14. 3,262,000, 

15. 2, 

16. 1,002.7. 


Rule 2. The characteristic for a number between 0 and 1 is a nega¬ 
tive integer which is one more than the number of zeros between the deci¬ 
mal point and the first figure other than zero. 


For example, since 


0.6 lies between 1 and 0.1 (10° and lO' 1 ), log 0.6 = - 1 . -f the 
mantissa, 
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0.07 lies between 0.1 and 0.01 (10 -1 and 10 -2 ), log 0.07 = — 2. -j- 
the mantissa, 

0.003 lies between 0.01 and 0.001 (10 —2 and 10~ 3 ), log 0.003 = —3. 
+ the mantissa, 

0.00024 lies between 0.001 and 0.0001 (10~ 3 and 10~ 4 ), log 0.00024 
= — 4. + the mantissa. 


It must be kept in mind that although the characteristic for a 
number less than 1 is negative, the mantissa is positive. Thus, 
log 0.0525 = — 2 + 0.72016. The negative portion of the loga¬ 
rithm and the positive portion could, of course, be combined, and 
we could write log 0.0525 = —1.27984. But, in doing this, the 
decimal part of the logarithm no longer corresponds to the proper 
number sequence in the table of logarithms. 

To avoid this confusion, one of two procedures is usually fol¬ 
lowed : Sometimes the logarithm of a number less than 1 is written 
by placing the negative sign of the characteristic above the char¬ 
acteristic—namely, log 0.0525 = 2.72016. Another method, which 
many persons prefer, is to add 10 to the characteristic and subtract 
10 at the right of the mantissa. By this latter method we would 
write log 0.0525 = 8.72016 - 10. Thus, upon obtaining the nec¬ 
essary mantissas from the logarithm table, we would write 


log 0.6 = -1 + 0.77815 = 1.77815 = 9.77815 - 10, 

log 0.07 = -2 + 0.84510 = 2.84510 = 8.84510 - 10, 

log 0.003 = -3 + 0.47712 = 3.47712 = 7.47712 - 10 

log 0.00024 = -4 + 0.38021 = 4.38021 = 6.38021 - 10. 


For the method of adding and subtracting 10, the rule for deter¬ 
mining the characteristic of the logarithm of a number less than 1 

can now be stated: # , 

The characteristic for a number between 0 and 1 is found by su 

trading the number of zeros immediately to the right of the ecima 
point from 9, and then placing —10 after the mantissa. 

Thus, if there are no zeros immediately to the right of the deci- 
mal point, we write O.mantissa -10; one zero, 8 mantissa 1U, 
two zeros, T.mantissa -10; and so forth. Thrs method will be the 

one used for computations in this book. 
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Problems 

In two ways, state the characteristic of the logarithm of each 
of the following numbers: 

1. 0.1, 5. 0.01, 9. 0.001, 13. 0.0003, 17. 0.00001, 

2. 0.3, 6. 0.03, 10. 0.003, 14. 0.00032, 18. 0.000074, 

3. 0.82, 7. 0.087, 11. 0.0029, 15. 0.0001, 19. 0.00002, 

4. 0.974, 8. 0.076, 12. 0.0045, 16. 0.00069, 20. 0.00000045. 

77. Finding the Logarithm of a Number. On page 358 
there begins a “five-place” table of logarithms. In the left-hand 
column of this table under N are found the first three digits of the 
number whose logarithmic mantissa is to be found in the body of 
the table. The fourth digit of the number is found in the top row 
of the table, indicating the column in which the mantissa is to be 
found. The mantissas are approximate numbers that have been 
computed by mathematical means to five significant figures. For 
greater accuracy in computations made by logarithms, tables hav¬ 
ing more significant figures are available in many handbooks. A 
portion of Table I appears as follows: 


N 


0 

1 

2 

3 

4 

600 

77 

815 

822 

830 

837 

844 

01 


887 

895 

902 

909 

916 

02 


960 

967 

974 

981 

9SS 

03 

78 

032 

039 

046 

053 

061 


5 

6 

7 

8 

9 

851 

859 

S66 

S73 

880 

924 

931 

938 

945 

952 

996 

*003 

*010 

*017 

*025 

068 

075 

0S2 

0S9 

097 


To find the logarithm of 6,003, we locate 600 in the column under 
N and move across the page to the column headed 3, and find there 
77837 for the mantissa. Applying the rule for the characteristic 
and inserting the decimal point, we write log 6003 = 3.77837. 

To find the logarithm of 0.06027, we locate 602 under 1 V and 
move across the page to the column headed 7, and find 78010 
for the mantissa. We use 78010 instead of 77010 because man¬ 
tissas, beginning with the one marked with an asterisk (*), start 
with the same digits as the next row. Employing the rule for 
writing the characteristic, we write log 0.06027 = 8.78010 — 10. 
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Problems 

1. Refer to the portion of the logarithm table given on page 217 
and verify that: 


(a) log 6.01 = 0.77887, 

0 b ) log 6.008 = 0.77873, 

(c) log 6.022 = 0.77974, 

(d) log 60.25 = 1.77996, 

(e) log 60.14 = 1.77916, 

(/) log 60.1 = 1.77887, 
(g) log 602.8 = 2.78017, 


(h) log 600 = 2.77815, 

(i) log 6,016 = 3.77931, 

O') log 6,029,000 = 6.78025, 

(k) log 0.06001 = 8.77822 - 10, 

(l) log 0.602 = 9.77960 - 10, 

(m) log 0.0006 = 6.77815 - 10, 
in) log 0.006026 = 7.78003 - 10. 


2. Find the logarithm of each of the following: 


(a) 600.7, 
(5) 60.15, 

(c) 6,000, 

(d) 60.38, 

(e) 6,039, 


(/) 0.06003, 

(g) 0.00601, 

(h) 0.0006028, 

(i) 0.00006038, 

U) 0.06. 


3. Refer to the table of logarithms beginning on page 357 and 
find the logarithm of: 


(а) 892, (/) 0.004, (*) 103.2, 

(б) 506, (g) 3,450, (0 0.06667, 

(c) 37.7, (h) 0.000739, M 13.07, 

(d) 4.28, (i) 9.95, (n) 1,025,000, 

(e) 0.05619, ( j ) 63.72, (o) 0.7298. 


78. Finding the Number Corresponding to a Logarithm. 

The number corresponding to a given logarithm is called the anti- 
logarithm. Thus, 6.01 is the antilogarithm of 0.77887; 600 is the 
antilogarithm of 2.77815. To find the number whose logarithm is 
known and tabulated, we look in the table and find the man issa, 
noting the number at the top of the column in which it is oun » as 
well as the sequence opposite in the left-hand column. e en 
write down the entire sequence of digits corresponding o e gi 
mantissa and place the decimal point according to t e r es 

characteristics. 
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Illustrations: 

1. Find the number whose logarithm is 1.77909. 

In the table, the mantissa 0.77909 is in the 3 column, opposite 
601. Hence, the given mantissa corresponds to the sequence 6013, 
and the rule for characteristics places the decimal point between 
the 0 and the 1, giving 60.13 as the number to be found. (Since 
the characteristic is one less than the number of digits to the left of the 
decimal, it follows that the decimal point must be placed so that the 
number of digits to its left exceeds the characteristic by one.) 

2. Find the number whose logarithm is 7.77996 — 10. 

In the table, we find that the mantissa appears in the 5 column, 
opposite 602. We write down the sequence 6025. The rule for 
characteristics tells us that there must be two zeros immediately 
to the right of the decimal point. Therefore, the number whose 
logarithm is 7.77996 - 10 is 0.006025. 


Problems 

Find the numbers 

1. 1.77866, 

2. 2.78025, 

3. 3.77895, 

4. 9.77873 - 10, 

5. 8.77924 - 10, 


,’hose logarithms are: 

6. 7.77960 - 10, 

7. 1.55630, 

8. 2.94699, 

9. 3.34143, 

10. 0.59704, 


11. 7.73472 - 10, 

12. 8.95289 - 10, 

13. 5.67006, 

14. 6.50934 - 10, 

15. 0.16077. 


79. Interpolation. Table I (page 357) gives the five-place 
mantissa of the logarithm of any four-digit number. As we have 
seen, we can read directly the mantissa of any number of four digits 
or less from this table. If, however, the number contains more 
than four digits, we are unable to obtain its logarithm directly from 
the table but we may obtain an approximate value by a process 
of interpolation. It is assumed in this process that small changes 
in the number are directly proportional to small changes in the 
logarithm. The approximation is obtained simply by adding the 
proportional part of the difference between two successive man¬ 
tissas to the smaller one. Interpolation may also be used to find a 
number whose logarithm is given but whose mantissa is not listed 
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in the table. The following examples will illustrate the process in 
each case. 

Illustration 1: Find the logarithm of 60.057. 

The characteristic is 1. With the aid of the table, we find 

log 60.050 = 1.77851 (mantissa difference = 8, 

log 60.060 = 1.77859. disregarding decimal), 

The number 60.057 lies 0.7 of the way from 60.050 to 60.060. By 
proportion, therefore, the mantissa of the logarithm of 60.057 is 
taken 0.7 of the way from 77851 to 77859. Hence, we add 0.7 X 8 
= 5.6, or approximately 6, to 77851 to get 

log 60.057 = 1.77857. 

The interpolation may be arranged as follows: 

Digits Mantissa 

600501 7 „ /77851) 

10 60057/ l M } 8 

60060 77859) 

In this arrangement it is easy to see that the value of x in the pro¬ 
portion 

7:10 = x:8, 

added to 77851, will give the mantissa M that is to be found. Solv¬ 
ing the equation, we have 

lOz = 56, 

x = 5.6, or 6 (approximately). 

Hence, as found above, the mantissa M equals 77851 + 6 = 77857, 
and log 60.057 = 1.77857. __ 

Problems 

1. Given log 6,005 = 3.77851 and log 6,006 = 3.77859, find the 
following: 

(a) log 60,052, 

( b ) log 60,055, 

(c) log 60,058, 


(d) log 600.52, 

(e) log 60.057, 
(/) log 0.60059. 
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2. Given log 0.4756 = 
-10, find the following: 

(a) log 0.47565, 

(I b ) log 4.7562, 

(c) log 0.0047568, 
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= 9.67724 - 10 and log 0.4757 = 9.67733 

(d) log 475,650, 

(e) log 47,560, 

(/) log 475.66. 


Illustration 2: Find the number whose logarithm is 8.77977 — 10. 

The number will have one zero to the right of the decimal. 
From the table we find 


log 0.060220 = 8.77974 - 10 
log 0.060230 = 8.77981 - 10. 


(number difference = 10, 

disregarding decimal), 


The sequence 77977 lies f of the way from 77974 to 77981. By 
proportion, therefore, the number we seek will lie f of the way from 
0.060220 to 0.060230. Hence, we add f X 10 = Y. or approxi¬ 
mately 4, to the sequence 6022 to get 60224. Hence, 

8.77977 - 10 = log 0.060224. 


The interpolation may be arranged as follows: 

Digits Mantissa 

602201 « (77974 \ 

10 .V J x 6 177977 } 7 

60230 77981 J 

The proportion may be expressed 

3:7 = x: 10. 

Solving for x, we have 

lx = 30, 

x = 4y, or 4 (approximately). 

Hence, as found above, the number sequence N equals 60220 -f- 4 = 
60224, and 

0.060224 is the number whose logarithm is 8.77977 — 10. 

It will be observed that the decimal point must be placed in accord¬ 
ance with the appropriate rule for characteristics. 
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Problems 

1. The mantissa corresponding to the number 98.14 is 0.99185. 
What mantissa corresponds to the number 9.814? 0.09814? 
0.009814? 

2. The mantissas corresponding to the numbers 2,024 and 2,025 
are 0.30621 and 0.30643, respectively, (a) What is the mantissa 
difference? (6) What number sequence would have a mantissa 
of 0.30632? 0.30625? 0.30636? 0.30639? 

3. What numbers have the following logarithms: (a) 3.30632, 
(b) 1.30625, (c) 9.30636 - 10, (d) 7.30639? 

4. With the aid of the logarithm table find the numbers whose 
logarithms are (a) 1.38077, (6) 2.46260, (c) 9.76016 — 10, ( d ) 
6.91410 - 10. 

80. Using Logarithms in Computations. We have dis¬ 
cussed the meaning of logarithms and have seen how they are 
related to exponents. This was necessary in order to understand 
the principles underlying operations with logarithms in computa¬ 
tions. Now that we have also learned to find the number corre¬ 
sponding to a given logarithm, we are in a position to consider how 
logarithms may be used in problems involving multiplication, divi¬ 
sion, raising to a power, and extracting roots. The general laws 
pertaining to each of these operations will be suggested through 
examples. 

(1) Multiplication. Find the product of 2.350 and 34.80 by 
the use of logarithms. 

Since every positive number may be written in terms of 10 
raised to some exponent, we may find in the table of logarithms the 
proper exponents for the two given numbers and write 

2.350 = 10°- 37107 , 
and 34.80 = 10 1B4168 . 

The product of the two numbers may now be written as 
2.350 X 34.80 = 10 0 37107 X 10 l - MIM = 10 1 - 91266 . 

In the study of exponents we learned that the product of the 
two exponential forms above may be expressed as a power ot 
the common base 10 by adding the exponents, and we know from 
our study of the previous sections that the exponent 1.91265 ts a 
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logarithm. Furthermore, it is the logarithm of the product we are 
calculating. We may, therefore, turn to the table of logarithms 
and find that number which corresponds to 1.91265. The number 
found will be the product of the two given numbers and by the 
law for characteristics will have two places to the left of the decimal 
point. The number turns out to be 81.78. By actual multiplica¬ 
tion, the student may easily verify the answer.* 

The process illustrated by this example can easily be generalized. 
In symbols, if A, B, C, D, and so forth, represent positive numbers, 

log (ABCD • • •) = log A + log B + log C + log D + 

That is, 

Theorem I. The logarithm of a product equals the sum of the 
logarithms of its factors. 


Illustrations: 

1. Find the product of 75.03 X 34.9 X 0.035 by using loga¬ 
rithms. 

From the table we find the logarithm of each factor and list 
them in a column: 

log 75.03 = 1.87523 
log 34.9 = 1.54283 

log 0.035 = 8.54407 - 10 

11.96213 - 10 

The logarithms are then added, and we obtain 11.96213 — 10, or, 
more simply, 1.96213. The antilogarithm is then determined by 
obtaining from the table the number sequence corresponding to 
the mantissa 0.96213 and placing the decimal point so as to have 
two digits to its left. The answer turns out to be 91.65. 

2. Find the value of (462) ( — 56). 

Since a negative number does not have a real number for its 
logarithm when the base is positive, we avoid the difficulty by 

* It is to be observed that computations made with the use of a table of 
logarithms will usually be approximate rather than exact. The accuracy will 
depend upon the number of “places” given in the tables as well as the number 
of digits in the numbers entering into the computations. For the purpose of 
learning basic procedures used in business, statistics, finance, and related fields, 
a five-place table is quite satisfactory. However, one should have available 
more extensive tables for actual work in the field. 
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noting that the effect of the negative sign is to give a negative 
product and compute 462 X 56, writing the minus sign before the 
product. We have 

log 462 = 2.66464 

log 56 = 1.74819 

log (462)(56) = 4.41283 

Hence, (462) (56) = 25,872, 

and (462) (-56) = -25,872. 

3. Add the following logarithms: 

(а) 2.68954 (c) 9.87257 - 10 

1.34212 9.93262 - 10 

4.03166 19.80519 - 20, or 9.80519 - 10 

(б) 3.42971 
9.82535 - 10 

13.25506 - 10, or 3.25506 


Problems 

1. We have learned that when we multiply numbers we add 
their logarithms. Add the following “logs,” and write the results 
in simplified form. What are the characteristics obtained? What 
will be the nature of the corresponding numbers? 

(a) 3.52157 (d) 9.95636 - 10 

2.10724 9.97425 - 10 


( b ) 3.56821 (e) 9.99652 - 10 

6.46264 - 10 5.41367 

(c) 8.34682 - 10 
9.26788 - 10 

2. Find the value of the following by using logarithms: 

(а) (88)( — 92), (c) (-99.56)(0.072), 

(б) (265) (-906) (-7.8), (d) (-172) (28) (0.937). 

3. Find the following products by using logarithms, and then 
verify your answers by actual multiplication. What is the amoun 

of the error in each case? 
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(а) 12 X 144, (c) 4,968 X 7.26, (e) 53.89 X 27.819, 

(б) 250 X 950, ( d ) 225 X 45.12, (/) 452.71 X 0.574, 

(g) 25,002 X 67.80. 

4. Find the following products by using logarithms: 

(а) 54.86 X 2.4637, 

(б) 64.49 X 89.064 X 3.06 X 4.41, 

(c) 0.895 X 0.574 X 0.05842, 

(d) 3,728,600 X 0.007281, 

(e) 1.9 X 10 10 X 0.06673, 

(/) 2.4 X 10 6 X 3,923.5, 

(i g ) 1,220 X 1.6238 X 2.437 X 25.6, 

(h) 1,000 X 1.05 X 1.0007, 

(i) 67,724 X 18.923 X 600.14, 

(j) 0.0003216 X 0.0089235 X 17. 

(2) Division. Divide 264.82 by 4.163 by using logarithms. 
The two numbers may be written in terms of powers of 10 by 
making use of the definition of a logarithm. We have 

log 264.82 = 2.42295, 
log 4.163 = 0.61941. 

In exponential form we may write 

264.82 = 10 2 - 42295 , 

4.163 = 10 0 6194 ‘. 

The quotient of the two numbers may now be expressed 

264.82 4.163 = 10 2 - 42295 -r- 10° 6,94 ‘. 

In our study of exponents we learned that 10 a -f- 10 6 = 10 o-b . 
Applying this principle of exponents, we may write 

264.82 -7- 4.163 = lO 2 - 42295 - 0 -^ = 

The exponent 1.80354 is seen to be that one which when used 
as a power of 10 will yield the desired quotient and is, therefore, 
the logarithm of that quotient. The antilogarithm of 1.80354 is, 
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therefore, the quotient of the two given numbers. The quotient 
found in this manner turns out to be 63.612. 

In dividing the two numbers above, we subtracted their loga¬ 
rithms and then found the antilogarithm of this difference. The 
proof of the law for a quotient where M and N are any two positive 
numbers is as follows: 

Let M — 10 1 and N = 10*', in which case x = log M,y = log N. 


Then 



Hence, log = x — y = log M — log N. 
That is, 


Theorem II. The logarithm of a quotient is equal to the logarithm 
of the numerator minus the logarithm of the denominator. 


Illustrations: 

1. Divide 327.24 by 12.71 by using logarithms. 

From the table we find the logarithm of each number and write 


log 327.24 = 2.51487 
log 12.71 = 1.10415 

1.41072 


The logarithms are then subtracted, and we obtain 1.41072. For 
the mantissa 0.41072, we find in the table the number sequence 
25746, and since the characteristic is 1, we place the decimal point 
between the 5 and the 7. Hence, the quotient is 25.746. 

2. Divide 950 by -65. 


log 950 = 2.97772 
log 65 = 1.81291 
log (950 -T- 65) = 1.16481 

Hence, 950 -j- 65 = 14.615, 

and (950) -h (-65) = -14.615. 



Subtract the following logarithms: 

(a) 8.72358 - 10 (6) 3.58287 
2.53973 9.34212 - 10 

6.18385 - 10 


Write as 13.58287 — 10 
9.34212 - 10 
4.24075 
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(c) 8.37256 - 10 Write as 18.37256 - 20 
9.47161 - 10 9.47161 - 10 

8.90095 - 10 


Problems 

1. We learned that when we divide two numbers we subtract 
their logarithms. Subtract the following logarithms, and write the 
results in simplified form. What are the characteristics obtained? 
What will be the nature of the corresponding numbers? 


(a) 3.72841 
1.60428 


(6) 2.72151 

6.92142 - 10 


(c) 8.23144 - 10 
9.72162 - 10 


(d) 7.84323 - 10 
1.04725 


(e) 0.84327 
3.32168 


(/) 0.62540 

8.32102 - 10 


2. Divide the following by using logarithms, and then check 

by actual division: (a) 3,751 -r 250, (6) 14.682 -t- 2.061, (c) 246.83 
-7- 23.75, (d) 0.00231 6,004. 

3. Find the quotient for each of the following by using loga¬ 
rithms: 

(a) 24.637 2.86, 

(b) 476.7 -T- 26.205, 

(c) 0.8371 -h .92449, 

(d) 6.589 0.83007, 

(e) 0.024 -J- 75,627, 

4. The following problems involve both multiplication and divi¬ 
sion. Find the value of each by making use of the two theorems 
just illustrated. 


(/) (-128) -T- 4, 

(g) (-13.76) -7- (-2.973), 

(h) 273.65 (-0.634), 

(i) 56,280 -r- (-938,600). 



27.73 X 8.57 
-6.3784 ’ 



1,000 

0.000713 * 


(-14.634), 


(h . 0.8785 X 3.1045 
U 250 X 1.06 * 



6.3 X 10 11 
121.37 X 


0.0003004, 


n 430 X 89.2 X 1.0409 
W 24.8 X 52.9 X 0.95552' 


(/) 16 X 


0.14321 
967.8 ’ 
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(17) 


(h) 


(i) 


1.4 X 10 7 1 

6.3 X 10 5 X 18* 

“ X X 100,320,000, 


1.19 X 10 
0.02365 


-7 


U) 


(1.02) (1.035) 
1.04 


X 5,000. 


(3) Raising a Number to a Power. Find the value of (1.06)*. 
Since (1.06) 3 = 1.06 X 1.06 X 1.06, we may write 

log (1.06) 3 = log 1.06 + log 1.06 + log 1.06 (from Theorem I) 
or log (1.06) 3 = 3 log 1.06. 

Hence, log (1.06) 3 = 3 X 0.02531 = 0.07593. 

Thus, (1.06) 3 = antilog 0.07593 = 1.1911. 

In finding the value of (1.06) 3 , we multiplied the logarithm of 
1.06 by the exponent 3 and then found the antilogarithm of the 
product. The proof of the law for raising any positive number N 
to the power x is as follows: Let N = 10 v , in which case y = log N . 


Then, N x = (10«0* = lO 1 ". 

Hence, log N x = xy = x log N. 

That is, 

Theorem III. The logarithm of a number with an exponent is 
equal to the exponent times the logarithm of the number. 


Illustrations: 

1. Find the value of (8.25) 4 by using logarithms. 

From the table we find the logarithm of 8.25 and write 

log 8.25 = 0.91645, 

log (8.25) 4 = 4 X 0.91645 = 3.66580, 

Therefore, (8.25)* = 4632.3 (antilogarithm of 3.66580). 

The logarithm of 8.25 is multiplied by the exponent 4, giving 
3.66580. The mantissa 0.66580 when found in the table gives us 
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the number sequence 46323 after proper interpolation, and the char¬ 
acteristic 3 tells us where to place the decimal point. 

2. Find the value of ( — 72)*. 

The effect of the minus sign is to yield a negative answer. 

log 72 = 1.85733, 

3 log 72 = 5.57199, 

Therefore, 72 2 3 = 373,240, 

and ( —72) 3 = -373,240. 

3. Multiply the following logarithms by the numbers indicated: 

(a) 3.71843 (6) 8.31522 - 10 

2 3 

7.43686 24.94566 - 30 or 4.94566 - 10 


Problems 

1. We have learned that to raise a number to a power we mul¬ 
tiply the logarithm of the number by the exponent and then find 
the antilogarithm of the product to obtain the answer desired. 
Multiply the following logarithms by the numbers indicated and 
find the antilogarithms from the table: 

(a) 3.24718 (c) 9.92145 - 10 (c) 6.01734 - 10 

2 6 11 


(6) 8.57217 - 10 
2 


(d) 2.74316 
7 


2. Compute the exact values of the following expressions by 
actual multiplication, and compare with the results obtained when 
logarithms are used: (a) 2 3 , (6) (-3) 3 , (c) (1.2)*, ( d) (0.25) 2 . (e) 
(“0.3)<, (/) (400) 3 . 

3. Find the value of each of the following by using logarithms: 
(a) (1.04) 8 , (6) ( —0.07) 10 , (c) (7.5) & , (d) (1.03)*°, (e) (1.04)-*. 

4. The following problems involve multiplication, division, and 

raising to a power. Find the value of each expression by using the 

three laws just learned. 
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(a) 


(d) 


3,507 X (1.06) 6 
27.56 

36,0591 

(1.03) 9 ’ 

-15,003 
(1.05) 10 * 

45.5 X 3.1416 X (6.3) 2 
36.92 X 5.12 

900(1.04) 7 
(1.05) 4 ’ 


... 1,050.7 

U) (1.06) 3 (1.05) 2> 

(i 9 ) (3.6) (1.7562) 16 , 


(h) 5 X (0.75) 24 , 

(i) _ 522 _, 

w (1.035) 17 

(j) 1,000(1.0575) 10 , 

(*) 

(o 7 a) 20 , 

, . 100 ( 1 . 02) 26 

(m) (1.03) —’ 

. . 6.3072 X (—14.67) 5 

(n) -01)125- ; 

999.99 

(1.732) 2 (0.000738) 


(n) 


(4) Extracting a Root of a Number. Find \/559.1. 

We may write -^559.1 = (559.1)^, and since the number 559.1 
may be expressed in terms of 10 raised to an exponent (the logarithm 
of 559.1), we may write 

^5591 = ( 10 2 - 74749 )*, 

or -v/5591 = 10°- 91683 . 

The exponent 0.91583 is seen to be that one needed as a power 
of 10 to yield the desired root. The antilogarithm of 0.91583 will, 
therefore, give us the value of the root we seek. It turns out to 
be 8.2382. Hence, 

^/559l = 8.2382. 

In finding the cube root of 559.1 we divided the logarithm of that 
number by 3 and then found the antilogarithm of the quotient. 
The proof of the law for extracting any root q of a positive number 
N is as follows: Let N = 10 r , in which case x = log N. 

Then, = N”' = (10*) 1/9 = 10* /7 - 

Hence, by the definition of a logarithm, 


log a VN = | - 


log N 


That is, 

Theorem IV. The logarithm of the root of a number is equal to the 
logarithm of the number divided by the index of the root. 



Ch. VII, §80] USING LOGARITHMS IN COMPUTATIONS 


231 


Illustrations: 

1. Find VX024. 

log 1,024 = 3.01030, 
log y/ljm. = £(3.01030) = 1.50515, 
y/ 1,024 = antilog 1.50515 = 32. 

2. Find \A).83816. 

log 0.83816 = 9.92333 - 10, 
log vA). 83816 = £(9.92333 - 10) 

= £(49.92333 - 50) = 9.98467 - 10, 
V^O.83816 = antilog 9.98467 - 10 = 0.96532. 

3. Find 96.93. 

log 96.93 = 1.98646, 

£ log 96.93 = 0.66215, 

\/9QM = antilog 0.66215 = 4.5936, 
and v'- 96.93 = -4.5936. 


Problems 

1. We have seen that extracting a root of a number by means of 
logarithms involves dividing the logarithm of the number by the 
index of the root. Divide the following logarithms by the indicated 
number, and state where the decimal point will be placed in the 
antilogarithm of the quotient: 


, , 2.67321 
(a) 3 , 

, \ 9.22063 - 
(C) 2 

10 

- ) 

,,v 7.86773 - 
W 8 

_10 

(6) L92 5 031 , 

m 6.17355 - 
U) 3 

10 

- 9 

... 9.01629 - 
(l) 3 

10 

- ) 

, \ 0.24361 

to 4 ’ 

, \ 8.00123 - 
to 5 

_L0 

,.* 7.34341 - 

to 3 

10 
— ■ • 

, 0.02369 

W 2 - 
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2. Evaluate: 


(а) (/) ^^ 34 , 

(б) 17.83, (g) 'V / 99J507, 


(c) ^0.0927, (h) 


75 
072’ 


(k) v / 0.00732 -v/69^302, 
(0 5 V92^, 

(m) v^O^^, 


(d) v / 672.8, 


(0 6,700 ^6,700, (n) ||p, 


W ^1,045.6, (i) 


(o) 


(1.04) 


(1.05)* 

3. The following problem involves all four of the laws just 
learned. An outline of the solution is given, and it is suggested that 
the student complete the problem by following the outline. 

6,500 X \/473 


Find the value of 


(1.03) 6 
log 6,500 = 3.81291, 

i log 4.73 =- 

(add) 

6 log 1.03 =- 

(subtract) 

log =- 


log 4.73 = 0.67486, 
log 1.03 = 0.01284, 


Ans. = 11,839. 


4. Make an outline for the solution, and find the value of the 
following: 


(a) 


45.84 X 653 X ^50,376 


96.75 


(b) 


330 X 9.7 X (0.07) 2 
551 X 5 \/56?84 


82 X 0.0042 


(1.04) 


32 


81. Logarithmic Graphs. After instituting a radio adver¬ 
tising program an automobile dealer reported the following sales of 
passenger cars and trucks for a four-month period beginning Jan. 1. 

Automobile Sales 


Month 


Passenger Cars 


Trucks 


Jan. 

Feb. 

Mar. 

Apr. 


120 

180 

270 

405 


8 

11 

16 

27 
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At a meeting of his salesmen the dealer wished to present the two 
sales records graphically in order that a comparison of the rates 
of increase for both passenger cars and trucks could be observed. 
What type of graph could be used for this purpose? 

A line graph of the two sales records depicts the actual sales as 

shown in Fig. 6. 



JAN FEB MAR. APR. 


Figure 6. Sales records of passenger cars and trucks over a four-month period. 


If the chief interest centered in the actual number of sales of 
each kind of vehicle, the line graph would serve well. However, it 
would be difficult to make a true comparison of the rates of increase 
from month to month on the basis of actual sales alone. We shall 
need some other type of graph that will show the true nature of the 
rate of increase for the two sales records. 

The ratio of increase from month to month can be computed by 
dividing the number of vehicles sold in a given month by the num- 
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ber sold during the preceding month. Thus, the passenger sales for 
February were 180 120, or 1^ times those for January, whereas 

the truck sales ratio of increase for the same month was 11 4- 8, or 
If. Since the divisions required to calculate the ratios can be 
performed by the use of logarithms, equal ratios or per cents of 
change may be represented by equal differences between the loga¬ 
rithms of the data. For example, suppose we wish to compare 
the rates of increase of sales of passenger cars as given above. The 
logarithm of 120 is 2.07918, and of 180 is 2.25527, giving a differ¬ 
ence in logarithms of 0.17609. The logarithm of 270, the pas¬ 
senger sales for March, is 2.43136, giving a difference in “logs’' 
between February and March sales of 0.17609. Since these two 
“log” differences are equal, we say that the rate of increase in sales 
in February over January is the same as the increase in March 
over February. An examination of the actual sales shows this to 
be the case. Therefore, by drawing a line graph for each set of 
logarithm values, we shall be able to compare the rates of sales 
increase for both sets of data. The logarithms of the numbers of 
sales are given in the accompanying table correct to 3 decimal 
places. 

Automobile Sales 
(Logarithms of Numbers Sold) 


Month 

Passenger Cars 

Trucks 

Jan. 

2.079 

0.903 

Feb. 

2.255 

1.041 

Mar. 

2.431 

1.204 

Apr. 

2.607 

1.431 


A line graph of the logarithms of the number of sales of both 
passenger cars and trucks may be constructed on ordinary squaied 

graph paper as shown on the opposite page. 

Figure 7 shows that the sales of passenger cars and trucks 

increased at virtually constant and equal rates. 

The necessity of determining the logarithms of numbers m 
making a graph of this kind may be obviated by using specially 
prepared paper known as semilogarithmic paper. This paper as 
the natural scale along the horizontal line and the logarithmic sea e 
along the vertical line. The use of this type of graphing is illus¬ 
trated in Fig. 8. 




Figure 8. Rates of increase in the sales of passenger cars and trucks over a four- 

month period (semi-logarithmic graph paper). 
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Problems 

1. Refer to Exercise 2 below and compare the growth of $100 at 
1 | per cent compound interest and the growth of $500 at the same 
rate of interest by graphing the accumulated amounts for a period 
of 12 years, (a) Use ordinary graph paper. (6) Use semilogarith- 
mic graph paper. 

2. The U.S. Department of Commerce reports in Business Sta¬ 
tistics for 1953 the following monthly average amounts of new group 
and wholesale insurance written for the years 1947 to 1952. Use a 
logarithmic graph to depict the growth of new group and wholesale 
insurance written. 



Group and Wholesale 

Year 

Insurance, Millions of Dollars 

1947 


242 

1948 


260 

1949 


252 

1950 


517 

1951 


351 

1952 


420 

3. The Clean-Rite Sweeper Company kept a record of the 

number of household 

demonstrations of their product and the 

number of resulting sales for the first four months of the year. 
Use a logarithmic graph, and compare the relative rates of increase. 

Interpret your results. 




Number of 

Number of 

Month 

Demonstrations 

Sweepers Sold 

Jan. 

40 

403 

Feb. 

56 

487 

Mar. 

79 

552 

Apr. 

112 

686 


4. Show the comparative rates of increase in the population of 
the United States from decade to decade by a logarithmic graph 
based on the following data: 


Year 

Population 

Year 

Population 

1870 

38,558,371 

1920 

105,710,620 

1880 

50,155,783 

1930 

122,775,046 

1890 

62,947,714 

1940 

131,669,275 

1900 

75,994,575 

1950 

150,697,361 

1910 

91,972,266 


_ _- 
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Exercises 

1. Compute by using logarithms the values of the following expressions: 


(a) 0.84 X S5.50 X 405.33, 

5 / 58.95 
(/ \ 9.50’ 

(6) 356.1 X (1.08)*, 

, . 500(1.03) 10 
(1.04) 3 

(c) (1.03) 5 X 890.50, 

(h) 16(0.625) 21 

, JX -5.057 
(d) 346.42' 

(i) 0.7211 72.01, 

. , -\/ 47.83 

W 25.35 ’ 

( —14.012)(2.65) 5 
(;) y/- 0.0556 

4 /463.89 X 24.63 X (1.36) 3 X 7.5 

w \/ 225 X 97.5 

- / 

(0 (0.2) 0 2 , 

, , Iok 413 
(7,) log 0.36' 

(m) (-0.4222)“!, 

, N log 3 log 7 
(o) log 5 ■ 



2. The amount of money accumulated at compound interest is given 
the formula 

S = P(1 + r) n 


in which S = compound amount, P = principal, r = rate of interest per 
conversion period, and n = number of conversion periods. Find the 
value of S if P = $2,500, r = 0.02, and n = 8. {Hint: Add 0.02 to 1 
before using logarithms, for logarithms cannot be used to subtract and 
add.) 


3. If 3 1 = 243, find x. 

Solution. Take logarithms of each side, 

log 3 X = log 243 

x log 3 = log 243 (from Theorem III), 
2.38561 

X ~ 0.47712 “ •' 


Then 

and 


Note: Logarithms are themselves numbers and may be divided, multi¬ 
plied, and so forth, just like any other numbers. 

4. Given the formula L = ar n_1 , in which L = 26, a = 7, and n = 7. 
Find r. 


5. Given the formula S 



in which a 


20, r = 3.2, and 


n = 15. Find S. 
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6. The present value A of an amount S due after n conversion periods 
where the interest rate is r per conversion period is given by the formula 

A = ■ f -- Find A if S = SI,200, r = 0.03, and n = 8. 

(1 + r)» 

7. The amount of an annuity certain of SI per year for n years at 

(1 _|_ iy _ i 

accumulated compound interest is given by the formula =-:-- 

X 

Solve for n if = 3.1525000 and i = 0.05. 

Solve for the unknown in each of the following problems: 


8. (1 + i) 27 = 1.947800. 

9. (1.045)" = 3.4297000. 

10. (1 + i) n = 1.30605. 

11. 6.1* = 73.4. 

12. (1.06)-" = 0.2198100. 

13. (1 + i)~ 36 = 0.6116300. 

14. x 7 - 2 = 72. 


15. 4 3+ * = 23.62. 

16. 5(7)** = 4716. 

17. (2a:) 1 - 1 = 7.03. 

18. 85 = 5(r) 15 . 

( 0 . 1) 01 


19. y = 


log 0.1. 


0.1 

20. w = (—3)* log 3. 


Self-Test 


Time: 50 Minutes 


(Score 5 points for each problem correctly solved) 

The student should solve Problems 1 to 15 without referring an y 
source of information other than the accompanying portion of the table of 
logarithms. For Problems 16 to 20, Table I should be used. 


N 

0 

1 

2 

3 

4 

560 

74819 

827 

834 

842 

850 

561 

74896 

904 

912 

920 

927 

562 

74974 

981 

989 

997 

*005 

563 

75051 

059 

066 

074 

082 


5 

6 

7 

8 

9 

858 

865 

873 

881 

889 

935 

943 

950 

958 

966 

*012 

*020 

*028 

*035 

*043 

089 

097 

105 

113 

120 


1. log 562 = ? 

2. log 0.0561 = ? 

3. log 0.05636 = ? 

4. log (56.32)* = ? 

5. log 56.275 = ? 

6. log 0.00056053 = ? 

7. log (561)(563) = ? 

8. log (5,623 -h 5.6) = ? 


9. log (5.62) 4 - log (0.563)* = ? 

10. log 5628 + log 56.19 = ? 

11. If log N = 2.74908, then N = ? 

12. If log N = 8.75023 - 10, then N = ? 

13. If log N = 2.75092, then N = ? 

14. If log N = 7.74834, then N = ? 

15. If log N* = 1.49824, then N = ? 


16. Find the cube root of 1.025. 
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17. Find the value of 


19.840 X 120 X 0.02 
365 


18. Find the value of x in the proportion 

x 784 


297.50 “ 1,728 

19. Given S = P(1 + r)\ Find 5 when P = 8,500, r = 0.02, n = 8. 

20. Given x = (l + ^ — 1. Find the value of t when j = 0 03 


and m = 12. 


t 



Chapter VIII 

PROGRESSIONS AND PROBLEMS OF FINANCE 


82. Arithmetic Series. A man agrees to pay a debt in 6 
monthly installments. The first payment is to be $10, and each 
month the payments are to increase by $5. What is the total 
amount to be paid? 

The 6 payments whose sum we wish to compute are seen to be 
$10, $15, $20, $25, $30, and $35, and the sum of these payments is 

$10 + $15 -f $20 $25 + $30 + $35 = $135. 

Observe that any one of the payments after the first is found by 
adding $5 to the one before it—that is, if we add $5 to the first 
payment, we get the second payment, and if we add $5 to the sec¬ 
ond payment, we get the third payment, and so forth. Such a set 
of quantities, or numbers, in which any term of the set, except the 
first, may be obtained from the immediately preceding one by a 
definite rule is called a sequence, or progression. The indicated sum 
of a sequence of terms is called a series. When the rule is to add 
the same constant to a given term to obtain the next term, the 
sequence is called an arithmetic progression and the sum of the terms 
is called an arithmetic series. 

Arithmetic progressions are commonly used today in a variety 
of situations. Tables of weights and measures, tables of simple 
interest on a note, tables giving prices of sugar or coal, and many 
others depend upon adding equal amounts. In fact, many problems 
arising in business may be solved quite easily by the use of progres¬ 
sions. For this reason we shall find it convenient to derive formulas 
which will be useful for our purposes. We shall introduce the fol¬ 
lowing symbols in terms of which we shall later write our formulas: 

a = first term ($10, in the example above), 
d = common difference ($5, in the example above), 

n = number of terms (6, in the example above), 

240 
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L = last term ($35, in the example above), 

S = sum of n terms ($135, in the example above). 

(1) Formula for the Last Term. In order to fix clearly in 
mind the way in which certain of these symbols enter into a general 
expression for the last term (or nth term) of an arithmetic series, 
we shall rewrite the sum of the series of the foregoing example and 
place directly beneath it the corresponding symbolic expression. 

We have 

135 = 10 + (10 + 5) + (10 + 2 X 5) + • • * + (10 + 5 X 5), 

S = a + (a + d) + (a -f 2d) + * * * + ( a + 

Sum = (First Term) + (Second Term) + • * * + (Sixth Term). 


It is seen that each term contains a. The second term contains 
Id, the third 2d, the fourth 3d, and so forth, and finally the sixth 
term contains 5d. If there had been 9 terms instead of 6, we could 
expect the last term to contain 8d. In general, the last term would 
contain as many d’s as one less than the number of terms—that is, 
(n - l)d. Hence, the formula for the last term (nth term) of an 
arithmetic progression is 


L — a + (n — 1 )d. 



In our example we may verify our earlier calculations by noting 
that a = 10, n = 6, d = 5 and observing that substitutions into 
the formula yield 

35 = 10 + (6 - 1)5. 


Illustration 1: Find the 12th term of the sequence 4, 7, 10, 13. 

We see that a = 4, d = 3, n = 12. When we substitute these 
values into formula (1), we find 

L = 4 + (12 - 1)3 = 4 + 11 X 3 = 4 + 33 = 37. 


Problem 

Find the 8th term of the sequence 3, 7, 11, 15, . . . . 
Answer: 31. 
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Illustration 2: Form an arithmetic progression, given the elements 
a = 100, d = — 6, n = 4. 

The 4 terms to be found are a, a + d, a + 2d, and a + 3d. 

Hence, the desired terms are 100, 94, 88, 82. 

_ - - -- - - - 

Problem 

Form an arithmetic progression, given a = 12, d = 5, n = 11. 
Answer: 12, 17, 22, , 62. 

Illustration 3: The first term of an arithmetic series of 7 terms is 
50, and the last term is 62. What is the common difference between 
successive terms? 

Here, we have L = 62, a = 50, n = 7, and we desire to find d. 
Upon substituting into formula (1), we have 

62 = 50 + 6 d. 

Solving for d (transposing, collecting, and dividing by 6), we find 

d = 2. 


Problem 


In an arithmetic series of 6 terms, the first term is 5, and the last 
term is 35. Find the common difference between each term. 
A.TISZVCT • 0 . 

(2) Formula for the Sum of n Terms. Let us now return to 
the example with which we opened this section. We have 

S = 10 + 15 + 20 + 25 + 30 + 35. 

Reversing the order of the terms, we may write the equivalent sum 

S = 35 + 30 + 25 -f- 20 + 15 + 10. 

Writing these two expressions in forms involving the common dif¬ 
ference, we have 


8 = 10 + (10 + 5) + (10 + 2 


x 5) + (10 + 3 X 5) 

+ (10 + 4 X 5) + (10 + 5 X 5 '> 


and 


s - 35 + (SB - » + CM - 2 X »+ ® ! ".f+V - 5 X «. 
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Adding corresponding members of the two equations, we notice that 
in each term the part involving the common difference drops out 
because of the opposite signs, and we are left with 

25 = (10 + 35) + (10 + 35) + (10 + 35) 4- (10 + 35) 

+ (10 + 35) + (10 + 35), 


or 

from which 


2 S = 6(10 + 35), 

S = 6(10 + 35 -> = 135 


Since n = 6, a = 10, and L = 35, it appears that, in general, the 

formula for 5 is S = n ^ q ~t~ — • But to prove that this is the case, 

we employ the general expression of n terms involving the symbols. 
We have for our two equivalent sums, the first of which is written 
in a forward order and the second of which is written in the reverse 
order, 

S ='a + (a + d) + (a + 2d) 4- (a + 3d) + * * * + (L — d) + L. 
S = L + (L - d) + (L - 2d) + (L - 3d) + • • • + (a + d) + a. 


Adding the two expressions for S, we notice that the terms in d 
drop out, and we have 


25 = (a + L) 4* (a + L) + (a + L) + * * * 4- (a 4- L ), 


or 25 = n(a 4- L) since we get an (a 4- L ) for each of the n terms 
of the combined series. Finally, solving for 5, we find 


O n(a 4- L) 
S = - 2 - 



Since we already have a formula for L, we may obtain an alter¬ 
native formula for 5 by substituting the value of L from formula (1) 
into formula (2). We have 5 = ?n(a 4- L ) and L = a 4- (n — l)d. 
Making the substitution, we have 

5 = ^[a + a4-(n- l)d], 


or 5 = | [2a 4- (n - 1 )d]. (3) 

To illustrate the use of formula (3) for our example dealing with the 
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6 monthly installments, we substitute the proper values of a, n, 
and d and find 

S = f[2(10) + (6 - 1)5] 

= 3(20 + 25) = 3 X 45 = 135. 


Illustration 1: In constructing a building 30 stories high it was found 
that the cost of certain equipment increased SI50 with each story. 
If the cost of the equipment was §1,800 for the first story, what was 
the entire cost of the equipment? 

Here, a = 1,800, d = 150, and n = 30. Substituting these 
values into formula (3), we find 

S = ^(2 X 1,800 + (30 - 1)150] 

= 15(3,600 + 4,350) = 15 X 7,950 = §119,250. 


Problem 

A boy started a Christmas fund, saving 5^ the first week, 10£ 
the second, 15$i the third week, and so forth, for 50 weeks. How 
much did he save? 

Answer: $63.75. 


Illustration 2: A manufacturing company installs a machine at a 
cost of SI,400. At the end of 9 years the machine has a value of 
§200. Assuming that the yearly depreciation is a constant amount, 
find the annual depreciation. 

Here, a = 1,400, n = 10, and L = 200. Our problem is to find 
d Formula (1) contains all our given elements and the quantity 
we seek; hence, we shall substitute into that formula and solve for d. 

We have 

L = a + (n — l)d, 


200 = 1,400 + (10 - 1 )d, 

200 = 1,400 + 9 d. 

Transposing, collecting, and dividing by the coefficientofdwe 
find d = -S133.33. That is to say, the annual depreciation 

§133.33. _ 
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Problem 

housewife paid S67.50 for an electric sweeper. At the end of 
10 years it was valued at $10. Assuming the machine depreciated 
the same amount each year, what was the annual depreciation? 
Answer: $5.75. 

Illustration 3: A debt of $200 is to be paid in yearly installments of 
$40 plus the accrued interest on the debt at 5%. How much inter¬ 
est must be paid in discharging the debt? 

Since the debt is reduced by equal amounts each year, the inter¬ 
est payments would be as follows: 

$200 X 0.05 = $10 interest 1st year, 

S160 X 0.05 = $ 8 interest 2nd year, 

$120 X 0.05 = $ 6 interest 3rd year, 

S 80 X 0.05 = $ 4 interest 4th year, 

$ 40 X 0.05 = $ 2 interest 5th year. 

We see that it will take 5 years (^&) to pay off the debt in full. 
Furthermore, the interest payments are $2 less each year and, 
therefore, constitute an arithmetic progression. We have a = 10, 
d = — 2, n = 5. Employing formula (3) for the sum of the terms 
of an arithmetic series, we find 

S = £[2 X 10 + (5 - 1)(— 2)] = f[20 - 8] = f X 12 = $30. 


Problem 

A college debt of S600 was paid in yearly installments of $100, 
and the interest rate was 3%. How much interest was paid? 
Answer: $63. 

Exercises 

Find L and <S for the following progressions: 

1. 2, 9, 16, . . . (n = 12). 

2. 23, 21, 19, 17, . . . (n = 12). 

3. 21, 15, 9, . . . (n = 10). 

4. 8, 3, -2, . . . (n = 11). 

5. -2, -15, -28, . . . (n = 10). 

6. 3, 11, 19, . . . (n = 20). 
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7. 0.3, 0.7, 1.1, . . . (n = 50). 

■!>••• ( n = io). 

9. -j, -y, ■§, . . . (n = 15). 

10. Given a = 2, d = if, L = 20, find n and 5. 

11. Given a = f, d = f, L = find n and S. 

12. The 25th term of an arithmetic progression is 100; the common 
difference is f; find a and S. 

13. Given a = 25, S = 105, n = 5, find d and the 5th term. 

14. Given the 6th term as 4, the sum of 6 terms as 42, find a and d. 

15. Given a = 2, L = 20, S = 55, find n and d. 

16. The 3rd term of an arithmetic progression is 13, and the 10th term 
is 55; find the 6th term. 

17. Find a value of aTfor which 1, 2 + 3x, 4 — 2x will be in arithmetic 
progression. 

18. Given a = — 1, L = 2, S = 55, find n and d. 

19. Given a = 5, n = 8, S = 124, find L and d. 

20. Express d in terms of L, a, and n. [Hint: Solve formula (1) for d.] 

21. Form an arithmetic progression, given the following elements: 
( a ) d = 7, n = 6, a = 13; (6) a = 3, d = -2, n = 5; (c) S = 64, L = 24, 
n = 8. 

22. An employee started work for a company at S3,200 for the first 
year and received a regular yearly increase of $200 for the next 5 years. 
What was his salary at the end of 6 years’ service with the company? 
How much did the company pay him in the course of 6 years? 

23. A city issued bonds in the amount of $50,000, bearing interest at 
4y%, and the principal was to be repaid in 20 equal annual installments. 
Compute the amount of interest paid by the city during the life of the 

bonds. 

24. A man invests his savings in the shares of a finance organization, 
depositing $200 the first year. At the beginning of the second year he is 
credited with $12 interest and deposits $188. At the beginning of the 
third year his interest credit amounts to $24, and he deposits $176. If he 
continues to receive credit and to deposit savings in this manner, how 
much interest has he earned at the end of 5 years? How much cash 


has he paid in? 

25. A carpenter wishes to purchase a length of rod sufficient for 12 rungs 
of a ladder. If the rungs diminish uniformly from 20 in. at the base 

Ilf in. at the top, what length rod must he buy? # 

26. A father starts a savings fund for his son by putting m l 0 ® f® 

week, 15*5 the second week, 20*5 the third week, and so on, for 52 weeks. 

How much is saved after 52 weeks? 

27. A student borrowed S800 to meet his expenses for 1 year at ™Ueg . 
After 3 months he paid $10 in full payment of the interest that had accu 

mulated. What rate of simple interest was he paying f 
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28. In a game of pool each ball counts the number it is marked, and 
the 15 balls are numbered consecutively from 1 to 15. One player ran 

all the balls from 1 to 7, inclusive, and his opponent ran the remaining 

balls. How many points did each receive? 

29 A man borrowed a sum of money at the rate of 2 % per year. When 
the note matured, he paid $267.50. How much money did he borrow if 
the note was paid in 3 years and 6 months ? 

30. The Auto Finance Company loans $200 to be paid back in 10 
monthly installments of $21.33. Would it be cheaper for the borrower to 
repay it in 10 monthly installments of $20 plus simple interest at 12% on 
the unpaid balance? How great is the difference? 

31. A punch board has 200 numbers on it (Nos. 1 to 200). If the 
customer pays the amount of the number punched in cents, how much 
revenue is derived from the board? 

32. A clock strikes the hour (that is, at 3 o’clock it strikes 3 times, and 
so forth). How many times does it strike in a day and a night? How 
many times does it strike if it strikes once for the half hour also? 

33. In a potato race, 10 potatoes are placed one by one along a straight 
path at equal intervals, the first interval being the distance between the 
starting tape and the first potato. What should be the length of the inter¬ 
vals if a contestant starting at the tape travels i mile in returning the 
potatoes, one by one, to the tape? 

34. A debt of $1,000 is paid in 8 annual installments of S125 each, plus 
interest on the unpaid balance at 6%. The first payment is made 1 year 
after the debt is incurred. What is the total amount paid in discharging 
the debt? 


83. Geometric Series. A stockholder has $100 invested in a 
certain enterprise. Each year he makes 10% on his capital and 
buys additional stock with the earnings. How much stock does he 
own at the end of 4 years? What is the amount of the accumulated 
interest? 

The amount of stock owned at the end of each year and the 
interest for each year may be calculated as follows: 


$100 


10 


no 

Stock, end 1st year 

li 


121 

Stock, end 2nd year 

12.10 


133.10 

Stock, end 3rd year 

13.31 


146.41 

Stock, end 4th year 
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$100 X 0.10 = S10 (interest 1st year), 

$110 X 0.10 = $11 (interest 2nd year), 

$121 X 0.10 = $12.10 (interest 3rd year), 

$133.10 X 0.10 = $13.31 (interest 4th year). 

In this example the amount of stock owned at the end of each 
year may also be found by multiplying the amount owned at the 
end of the preceding year by 1.10. We have 

$100 X 1.10 = $110, 

$110 X 1.10 = $121, 

$121 X 1.10 = $133.10, 

$133.10 X 1.10 = $146.41. 

Indicating the successive multiplication by which the stock 
each year is found, we may write these amounts in the following 
manner: 

$ 100 , $ 100 ( 1 . 10 ), $ 100 ( 1 . 10 ) 2 , $ 100 ( 1 . 10 ) 3 , $ 100 ( 1 . 10 ) 4 . 

Such a sequence, in which each term except the first is found by 
multiplying the preceding term by the same constant, is called a 
geometric progression , and the indicated sum of these terms is called a 
geometric series. 

(1) Formula for the Last Term. The preceding progression 
expressed in symbols could be written thus, 

a, ar, ar 2 , ar 3 , ar 4 , 

where a stands for the first term and r for the common multiplier, 
or ratio. It will be noticed that the exponent of the ratio for the 
5th term is 4. If there had been 7 terms, the exponent for the 7th 
term would have been 6; for 13 terms, the exponent 12, and so 
forth. In general, a geometric progression of n terms would be 

written 

a, ar, ar 2 , ar 3 , ar 4 , ar 3 , . . . , ar n ~ l (n terms). 

Hence, the formula for the last term (L) of a geometric progression of 
n terms is 


L = ar n l . 


(i) 
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In our example we may use this formula to obtain the amount of 
stock owned at the end of 4 years. We have a = 100, r = 1.10, and 
n = 5 . Substituting into formula (1), we find 

L = 100 X (1.10 ) 4 = 100 X 1.4641 = $146.41. 

The work involved in using formula (1) could have been per¬ 
formed by using logarithms. For our example, 

L = 100 X (1.10) 4 . 

Taking logarithms, we obtain 
log L = log [100 X (1.10) 4 ], 

log L = log 100 + log ( 1 . 10) 4 (from rule for logarithm of a 

product), 

log L = log 100 + 4 log (1.10) (from rule for logarithm of a 

power), 

log L = 2.00000 + 4 X 0.04139 (from table of logarithms), 
log L = 2.00000 + 0.16556 = 2.16556. 

Hence, after referring to a table of logarithms, we find L = S146.41. 

Illustration 1: Find the 9th term of the geometric progression 3, 6 , 
12, 24, ... . 

Here, a = 3, r = 2, and n = 9. We have 

L = or "" 1 = 3 X 2 s = 3 X 256 = 768. 


Problems 

Find the last term of the sequence: 

1. 1, t» tv» * • • to 8 terms. 

2 . |, 2, 6, ... to 6 terms. 

3. 3, —9, 27, ... to 7 terms. 

4. 1.06, 1.1236, 1.191016, ... to 5 terms. 


■Answers; 


1. 1/16,384. 

2 . 162. 

3. 2,187. 

4. (1.06)\ 


The formula for the last term of a geometric progression involves 
four quantities. When any three of them are known, we may 
always solve for the fourth. 
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Illustration 2: Solve L = ar n_1 for a in terms of L, r, and n. 

Transposing terms and dividing through by the coefficient of a, 
we have 



L 


Problem 


Solve the formula for the last term of a geometric progression 
for r; for n. 

Answer: 


i 

r = (L/ A) n ~ l 



log L — log a 
log r 


(2) Formula for the Sum of n Terms. The second question 
in the example at the beginning of this section calls for the amount 
of the accumulated interest. We have seen that these interest pay¬ 
ments for the 4 years were $10, $11, $12.10, and $13.31, respectively. 
Thus, letting 5 stand for the sum, we have 


5 = 10 4-11 + 12.10 + 13.31. 

Of course, by simply adding the four amounts we find the total 
amount of accumulated interest to be $46.41. This agrees, as it 
should, with the difference between the stock owned at the end of 
the fourth year and the amount of the initial investment. But for 
a great number of problems that arise in financial situations, as, for 
example, in compound interest, we shall wish to employ formulas 
that will enable us to compute rapidly how large a sum is accumu¬ 
lated at the end of a given number of years or interest periods. 

Can we arrive at a formula for this purpose? 

Since each term in the expression for 5 directly above is equa 

to 1.10 times the preceding term, we may write 

s = 10 + 10(1.10) + 10(1.10)* + 10(1.10)=. ( A ) 

Now, suppose we multiply both sides of this equation by 1.10. 
We then have 

1.105 = 10(1.10) + 10(1.10) 2 + 10(1.10) 3 + 10(1.10) 4 . (B) 
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If we subtract (.4) from (B), certain terms of the right-hand mem¬ 
bers cancel and we have 

1.105 - S = 10(1.10 ) 4 - 10. 

We may take S out as a factor on the left and write 

5(1.10 - 1) = 10(1.10) 4 - 10, 

or S = 10( 1.10 ) 4 - 10 . 

1.10 - 1 

For the part of our example dealing with interest payments, we 
have, using symbols, a = 10, n = 4, and r = 1.10. Hence, it would 
seem that our formula is 


S = 


ar n — a 
r - 1 


But to prove that we have here a correct formula, we shall use the 
general expression of n terms involving the symbols and carry out 
the work as above. We write 

S = a 4- ar + ar- + ar 3 + • • • + ar n ~\ (A') 

and rS = ar + ar- + ar 3 + - - - + ar n ~ l + <zr", (B') 

formula {B') being formed by multiplying each member of formula 
(A') by r. Upon subtracting formula (A # ) from (£'), there results 

rS — S = ar n — a. 

Factoring, S(r — 1) = ar n — a. 


Dividing through by (r — 1), S = ° r (2) 

Formula (2), therefore, gives the sum of n terms of a geometric 
progression. 


( 2 ) 


Illustration 1: Find the last term and the sum of the sequence 4, 12, 
36, ... to 6 terms. 

Here, a = 4, r = 3, and n = 6 . 

L = ar n ~ l = 4 X 3 6 " 1 = 4 X 3 s = 4 X 243 = 972 (last term in 

series). 

„ ar n - a 4 X 3 6 - 4 4 X 729 - 4 2,916 - 4 , 

S = -—f = 3 = -2- = -2- = 1 ’ 456 

(sum of 6 terms). 
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Problems 

Find the last term and the sum of the sequence: 

1. 7, 14, 28, ... to 6 terms. 

2. 100, 150, 225, ... to 5 terms. 

Answers: 

1. 224; 441. 

2. 506£; 1,3181. 

Illustration 2: Sheet music sales of the Taylor Music Store for 
1952 totaled $5,000. Because of better business conditions their 
records showed total sales of $6,298.56 at the close of the year 1955. 
Assuming that the sales increased each year over the preceding 
year at a constant rate, find the yearly per cent of increase and the 
total volume of sales for the 4 years. 

Our first problem is to find r in a geometric sequence of four 
terms beginning with 5,000 and ending with 6,298.56. We write 

a = 5,000 L = 6,298.56, 

n = 4, r = ? 

, 6,298.56 „ 

L = ar n_1 ; hence, 6,298.56 = 5,000 X r 3 , or r 3 = 5 ooo ~‘ 

logarithms, 

log r 3 = log 6298.56 — log 5,000 (from rule for logarithm of a 

quotient), 

3 log r = log 6298.56 - log 5,000 (from rule for logarithm of a 

power), 

3 log r = 3.79924 - 3.69897 = 0.10027, log r = 0.03342, 
and r = 1.08. 

The sales for each year, therefore, are found to be 1.08 times those 
for the preceding year. Hence, there is a yearly increase of 8 %. 

For the second problem in the illustration, we use the formula 
for S in order to find the total sales for the 4 years. We have 



5,000 X (1.08) 4 - 5,000 _ 5,0 00 X 1.360489 - 5,000 
1.08 - 1 

_ l,802.44j _ <$ 22 , 530 . 56 , total sales. 

0.08 ’ 


0.08 
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Problem 

If the population of a city increases from 225,000 to 350,000 in 
5 years, what is the average rate of yearly increase? 

Answer: 9.2% (approximately) 

Illustration 3: Find the sum of 8 terms of the series 1 + * + t + 

Here, a = 1, r = 4, and n = 8. We have 

„ ar" — a 1 X (D 8 - 1 -drs - ~ 1 _ — fH - _ 255 v 2 

s = T=T -w -i -i 256 A 1 

255 127 

” 128 128' 


Problems 


A nswers: 


Find the sum of 6 terms of the series: 

1. 1 + i + ts + ‘ * * • 

2. 1— -ff-f-tf — UT + ' * * • 


3,906 

* 3,125' 

2 18 2 
• ¥T3- 


(3) Formula for the Sum, when the Number of Terms Is 
Unlimited. In Illustration 3, we observe that the terms become 
smaller and smaller as the series progresses. This is always the 
case when the ratio is numerically less than 1. In fact, if the 
series were unlimited we could find a term numerically smaller than 
any specified positive value by going far enough along in the series. 
For example, when n = 13 in this series, the term would be (4) 12 , 
or approximately 0.00024. For an n of 25, we would have (^) 24 , or 
approximately 0.000000059604. For larger values of n, we would 
find still smaller terms. This behavior can be expressed by saying 
that the terms of this geometric series approach 0 as a limit as the 
number of terms becomes infinite. We may say, therefore, that 
when r is numerically less than 1, the quantity r n approaches 0 as 
n becomes infinite. Hence, as we let n increase without limit, the 
formula 



5 = 

becomes 

S = 

or 

S = 
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which, after changing the signs in the numerator and denominator, 
may be written 



Formula (3) expresses the limit of the sum of an infinite geometric 
series. This limit is usually referred to simply as the sum of the 
infinite series. 


Illustration 1: Find the limit of the sum, as n is increased infinitely, 
of the series: 

+ t + ¥ + ' ‘ * • 

We have r = ?, a = 1. By formula (3) 



The student should add together a sufficient number of the terms 
of this series to convince himself that the sum can be made as near 
to 2 as may be desired by taking enough terms. 


Problem 

Find the sum of the infinite series 1 + i + v + ' * * • 
Answer: f. 


Illustration 2: Find the sum of the infinite series (1.025) 1 + 
(1.025)-* + (1.025)-* + • • • . 



Problem 

Find the sum of the infinite series (1.02) -1 + (1.02)" 2 + (1-02) 


Answer: 50 
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Exercises 


Find L and 5 in the following progressions: 


1. 1, 3, 9, 27, . . . (5 terms). 

2. 1, t. A. • • • ( 7 terms). 

3. 5, 10, 20, . . . (8 terms). 

4. 1, -2, 4, . . . (6 terms). 

9. f. t $, . . . (n = 5). 


5. 5, 15, 45, . . . (n = 5). 

6 . 3, 6, 12, 24, . . . (n = 9). 

7. 3, -12,[48, . . . (n = 7). 

8. 16, 8/4, 2, . . . (n = 7). 


10. 5, 0.5, 0.05, 0.005, . . . (n = 7). 

11. 172, 344, 688, . . . (n = 10). 

12. 1.04, (1.04)*, (1.04)®, . . . (n = 5). 

13. —1, -j, —-J-, -g (n = 8). 

14. -6, -30, -150, . . . (n = 7). 

15. 5, 5 \/3, 15 . . . (n = 12). 


16. Given a = 2, r = 1*. L = 10|, find n and S. 

17. Given a = 5, L = 405, n = 5, find r and S. 

18. The 5th term of a geometric progression is 8; the common ratio 
is ■§; find a and S. 

19. Given a = 42, r = 0.1, S = 46.662, find n and L. 

20. The 3rd term of a geometric progression is 4; the 7th term is 36; 
find the 8th term. 

21. Find x so that i-l,r + 2,x + 9 will form a geometric progression. 

22. Find S and L, when a = 5, r = n = 25. 

23. Find r and S, when a = 3, n = 9, L = 640. 

24. Find n and S, when a = 130, L = 10,530, r = 3. 

25. Find S and L, when a = 24, n = 10, r = -j-. 

26. Solve L = ar n ~ l for (a) a in terms of r, n, L, (6) r in terms of n, a, L, 
(c) n in terms of a, r, L. 


27. Solve <S = 


ar" — a 
r - 1 


for (a) a in terms of r, 5, n, (6) n in terms of 


r, a, 5. 

28. On a certain radio quiz program each contestant was given a prize 
according to the number of correct responses made. On one particular 
program the sponsors paid out $2, $4, $8, . . . and so forth, until six 
persons had received prizes. What was the total amount of money paid 
out? 


29. In performing a certain division the quotient 0.272727 . . . was 
found, the numbers 2, 7 being repeated indefinitely. What fraction does 
this number represent? (Hint: Write the series 0.27 + 0.0027 + 0.000027 
+ *••.) 
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30. Find the limit of the sum of an infinite number of terms of the series 
l+‘5' + 'S' + irf + ‘ ' ' • 

31. Find the sum of the infinite series 0.3 + 0.03 + 0.003 + • • • . 

32. A certain manufacturing firm estimated that production would 
increase 20% each year over that of the preceding year. If the volume of 
business was S8,000 at the end of the year 1954, what amount of production 
could be expected in 1960? 

33. Under certain conditions the number of bacteria in milk doubles 
every 3 hr. By how much will the number be multiplied at the end of 
24 hr? 

34. A machine installed in a certain steel plant cost SI,400. The 
depreciation for a month on the machine at the end of any month was 
computed at the rate of 5% of its value at the beginning of the month. 
How much value was placed on the machine at the end of 20 months? 
How much had the machine depreciated during the 20th month? 

35. Los Angeles had approximately 6,000 people in 1870 and in 1940 
had approximately 1,500,000. Find the average percentage increase per 
decade. If this rate of increase had continued until 1950, what would 
have been the population then? Compare this with the actual 1950 
population of 1,970,000. 

36. A building cost §500,000. At the end of each year, the owners 
deducted 10% of its carrying value as estimated at the beginning of the 
year. What is the estimated value at the end of 20 years? 

37. The population of Washington, D.C., increased from 487,000 in 
1930 to 663,000 in 1940. Find the average rate of yearly increase. Com¬ 
pare this rate with the average rate of yearly increase between 1940 and 
1950 when the population was 802,000. 

38. The stock of the Southeast Northwestern Railway fell steadily 
from 80 in 1925 to 5 on the same day of 1935. What was the average 
annual percentage decrease? 

39. A rubber ball is dropped from a height of 6 ft and rebounds -g- the 
distance from which it falls each time. How far has the ball traveled at 
the instant it hits the floor for the 6th time? 

40. How far would the ball in Problem 39 travel if it continued to bounce 
indefinitely? 

84. Compound Amount. A man deposits $100 in a savings 
account and draws 3% interest each year. He leaves the interest 
in his account and thus draws interest on the earnings, too, after 
the first year. Each year he has 1.03 times as much in the bank 
at the end of the year as he had at its beginning. How much has 

he in the account at the end of 5 years? 

We may solve this problem and display calculations in detail as 

follows: 
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• S100 


3 

Interest 

103 

Amount, end 1st year 

3.09 

Interest 

100.09 

Amount, end 2nd year 

3.18 

Interest 

109.27 

Amount, end 3rd year 

3.28 

Interest 

112.55 

Amount, end 4th year 

3.38 

Interest 

115.93 

Amount, end 5th year 


S100 X 0.03 = S3.00 
$103 X 0.03 = S3.09 
S10G.09 X 0.03 = S3.18 
$109.27 X 0.03 = S3.28 
SI 12.55 X 0.03 = S3.38 


(interest 1st year), 
(interest 2nd year), 
(interest 3rd year), 
(interest 4th year), 
(interest 5th year). 


Observe that the amount at the end of each year equals the 
principal plus the interest for that year and that this amount is the 
principal for the next year. This relationship may be shown as 
follows: 


Principal + Interest = Amount (written in factor form). 

End 1st year: 100 + 100(0.03) = 100(1 + 0.03). 

End 2nd year: 100(1 + 0.03) + 100(1 + 0.03)(0.03) 

= 100(1 + 0.03) (1 + 0.03) = 100(1 + 0.03) 2 . 

End 3rd year: 100(1 + 0.03) 2 + 100(1 + 0.03) 2 (0.03) 

= 100(1 + 0.03) 2 (1 + 0.03) = 100(1 + 0.03) 3 . 

End 4th year: 100(1 + 0.03) 3 + 100(1 + 0.03) 3 (0.03) 

= 100(1 + 0.03) 3 (1 + 0.03) = 100(1 + 0.03) 4 . 

End 5th year: 100(1 + 0.03) 4 + 100(1 + 0.03) 4 (0.03) 

= 100(1 + 0.03) 4 (1 + 0.03) = 100(1 + 0.03) 5 

• 

From this display it appears that we could have computed the 
amount saved at the end of 5 years (compound amount) by evaluat¬ 
ing the expression 100(1 + 0.03) 5 . Calling this amount S, we have 
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S = 100(1 + 0.03) 6 = 100 X 1.159274 

= 100 X 1.1593 (rounding off) 

= $115.93 (compound amount of 

$100 at 3% for 5 years). 

Using symbols so that we may establish the formula for S in 
terms of the principal P, the rate r per period of time, and the 
number of periods of time n, we show the calculations for the suc¬ 
cessive periods as follows: 

Principal (P) + Interest (/) = Amount ( S ). 

End 1st period: P + Pr = P( 1 + r), 

End 2nd period: 

P(1 + r) + P(1 + r)r = P(1 + r)(l + r) = P(1 + r)\ 
End 3rd period: 

P(1 + r) 2 + P(1 + r) 2 r = P(1 + r) 2 (l + r) = P(1 + r)», 

and so forth, for n periods of time. In the Amount column it is 
seen that each term is 1 + r times the one just above it. The 
values of S constitute, therefore, a geometric progression where 
the first term is P(1 + r), the constant ratio is 1 -f- r, and the number 
of terms is n. By application of the formula L = ar n ~ l , our amount 
at the end of n periods becomes 

S = P(1 + r)( 1 + r)- 1 , 

or S = P(1 + r)\ ( 4 ) 

Formula (4) is known as the compound interest formula. It 
involves the four elements S, P, r, and n. When, therefore, any 
three of these are known, the other can be found by substitution 
in the formula and solving for the unknown value. This formula 
is important in many problems in finance and insurance and wher¬ 
ever the accumulation of sums follows the law of geometric pro¬ 
gression. Unless otherwise stated, interest will be assumed to be com¬ 
pounded annually in the problems that are to follow. 

Illustrations: 

1 . A person deposited $1,000 at interest at 2% compounded 
annually and left it to accumulate for 10 years. What a-moun 

was then due him? 
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We have 


p = 1,000, 

S = P(1 + r) n (formula for S), 

r = 0.02, 

log S = log P + n log (1 + r), 

n = 10, 

log P = 3.00000, * 

S = ? 

n log (1 + r) = 0.08600, 


log S = 3.08600, 


S = $1,219. 

2. A person deposited a sum of money at interest for 10 years 
at 2% compounded annually and received S 1,219 at the end of the 
10-year period. What sum did he deposit? 

S = 1,219, 

S = P( 1 + r) n , 

r - 0.02, 

P = Jr—;—r- (formula solved for P), 

(1 + r) n 

n - 10, 

log P = log S - n log (1 + r), 

P •= ? 

log S = 3.08600, 

n 

log (1 + r) = 0.08600, 


log P = 3.00000, 


P = 81,000. 

3. A person deposited $1,000 at 2% interest compounded annu¬ 
ally and got back $1,219. How long was the money at interest? 

P = 1,000, 

S = P( 1 + r)», 

S = 1,219, 

log S = log P + n log (1 + r), 

r — 0.02, n log (1 + r) = log S — log P, 

n ? 

71 = log^l -f r/~ (formula solved for n) ,. 


log S = 3.08600 

log P = 3.00000 

0.08600 (difference) 

log (1 + r) = 0.00860, 

_ 0.08600 
U 0.00860 1U ' 
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4. A person deposited SI,000 at interest for 10 years and received 
SI,219 at the end of the 10 years. What rate of interest did he 
receive if interest was compounded annually? 


P = 1,000, 

S = P( 1 + r)", 

S = 1,219, 

log S = log P + n log (1 + r), 

n = 10, 

n log (1 + r) = log S - log P, 

r = ? 

, , n log S — log P [formula solved for 

log (1 + r) _ » log (1 + r)] 

log 5 - log P _ 0.08600 _ 
n It) 


log (1 + r) = 0.00860, 


l+r = 1.02, 


r = 1.02 - 1 = 0.02 = 2%. 


85. Table of Compound Amount. We have seen that the 
formula for the amount at compound interest is 

S = P(1 + r)\ 

If P = $1, this formula becomes 

S = (1+ r)\ ( 5 ) 

If we compute the compound amount for $1 at the given rate 
and for the given period of time, we may find the compound amount 
for any given sum by multiplying the compound amount for SI 
by that given sum. Thus, in Illustration 1 above, we may first 
compute (1.02) 10 as 1.218994 and then multiply by 1,000 to obtain 
1,218.99, or SI,219, as the amount to the nearest dollar. 

To facilitate computations in compound interest problems, tables 
have been prepared which list the compound amount of $1 for var 
ious rates and periods of time. Extensive tables of this type are 
labor-saving conveniences and are standard equipment for those wo 
must perform many computations of this kind. Table I m 
Appendix gives the compound amount of SI to six ecima p aces 
for values of n from 1 to 100 and for selected values of r from 
to 7%. A portion of this table is reproduced on the page opposite. 

The letter n at the top of the first column refers to the number 
of periods of time (conversion periods) for which the compounding of 
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interest occurs, and the per cents 1, 2, 3, 4, 5, 6, and 7 at the top 
of the other columns refer to the rate per conversion period. Thus, 
if it is stated that “the interest is G% compounded semiannually 
for 2 years,” there would be 4 conversion periods (4 six-month 
intervals), and the rate per period would be 3% (6% 2). To 

find the compound amount for SI, we would follow down the 3% 
column and read 1.125509 opposite n = 4. We must be careful, 
therefore, when the stated rate per year is given (nominal rate) to 

Amount of SI at Compound Interest (from Table III) 

S = (1+ r)" 


2 % 


3% 


4% 


5% 


6% 


7% 


1 1.010000 
2 1.020100 

3 1.030301 

4 1.040604 

5 1.051010 

6 1.061520 

7 1.072135 

8 1.082857 

9 1.093685 

10 1.104622 


1.020000 

1.040400 

1.061208 

1.082432 

1.104081 

1.126162 

1.148686 

1.171659 

1.195093 

1.218994 


1.030000 

1.060900 

1.092727 

1.125509 

1.159274 

1.194052 

1.229874 

1.266770 

1.304773 

1.343916 


1.040000 

1.081600 

1.124864 

1.169859 

1.216653 

1.265319 

1.315932 

1.368569 

1.423312 

1.480244 


1.050000 

1.102500 

1.157625 

1.215506 

1.276282 

1.340096 

1.407100 

1.477455 

1.551328 

1.628895 


1.060000 

1.123600 

1.191016 

1.262477 

1.338226 

1.418519 

1.503630 

1.593848 

1.689479 

1.790848 


1.070000 

1.144900 

1.225043 

1.310796 

1.402552 

1.500730 

1.605781 

1.718186 

1.838459 

1.967151 


20 1.220190 1.485947 1.806111 2.191123 2.653298 3.207135 3.869684 
50 1.644632 2^691588 4^383906 7.106683 11.467400 18.420154 29.457025 
100 2J04814 7.244646 19.218632 50.504948 131.501258 339.302084 867.716326 


divide that rate by the number of conversion periods per year and 
to take as n the number of conversion periods. 


Illustration: Find the compound amount of S200 at 4% compounded 
quarterly for 5 years. Here we have 

n = 20 (5X4 quarter periods), 

r = 0.01 (0.04 ^ 4). 

In the table we find for a rate of 1 % and an n of 20, the compound 
amount for SI to be 1.220190. Hence, for S200 we have for the 
required compound amount 

200 X 1.220190 = S244.04. 
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Problems 

1. Find the compound amount of $460 for 4 years at 2% com¬ 
pounded semiannually. 

Answer: $498.11. 

2. Find the compound amount for the following: (a) $1,000 for 
8 years at 1% compounded annually, ( 6 ) $500 for 6 years at 2% 
compounded semiannually, (c) $1,500 for 25 years at 4% com¬ 
pounded quarterly. 

Answers: 

(a) $1,082.86, ( 6 ) $563.41, (c) $4,057.22. 

86. Finding Time and Rate by Interpolation. The problem 
of finding the time (n) and the rate (r) per conversion period by 
the use of logarithms has been explained in Section 84. If a table 
of compound amount is used, the time or the rate may be approxi¬ 
mated by interpolation as follows: 

(a) To Find Time 

S = P(1 + r)\ 

In what time will $950 amount to $1,000 at 2% compounded 
semiannually? 

Substituting in the formula to find n, 

1,000 = 950(1.01) n , 

(1.01)" = 1.0526. 

In the table in the 1% column we search for 1.0526. This value 
does not appear; but we find that it lies between 1.0510 below it or 
n = 5 and 1.0615 above it for n = 6 . Then, if we assume that the 
change in ( 1 . 01 )" is proportional to the change in n, we must deter¬ 
mine where the given value 1.0526 lies between 1.0510 and 1.0615. 
The difference between these two values is 0.0105, and the differ¬ 
ence between 1.0510 (the smaller value) and 1.0526 (the given value) 
is 0 0016. Hence, it follows by proportion that the required value 
of n is of the way from n = 5 to n = 6 . This means that 
n _ 5 + AJr(l) = 5.152, the required number of conversion peri¬ 
ods. It follows that $950 will amount to $1,000 in 2.576 years 
or approximately 2 years 6 months 27 days at 2% compounded 
semiannually. When logarithms are used, it turns out that r* 
5.158, a slightly more accurate result. 
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(b) To Find Rate 

S = (1 + r)». 

At what rate, compounded annually, must a capital of SI,400 be 
invested to amount to $1,500 in 3 years? 

Substituting in the formula to find r, 

1,500 = 1,400(1 + r)\ 

(1 + r) 3 = 1.0714. 

In the table opposite n = 3 we search for the value 1.0714 under 
the various rate headings. The nearest values found are 1.0612 
less than it for r = 2% and 1.0927 greater than it for r = 3%. 
Then, if we assume that the change in the compound amount for 
a small change in the interest rate is proportional to the change in 
the rate, an approximation to the required rate may be found by 
interpolation. In the usual way we reason that since 1.0714 is ^ 
of the way between the two tabular values, the required rate is 
taken to be -^7 of the way from 2% to 3%. That is, r = 0.02 + 

(0.01) = 0.02 + 0.00324 = 0.02324, or 2.324%. This approxi¬ 
mation may be compared with 2.33% found by using logarithms. 

Problems 

1. How long will it take $1,000 to amount to $2,000 at 3% com¬ 
pound interest? Use interpolation, and check your answer by solv¬ 
ing for n by use of logarithms. 

Answer: 23.446 years; 23.445 years. 

2. Mr. Brown deposits $4,000 in a savings bank paying 4% per 
annum, compounded quarterly. He does not want his deposits in 
this bank to exceed $5,000. Use interpolation and find out when 
this will happen, and check your answer by using logarithms. 

Answer: 5.606 years; 5.608 years. 

3. A United States savings bond is purchased for $18.75 and is 
worth $25 in 10 years. If interest is compounded semiannually, 
find the nominal interest rate by interpolation, and check your 
answer by use of the logarithmic method. 

Answer: 2.894%; 2.90%. 

4. If $500, invested at interest compounded annually, amounts 

to $800 in 10 years, find the interest rate by interpolation, and 
check by use of logarithms. v 

Answer: 4.806%; 4.81%. 
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Exercises 

1. Complete the following list of compound interest problems: 



Principal 

A mount 

Rate 

(a) 

S100 

S 

4% 

(b) 

500 

609.50 

2% 

(c) 


317.05 

2% 

(d) 

800 

996.96 



Time 
6 years 


12 years 
5 years 


2. The sum of S350 was deposited in a savings bank which paid interest 
at the rate of \^% per year. Find the compound amount for a period of 
20 years. How much interest was earned? 

3. Accumulate SI,000 for 9 years at l-j-% compounded annually. 

4. Compare with the compound interest on SI,600 for 10 years at 
3.5% compounded annually the simple interest on the same sum for 10 
years at the same rate. 

5. Find the compound amount of S5.000 for 3 years 6 months at 2%, 
compounded quarterly. {Hint: There would be 14 conversion periods at 
a rate of \% per quarter.) 

6. A man wished to set aside a certain sum of money as an educational 
fund for his young son. How much must be set aside in a savings bank 
paying 1 % per year in order that there will be S3,000 available for college 
expenses 18 years later? (Use logarithms.) 

In Problems 7, 8, and 9, compare answers obtained by the use of loga¬ 
rithms with those obtained by the use of the table of compound amount. 

7. If S100 is invested to yield l\% compound interest and accumu¬ 
lates until it has amounted to S105.09, what is the time of the investment? 

8. How long will it take a sum of money to double itself at 2% com¬ 
pound interest? 

9. The sum of $200 accumulated at compound interest for 8 years, 
at which time it amounted to S238.96. What was the rate of interest? 

10. At what rate will any sum double itself in 5 years? 10 years? 
30 years? 

11. Find the present value of S400 due in 5 years if money is worth 3% 
compounded annually. {Hint: Find P in the formula for compoun 
amount.) 

12. Find the compound amount in each of the following: 


Principal 

Rate 

Compounded 

Time 

(a) S 700 

2±% 

Semiannually 

25 years 

(6) 1,100 

2% 

Quarterly 

5 years 

(c) 300 

1*% 

Annually 

lOj'ears 

{d) 50 

6% 

Monthly 

4 years 
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13. Which is worth more now, SI,000 due in 3 years or Si,100 due in 
5 years, if money is worth 3% compounded annually? 

14 . Use interpolation in Table III. and supply the missing quantities 
below: 


Principal Amount 


Rate Time 


(a) S 1,000 

(b) 10,000 

(c) 100 

(d) 25 


S 1.175.00 
14,425.00 
141.30 
50.00 


2 % 

6 % 


19 years 
31 years 


87. Present Value. We have seen that the compound amount 
of a sum of money is given by the formula 


5 = P( 1 + r)-, 


in which 5 = amount, P = principal, r = rate per period, and 
n = number of periods. Thus, if SI,000 is placed at interest for 
5 years at 4% compounded annually, the amount is found to be 


5 = 1,000(1.04) 5 = SI,216 (approximately). 


Suppose that it were required to have SI,216 available at the 
end of 5 years, what principal would have to be placed at 4% 
interest compounded annually? The answer obviously is SI,000. 
However, this principal could have been determined by solving for 
P in the equation 


SI,216 
We have P 


P(1.04) s . 
1,216 


(1.04) 


- 5 = 1,216 X (1.04) -5 


= 1,216 X 


1 


1.216653 


P = 1,216 X 0.821927 = SI,000 (approximately) 


The -principal which, invested at interest, will accumulate to a 
specified sum at a future date is known as the present value of that 
sum. Thus, as illustrated above, the present value of an amount 
S, due in n periods, when money can be invested at rate r is 



5 

(1 + r)» 


= 5(1 + r)~ n . 


( 6 ) 
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Table IV (page 389) gives the present value of $1 at compound 
interest for certain values of r and n. A portion of the table 
follows. 


Present Value of SI at Compound Interest (from Table IV) 


(1 + 79 - 


n 

1% 

2% 

3% 

4% 

5% 

6% 

7% 

i 

0.990099 


0.970874 


0.952381 

0.943396 

0.934579 

2 

0.980296 


0.942596 


0.907029 

0.889996 

0.873439 

3 

0.970590 


0.915142j 


0.863838 

0.839619 

0.816298 

4 

0.960980 





0.792094 

0.762895 

5 

0.951466 





0.747258 

0.712986 

6 

0.942045 





0.704961 

0.666342 

7 

0.932718 





0.665057 

0.622750 

8 






0.627412 

0.582009 

9 






0.591898 

0.543934 

10 






0.558395 

0.508349 

20 






0.311805 

0.258419 

50 






0.054288 

0.033945 

100 






0.002947 

0.001152 


In the example above, we find 0.821927 in the 4% column 
opposite an n of 5 and multiply this value by SI,216 to obtain 

$1,000 as the present value of the given amount. 

Interpolation may be used to find approximate values for r and 
n not appearing in the present value table in the same way that it 
was used in the case of the compound amount table. 


llustration: Find the present value of $2,400 due in 5 years if the 
ate of interest is 4% compounded semiannually? 

dution: P- 81 1 + r)-, in which 5 = $2,400, n = 10 (2 periods 
er year), and r = 0.02 (since 4% annual rate equals 2% per sem 
nnual period). In the 2% column of the table[W**”‘ “ 
0 we read 0.820348. Hence, P = $2,400 X 0.820348 - $1,968.84. 


OBLEMS Q0/ 

1 Find the present value of (a) $400 due in 3 years at 3%, 
$600 due in 2 years at 3 %, (c) $800 due in 1 year at 3 %. 
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2. Find the present value of SI,000 due in 3 years if the rate of 
interest is 4% compounded (a) annually, (6) semiannually, (c) 
quarterly. 

3. What amount of money invested now at 3%, compounded 
semiannually, will amount to SI,000 in 5 years? In 10 years? 

4. What sum placed at interest now will amount to S500 
in 5 years if it earns 3% compounded annually? Quarterly? 

Bimonthly? 

5. Finding the present value of a sum due in n years is some¬ 
times referred to as discounting the sum. Discount S10,000 for 
10 years if money is worth 2%; 3%; 4%. 

6. The difference between the sum discounted and its present 
value is sometimes called compound, discount. Find the compound 
discount if S1,000 is discounted for 5 years, money worth 3%; for 
7 years; for 10 years. 

7. Evaluate (1.015)- 10 ; (1.07)~ 7 ; 1/(1.005) 5 . 

8. Recall from Section 57 that the present value P of an amount 
A for the simple interest case is given by the formula 



A 

1 + rt' 


where r is the simple interest rate per year and t is the number of 
years. Compare the present values at simple and compound inter¬ 
est for an amount of $100 with r = 5% and t = 5 years. 

9. Show that 1/(1 -f r) 3 is less than 1/(1 + 3r) and hence that 
the present value of a sum due in 3 years is less if interest is com¬ 
pound than if it is simple. 

10. Smith may pay $300 cash for a refrigerator or $305 at the 
end of 6 months. If money is worth 3% compounded semiannu¬ 
ally, which is the better deal, and how much better? 

88. Effective Rate. A dollar compounded semiannually for a 


year at 5% amounts to 



or (1.025) 2 , which equals 


1.050625. If the same dollar had been compounded annually at the 
rate 0.050625, it would have also amounted to 1 + 0.050625, or 
1.050625. Hence, we see that the rate 0.050625 on an annual basis 
(effective rate) is equivalent to the rate 0.05 (nominal rate) on a 
semiannual basis. 
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In general, if i stands for effective rate, j for nominal rate, and m 
for the number of conversion periods per year, we have the relation 

1 + { = + m) 1 (7) 

which gives the effective rate in terms of the equivalent nominal 
rate. 


Illustrations: 

1. Find the effective rate equivalent to 2% compounded 


quarterly. 

We have 

i = effective rate, 
j = 0.02 (nominal rate), 


m = 4. 

Hence, 

!+<-(!+ °f)' 


= (1.005) 4 = 1.020151, 

and 

i = 1.020151 - 1 = 0.020151. 


2. Find the nominal rate compounded monthly that is equiva¬ 
lent to 2% effective. 

We have j = nominal rate, 

i = 0.02 (effective rate), 

m = 12 . 

Hence, 1 + 0.02 = ^1 + , 

which, when solved for j , yields (using 7-place tables) j = 0.0198. 


Problems 

1. Find the effective rate equivalent to (a) 2% compounded 
semiannually, (6) 2% compounded quarterly, (c) 4% compoun e 

monthly, (d) k% compounded quarterly. ■ 

2. Find the nominal rate compounded semiannually equivalent 

to (a) 2% effective, (6) 1% effective, (c) 4% effective, (d) % 

effective. 
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3. Find the nominal rate compounded monthly equivalent to 
k% effective. 

4. Find the nominal rate compounded quarterly that is equiva¬ 
lent to a nominal rate of 2.9% compounded semiannually. 

5. Find the effective interest rate paid on a savings account that 
pays nominal interest of 2 4% compounded quarterly. 

89. Amount of Ordinary Annuity. A man deposits SI.000 
at the end of each year in a savings bank paying 2%. How much 
will he have on deposit at the end of 5 years? 

Since the first deposit is made at the end of the first year, it will 
be at interest for 4 years and will, by formula (4) of Section 84, 
amount to $1,000(1 + 0.02) 4 . The second deposit will be at inter¬ 
est for 3 years and will amount to $1,000(1 + 0.02) 3 ; the third 
will amount to SI.000(1 + 0.02) 2 ; and the fourth to SI.000(1 + 
0.02)*. The final deposit is made at the end of the fifth year and 
will consequently be SI,000. The total amount to which these 
periodic deposits accumulate will be the amount on deposit at the 
end of 5 years. The sum may be written 


SI,000 + SI,000(1 + 0.02)* + SI,000(1 + 0.02) 2 

+ SI,000(1 + 0.02) 3 + $1,000(1 + 0.02V, 

or SI,000 + SI,020 + SI,040.40 + $1,061.21 + SI,082.43 

= $5,204.04. 


A series of equal periodic payments is called an annuity, and the 
sum to which the payments accumulate at compound interest is known 
as the amount of the annuity. Equal periodic payments on a piece 
of property, monthly payments of rent, insurance beneficiary pay¬ 
ments, and so forth, are some of the examples of annuities encoun¬ 
tered in the business world. 

A thorough study of the subject of annuities would call for a 
detailed consideration of several types classified according to length 
of term, time of payment, and so forth. In this book we shall 
confine our attention chiefly to the type known as ordinary 
annuity, in which payments are made at the end of each period, 
and, unless otherwise stated, the word annuity will here mean 
an ordinary annuity. 

If each payment is R dollars and continues for n years, there will 
be n payments. The first payment will be at interest for n — 1 
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years and will amount to #(1 + r) n_1 . The second payment will 
be at interest for n — 2 years and will amount to #(1 + r) n-2 . 
The next to the last payment will be at interest for 1 year and will 
amount to R{ 1 + r) 1 . The final payment, made at the end of the 
last year, will consequently be R. The total amount of the annuity 
will be the sum of the amounts of the separate payments. Writing 
these in reverse order, we have for the sum 

S = R + R(l + r) + R(l + r) 2 + 

+ R( 1 + r)"- 2 + R( 1 + 

or S = #[1 + (1 + r) + (1 + r) 2 + • • • + (1 + r)"‘ 2 

+ (1 + r)- 1 ]. 

The expression within brackets is a geometric series of n terms 
and with common ratio 1 + r. Its sum s, by the formula for the 
sum of a geometric series, is 


s = 


Hence, 


(1 + r)- - 1 
(1 +r) - 1’ 

S = R 


s = 


(1 + r)» - 1 


(1 + r)» - 1 


( 9 ) 


Formula (8) gives the amount of an annuity on the basis of 
payments of $1 each; formula (9) shows that if each payment is R 
dollars, instead of $1, the accumulation will be R times as much. 

To illustrate the use of formula (9) we return to the problem 
at the beginning of this section. We have R = $1,000, r = 0.02, 
n = 5. Hence, 


S = $1,000 


( 1 . 02) 6 - 1 __ 


0.02 


= $ 1,000 


1.10408 - 1 

0.02 


= $1,000 X 0 q° 0 4 2 ° - = *5,204 (approximately). 

Table V (page 397) gives the values of the amount of an annuity 
of $1 for certain values of r and n and may be used to advantage 
in finding the amount of an annuity. The process consists simply 
in locating the amount for *1 under the proper Pe r cent “himn U 
and opposite the proper «. In our example, we find 5-204040 
the 2% column opposite an n of 5 and multiply this value by *1,000 
to obtain $5,204.04 as the amount of the annuity require . P 
tion of the table follows: 
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Amount of an Annuity (from Table V) 

(1 + r)» - 1 


r 


n 

1%. 

2 % 

3 % 

4 % 

5 % 

6 % 

7 % 

1 

2 

3 

1.000000 

2.010000 

3.030100 

1.000000 

2.020000 

3.060400 

1.000000 

2.030000 

3.090900 

1.000000 

2.040000 

3.121600 

1.000000 

2.050000 

3.152500 

1.000000 

2.060000 

3.183600 

1.00000 

2.07000 

3.21490 

E 

4.060401 

5.101005 

6.152015 

4.121608 

5.204040 

6.308121 

4.183627 

5.309136 

6.468410 

4.246464 

5.416323 

6.632975 

4.310125 

5.525631 

6.801913 

4.374616 

5.637093 

6.975319 

4.43994 

5.75073 

7.15329 

7 

8 
9 

7.213535 

8.285671 

9.368527 

7.434283 

8.582969 

9.754628 

7.662462 

8.892336 

10.159106 

7.898294 

9.214226 

10.582795 

8.142008 

9.549109 

11.026564 

8.393838 

9.897468 

11.491316 

8.65402 

10.25980 

11.97798 


10.462213 

10.949721 

11.463879 

12.006107 

12.577893 

13.180795 

13.81644 

20 

22.019004 

24.297370 

26.870374 

29.778079 

33.065954 

36.785591 

40.99549 

50 

64.463182 

84.579401 

112.796867 

152.667084 

209.347996 

290.335905 

406.52892 


Interpolation may be used to find approximate values]for n and 
r when their corresponding tabular values do not appear in the 
table. Ordinarily, logarithms should be used when greater accu¬ 
racy is desired. 


Illustration 1: At the end of each 6 months a man deposits $200 in 
a fund that pays interest at the rate of 4% per year compounded 
semiannually. What sum of money does he have to his credit at 
the time he has made the 8th deposit? 

Solution: R = 200, n = 8, r = 0.02. 

Substituting in formula (9) to find S, we obtain 


S = 200 


( 1 . 02) 8 - 1 
0.02 


Using Table V with the given entries, we have 

S = 200(8.582969), or SI,716.59, 

the amount to his credit immediately after making the 8th deposit. 
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Illustration 2: A father started a savings account for his son by 
depositing 8100 to the son’s credit when the son was 1 year old, in 
a bank that paid 2\% compounded annually. If the payments 
were kept up each year until the son’s 21st birthday, how much was 
then to the son’s credit? 


Solution: R = 100, n — 21, r = 0.025. 

Substituting in formula (9) to find S, we obtain 



(1.025) 21 - 1 
0.025 


Since the given rate is not included in Table V, we shall use loga¬ 
rithms to complete the solution. The steps are as follows: 

Find (1.025) 21 by logarithms: 


log 1.025 = 0.01072, 
21 log 1.025 = 0.22512, 
(1.025) 21 = 1.6793. 


Our expression for S may now be written. 



1.6793 - 1 
0.025 


100 


0.6793 

0.0250 


67.93 

0.025' 


log S = log 67.93 - log 0.025 = 1.83206 - (8.39794 - 10) 

= 3.43412. 


Hence, S = S2,717.20, the amount to the son’s credit on his 21st 
birthday. 


Problems 

1. A firm deposits 82,400 a year for 10 years for establishing a 
trust fund. If the fund earns 1% a year, find the amount of the 

fund. 

2. Find the value of an annuity of 8200 at the end of each year 
for 15 years if invested at 2% compounded annually. 

3. Solve formula (9) for R. 

4. A man has a debt of 84,000 due in 5 years. In order to pay 
off this debt, he deposits a certain sum, at the end of eac year 
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the 5 years, in a fund which bears 3% interest. How much must 
his annual payment be? 

5. Find the amount of an annuity of 880 at the end of each 
month for 8 years. Assume money is worth 5% compounded 
monthly. 

6. If money is worth 6% compounded semiannually, what sin¬ 
gle payment at the end of 5 years is equivalent to 8100 paid semi¬ 
annually for 5 years? 

7. Mr. Brown saves 8200 every three months and puts it in a 
savings bank paying 2% compounded quarterly. Find his total 
savings at the end of 10 years. 

8. A bank has a Christmas savings plan whereby the customer 
deposits 810 at the end of each month starting with January and 
collects his savings at the end of November. If the bank pays 5% 
compounded monthly, what is the amount of the Christmas fund? 

9. To provide for the availability of a sum of money at the 
end of 17 years, a firm places SI,000 at the end of each year in a 
sinking fund paying 4%. What sum will be available at the end of 
the period? 

10. The Jones family wants to deposit enough money every 3 
months in a college fund for their new son so that S3,000 will be 
available at the end of 18 years for his college expenses. If their 
money earns 3% compounded quarterly, what quarterly deposit 
should be made? 

11. To meet an obligation of 8100,000 at the end of 20 years, 
what amount of money should a firm put into a fund at the end of 
each year if the fund draws interest at 2%? 

12. How long will it take to accumulate SI,000 by quarterly 
deposits of 820 each if the deposits earn 2% compounded quarterly? 

13. How many monthly payments of 810 each are necessary to 
amount to SI,000 if the payments draw interest at 5% compounded 
monthly? 

90. Present Value of Ordinary Annuity. In September, 
prior to his son’s graduation from high school, a father purchases an 
annuity which will pay his son 81,000 at the end of each year for the 
next 4 years. If the trust company pays 2% per year compounded 
annually, what is the cost of the annuity? 
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The first payment of SI,000 is received 1 year after the “pres¬ 
ent” date of the annuity, or, in this case, the date of purchase. 
This payment, therefore, has a present value of SI,000(1 + 9.02) -1 . 
The second payment is received 2 years after the “present” date 
and has, therefore, a present value of SI,000(1 + 0.02) -2 , and so 
on, for the other two payments. 

The “present value” of all the payments is seen to be the sum 
of the present values of the separate payments, that is, 

P = S1,000[(1 + 0.02) -1 + (1 + 0.02)- 2 + (1 + 0.02)- 3 

+ (1 + 0.02) _4 ] 

= SI,000(0.980392 + 0.961169 + 0.942322 + 0.923845) 

= SI,000(3.807728) = S3,807.73, cost of the annuity. 


Since the present value of the first payment of an annuity of SI 
is (1 + r) -1 and that of the second payment is (1 + r) -2 , and so on, 
and the present value of the last payment made at the end of n 
years is (1 + r)~ n , we may obtain a formula for the sum of the pres¬ 
ent values of all the payments in terms of r and n. This sum is 
called the 'present value of an annuity. 

By application of the formula for the sum of the terms of a 
geometric series, we have for the sum p of the present values of all 
of the SI annuity payments 


V = (1 + r)" 1 


1 - (1 + r)" n 
1 - (1+ r)" 1 


1 1 - (1 + r)-" 

1 + r ' 1 - (1 + r)- 1 


1 - (1 + r) 

T 


If the annual payment is 
the annuity is 



R instead of SI, the present value of 

1 - (1 + r)- ( 10 ) 

r 


Illustration: 

Find the present value of an annuity of S500 a year for 6 years 
at 4%. 
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P = R 


1 - (1 + r)~ n 


= S500 


= $500 


1 - (1.04)- 6 
0.04 

1 - 0.790315 


0.04 

$2,621 (approximately). 


= $500 X 5.2421 


Table VI (page 405) gives the present value of an annuity of 
$1 per period for certain values of r and n. A portion of the table 
is shown below. 

To use the present value table in Illustration 1 instead of the 
formula, we read 5.242137 in the 4% column opposite an n of 6 
and multiply this value by $500. We obtain $500 X 5.242137 =* 
$2,621 (approximately) as before. 


Present Value of Annuity (from Table VI) 

1 - (1 + r)-» 


r 


n 

1 % 

2 % 

3 % 

4 % 

5 % 

6 % 

7 % 

i 

0.990099 


0.970874 

0.961538 



0.934579 

2 

1.970395 

1.941561 

1.913470 

1.886095 


1.833393 

1.808018 

3 

2.940985 

2.883883 

2.828611 

2.775091 

2.723248 


2.624316 

4 

3.901966 


3.717098 

3.629895 

3.545951 


3.387211 

5 

4.853431 


4.579707 

4.451822 

4.329477 

4.212364 

4.100197 

6 

5.795476 


5.417191 

5.242137 


4.917324 

4.766540 

7 

6.728194 

6.471991 

6.230283 


5.786373 

5.582381 

5.389289 

8 

7.651678 

7.325481 

7.019692 

6.732745 

6.463213 


5.971299 

9 


8.162237 

7.786109 

7.435332 



6.515232 

m 


8.982585 

8.530203 


7.721735 


7.023582 

20 

18.045553 

16.351433 

14.877475 



11.469921 

10.594014 

50 

39.196118 


25.729764 

21.482185 

18.255925 

15.761861 

13.800746 


33 

43.098352 

31.598905 



16.617546 

14.269251 


Problems 

1. Find the present value of an annuity of $50 a year for 4 
years at 2%. 
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2. Find the present value of an annuity of $1,200 a year for 
10 years at 3%. 

3. A man is offered a house for $12,000 cash or for $2,000 down 
and payments of $1,200 a year for 10 years. If money is worth 
3%, which is the better deal for the purchaser, and by how much? 

4. What is the cash value now of an annuity of $100 a month 
for the next 8 years if money is worth 5% compounded monthly? 

5. Find the sum of money needed to set up a fund paying $100 
a quarter for 10 years if the money earns 3 % compounded quarterly. 

6. What is the cost of an annuity of $500 per quarter for 8 
years if money can earn 4% compounded quarterly? 

7. Mr. J. R. Doe buys a house for $4,500 cash and $199.74 a 
quarter for 20 years. Find the selling price of the house if money 
is worth 4^% compounded quarterly. 

8. A finance company advertised that it would loan $1,000 to 
be paid back in 20 monthly payments of $58.70. Find the present 
value of this annuity if money is assumed to be worth 18% com¬ 
pounded monthly. Is the company earning more or less than 18% 
compounded monthly? 

9. A loan company advertises that it will loan $100 to be paid 
back in 15 monthly payments of $8.40. By interpolation in Table 
VI, find the approximate rate, compounded monthly, which the 
loan company assumes money to be worth. 

10. Smith has the choice of paying $1,000 cash for a lot or of 
making bimonthly payments of $100 for 2 years. Which is the 
better offer, and how much better, if Smith can invest his money 

at 6% compounded bimonthly? 

91. Amortization and Sinking Funds. A student plans to 
borrow $1,000 to meet part of his college expenses and is offered his 
choice of the following two methods for repaying the loan. . 

(a) He may make 5 equal annual payments, which are to include 
interest on the debt at the time of payment and a sum which reduces 
the principal. The interest is to be 4% compounded annually. 

(b) He may make 5 equal deposits into a fund which on maturi y 

will be sufficient to repay the loan. In addition, he is to pay 
creditor 5% simple interest per year on the amount of the loan; an 
the fund is to earn for the student 4% per year compounded 

annually. 
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Find the annual expense required to repay the loan by each of 
these two methods. 

(a) Amortization Method. The SI,000 may be looked upon as 
the present value of a series of 5 payments with money worth 4% 
compounded annually. Hence, if we take P = SI,000, n = 5, and 
r = 0.04, the value of R in formula (10) will be the required annual 

payment by this method. 

Using Table VI, we read 4.451822 in the 4% column opposite 
n = 5. We then have 

SI,000 = R X 4.451822, 

from which R = SI,000 -h 4.451822 = S224.63, annual payment. 

Hence, S224.63 at the end of each year will repay the loan, includ¬ 
ing principal and interest. 

By this method, it is seen that each payment includes the inter¬ 
est on the unpaid balance of the debt and at the same time reduces 
the amount of the loan. This method of reducing a debt is called 
amortization, and a schedule that shows the division of the pay¬ 
ments into interest and debt reduction is called an amortization 
schedule. 


Amortization Schedule 


Period 
(One Year) 

Interest 
Due on Debt 
Outstanding 

Payment 

(Annuity) 

Reduction 
of Debt 

Debt 

Outstanding 

Date of loan 




SI,000.00 

End of 1st year. 

40.00 

224.63 

1S4.63 

S15.37 

End of 2nd year. 

End of 3rd year. 

32.61 

224.63 

192.02 

623.35 

24.93 

224.63 

199.70 

423.65 

End of 4th year. 

16.95 

224.63 

207.68 

215.97 

End of 5th year. 

8.64 

224.63 

215.99 


Total. 

S123.13 

SI,123.15 

$1,000.02 



The slight discrepancy (S0.02) in the above schedule is due to 
rounding off annual payments to the nearest cent. A check on the 
accuracy of the computations may be made since the total of the 
Interest column plus the original debt should equal the total of the 
Payment, or Annuity, column. 
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The construction of an amortization schedule when payments 
are made semiannually, quarterly, and so on, is similar except that 
the period used must be taken accordingly. 

(6) Sinking Fund Method. According to the second choice 
offered as a method of repaying the loan, the annual payment con¬ 
sists of two parts—the annuity payment, which will amount to 
SI,000 in 5 years, plus the annual interest on the loan. 

Substituting S = $1,000, n = 5, and r = 0.04 in formula (9), 
we may find the annual annuity payment by solving for R. Alter¬ 
natively, using Table V, we read 5.416323 in the 4% column oppo¬ 
site n = 5. We then have 

$1,000 = R X 5.416323, 

from which R = $1,000 -s- 5.416323 = $184.63, annuity payment. 

In addition, the interest per year on the loan is 0.05 X $1,000 
= $50. This means that the total annual payment required to 
repay the loan is $184.63 + $50, or $234.63. 

This method, which consists essentially in finding the annuity 
which will amount to the given debt, is known as the sinking fund 
method of repaying a debt. The operation of this method can be 
observed by constructing a sinking fund schedule. The difference 
between the total amount of the original debt and the amount in 
the sinking fund at any particular time is known as the book value 

of the debt at that time. 


Sinking Fund Schedule 


Period 
(i One Year) 

Total 

Payment 

Sinking 

Fund 

Charge 

Interest 

Earned 

Contribu¬ 
tion to 
Sinking 
Fund 

Amount 

• 

m 

Sinking 

Fund 

Book 
Value of 
Debt 







$1,000.00 

815.37 

623.35 

423.65 

215.97 

xJate oi loan. 1 

End of 1st year 
End of 2nd year. . 
End of 3rd year... 
End of 4th year... 
End of 5th year... 

Total. 

S 234.63 
234.63 
234.63 
234.63 
234.63 

$184.63 

184.63 

184.63 

184.63 

184.63 


$ 184.63 
192.02 
199.70 
207.68 
215.99 

$ 184.63 
376.65 
576.35 
784.03 
1,000.02 

S 7.39 
15.07 
23.05 
31.36 

SI,173.15 

S 923.15 

$76.87 

SI,000.02 


-- 
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Checks upon the computations in the schedule may be made by 
observing that the total of the Sinking Fund Charges plus the total 
of the Interest Earned should equal the debt and that the total of 
the Contribution to Sinking Fund column should also equal the 
debt. The slight discrepancy (S0.02) in the above schedule is due 
to rounding off calculations to the nearest cent. 

Finding the amount in a sinking fund at any given time is equiv¬ 
alent to finding the amount of an annuity for the appropriate annual 
payment, period, and rate. For example, we may find S376.65, the 
amount in the sinking fund at the end of the second year, as follows: 

Substitute R = S1S4.63, n = 2, r = 0.04 in formula (9), and 
solve for *S; or, alternatively, use Table \ , and read 2.040000 oppo¬ 
site n = 2 in the 4% column, obtaining finally 

S = $184.03 X 2.040000 = S370.65, 
which agrees with the amount scheduled. 

Problems 

1. Smith is to discharge a debt of $2,000, bearing interest at 
5% payable annually, by making equal annual payments for 5 
years. Find the annual payment, and construct an amortization 
schedule. 

2. Mr. Brown is to discharge a debt of $1,000, bearing interest 
at 6% payable semiannually, by making equal semiannual pay¬ 
ments for 3 years. Find the semiannual payfnent, and construct 
an amortization schedule. 

3. A loan of So,000 with interest at 5% payable quarterly is to 
be paid off in equal quarterly installments for 14 years. What is 
the quarterly payment? Construct an amortization schedule. 

4. A student borrowed $1,000 to meet part of his college 
expenses. He agreed to repay the loan with interest at 2% com¬ 
pounded semiannually by making semiannual payments over a 
period of 10 years. What payment must be made at the end of 
each 6-month period? Find the debt outstanding just after the 
payment is made at the end of the 5th year. (Note: The debt out¬ 
standing at any time is the present value of the payments still to 
be made.) 

5. A man is offered a house for $12,000. He pays for it with 
S2,000 of his own funds and $10,000 borrowed from a bank. He is 
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to discharge the debt by equal semiannual payments over a period 
of 15 years. If the debt bears interest at 6% payable semiannu¬ 
ally, what is the amount of each payment? Construct an amorti¬ 
zation schedule for the first 2 years. 

6. Work Problem 1 if the debt is to be discharged by the sink¬ 
ing fund method where deposits in the sinking fund earn interest 
at 4% compounded annually. 

7. What is the book value of the debt in Problem 6 after the 
3d payment? 

8. A debt of $10,000 with interest at 5% payable annually is 
due in 10 years. If the debt is to be discharged by the sinking fund 
method, find the annual expense if the sinking fund earns interest 
at 4% compounded annually. Construct a sinking fund schedule 
for the first 4 years. 

9. What is the book value of the debt in Problem 8 after the 
7th payment? 

10. A school district borrows $50,000 and is to pay $750 inter¬ 
est every 6 months until the debt is discharged. If the debt is to 
be paid by contributions to a sinking fund every 6 months for 20 
years and if the fund pays interest at 3% compounded semiannu¬ 
ally, find the semiannual expense. How much is in the sinking 
fund at the end of the 5th year? 

92. The Binomial Formula. Let us return to the example 
with which we began Section 84 of this chapter. We saw there 
that the compound amount of $100 at 3% for 5 years was given by 
the expression 

S = $100(1 + 0.03) 6 . 

The quantity (1 + 0.03) is said to be a binomial, and the quan¬ 
tity (1 + 0.03) 6 is said to be “The binomial (1 + 0.03) raised to 
the fifth power.” In general, any expression containing two terms 
is called a binomial, whether these terms be numbers or letters or 
both. Thus, (a + b ), (2x - y), (a 2 - 3), (1 + i), are all examples 

of binomials. 

Now, the value of the expression (1 + 0.03) 6 could readily b 
found by multiplying 1.03 by itself 4 times, thus: 

(1 + 0.03) 6 = 1.03 X 1.03 X 1.03 X 1.03 X 1.03 = 1.1592740743. 

But there are many times when it is advantageous to employ a 
general formula for finding the value of a binomial expression, we 



Ch. VIII, §92] THE BINOMIAL FORMULA 281 

shall consider the form (a + b) n and proceed to show how such a 
formula may be found if n is a positive integer. 

By actual multiplication, we obtain the following products: 

(a + 6) 2 = a 2 + 2 ab 4~ b 2 , 

(a -f 6) 3 = a 3 4- 3a 2 6 4- 3a6 2 + 6 3 , 

(a + 6) 4 = a* + 4a 3 6 + 6a 2 6 2 + 4a6 3 + h 4 , 

( a + b) b = a 5 + 5 a*b + 10a 3 b 2 + 10a 2 6 3 + 5a6 4 + b\ 

For example, for the first product the multiplication may be 
carried out as follows: 

a + b 
a + b 
a 2 + ab 
4- ab -f b 2 
a 2 + 2 ab + b 2 

There are certain properties that may be noticed in any one 
of the above expansions. The power of the first term is always the 
same as that of the binomial. The exponents of a decrease by 1 
and those of 6 increase by 1 from term to term. The sum of the 
exponents for any term is equal to n, the exponent of the binomial. 
If the coefficient in any one term is multiplied by the exponent of a 
and this product is divided by one more than the exponent of 6, 
the result is the coefficient for the next term. The arrangement of 
the coefficients is symmetrical in that they are the same at corre¬ 
sponding positions from the ends of the expansion. Furthermore, 
there are (n + 1) terms in each expansion. 

Problems 


1. Write the expansion of (a -f b) 6 by making use of the prop¬ 
erties pointed out above. 

Answer: a 6 + 6 a b b + 15a 4 6 2 + 20a 3 6 3 + 15a 2 6 4 + 6a6 5 + 6 6 . 

If we assume that these properties hold for all positive integral 
values of n(n = 1, 2, 3, 4, . . . , and so forth), we may bring our 
findings together in one formula, known as the binomial formula. 


(o + b )* = 


o n + na n ~ l b + ^ ° n-2 ^ 2 

+ "Vx^x I 21 + 


4- nab n ~ x 4- b n . 
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Using the binomial formula to compute the value of (1 -f- 0.03) 6 , 
we verify, by substituting, that 


(1 + 0.03) 3 = (l) s + 5(1) 4 (0.03) + (1) 3 (0.03) 2 




1X2 
(5)(4)(3)(2) 

1 X 2 X 3 X 4 


(1)(0.03) 4 + (0.03) 


= (l) 5 + 5(1) 4 (0.03) + 10(1) 3 (0.03) 2 + 10(1) 2 (0.03) 3 

+ 5(1) (0.03) 4 + (0.03) 6 

= 1 + 0.15 + 0.009 + 0.00027 + 0.00000405 

+ 0.0000000243 


= 1.1592740743, or 1.1593, rounding off to four decimal 

places. 

2. Find 4 terms of the expansion of (1 + 0.06) 9 . 

Answer: 1 + 9(.06) + 36(.06) 2 + 84(.06) 3 . 

If the same laws that apply to the formation of the successive 
terms of the binomial formula are used in the expansion of the bino¬ 
mial (a -f b) n , where n is any real number not a positive integer, 
nor zero, the series of terms that results is unending. For example, 
if n = the binomial expression becomes 


(a + 6)1 = a! + Q a* - ‘6 + ( * )( |, ^ 

_l_ (£)(g ~ lKg_Z 2 ) a H 353 _j_ . . . and so forth 

3 ! 

= o> + Q) a-16 + Sitil a-.6 2 

, Qg) ( ~ g) (~ jj a -\tf and so forth 

6 

= a » + - |a-*6 2 + -f • • * and so forth. 

We shall assume the binomial formula to hold true for any real n, 
provided that the numerical value of b/a is less than 1. _ 

Illustration: Find the approximate square root of 37 by using 2 
terms of the binomial formula. 


•v/37 = (36 + 1)». 
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Here, o = 36, and 6 = 1. Substituting in the expansion for 
(a + 6)*, we have: 

-v/37 = (36 + 1)» = 361 + (4)36-1(1) +••• 

= 6 + A = 6 08 (approximately). 


Problems 

1. Find the approximate cube root of 126 by using 3 terms 
of the binomial expansion of (125 + l)h 

2. Approximate the square roots of the following by using 3 
terms of the binomial series: (a) 99, (6) 17, (c) 1.1, (d) 1.025, (e) 15, 
(/) 102. 

3. Approximate, by using 3 terms of the binomial formula, the 
5th root of (a) 1.01, (b) 1.1. 

4. Find the first four terms in the expansion of: 

(а) (1 + x)~\ (d) (1 + 2x)*, 

(б) (1 + s)-\ (e) (1 - R)~\ 

(c) (1 + r)-* f (/) (1 “ P)~ l - 

5. Evaluate (1 + x )~ 2 when x = and compare the true 

value with the approximation obtained by using the first 4 terms 
of the expansion. 

6. Substitute the binomial expansion of (1 + r) n into formula 
(8), and obtain the following formula for the sum of an annuity of SI: 



+ njr^l) r + 


n{n - l)(n - 2) g 

2X3 ^ 


7. Use the first 3 terms of the formula of Problem 6, and find 
the amount of an annuity of SI for 8 years at 4%. Compare this 
answer with the tabular value. 

8. Expand the following expressions by using the binomial 
formula: 

(а) (a + b)\ (d) (a + l) 6 , 

(б) (1 + i)\ (e) (x - 2 y)\ 

(c) (i + o.o2)\ (/) ap + RV, 


(i 9 ) (a 2 - & 2 )s, 
(h) (5 y - 4x) 5 . 
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9. Using the binomial formula, compute correctly to two deci¬ 
mal places the amount of $300 compounded annually, interest at 
4%, at the end of 10 years. [Hint: S = P( 1 + r) n .] 

10. Using the binomial formula, find the approximate numerical 
value of each of the following: 

(а) (101)*, (c) ^130, (e) S/83, (g) ^9, 

(б) ( 1 . 02 ) 6 , (d) -v/83, (/) (1.01) 7 , (h) ^33. 

11. When money is placed at compound interest, the rate 
actually earned is called the effective rate and is denoted by i. The 
stated rate per year is called the nominal rate and is denoted by j. 
When these two rates are equivalent, the two compound amounts 
must be equal. Write the equation expressing this fact for $1 for 
m conversion periods per year. 

12. Using the binomial formula, find the value of each of the 
following: 

(а) (101)6, ( C ) (98)6, (e) (51)6, {g) (9 7) 2 , 

(б) (ll) 4 , ( d ) (O.Oll) 3 , (/) (1,001) 2 , (h) (1.01)6. 

13. Find the next to the last term in the binomial expansion of 
each of the following: 

(а) (a + b)'\ (c) (2+ r) 17 , (e) (3s - h) 10 , 

(б) (y - *)“, (d) (l + (/) {V +i) u ■ 

14. The coefficients of the binomial expansion of (o + &)" are > 
in order, 

For n = 0 1 

For n = 1 11 

For n = 2 12 1 

For n = 3 13 3 1 

Extend this configuration up to n = 6 and thus obtain Pascal s 
triangle for n up to 6. What is the law of formation of any num¬ 
ber in the triangle other than the units? 

15. Since 

(10 y + 5) 2 = 100y 2 + lOOy + 25 

= 100 y{y + 1) + 25, 

we can square any number ending in 5, mentally, by multiplying 
the figure in the tens’ place by itself increased by 1 and then p ac 
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ing 25 following this product. Thus 35 is squared mentally as fol¬ 
lows: 3 X 4 = 12, and followed by 25 gives 1,225. 

Square mentally: 45, 85, 25, 55, 115, 105. 

16. Since (50 + yY = 2,500 + lOOy + y- = (25 + y) X 100 + 
we can square a number larger than 50 by finding its excess over 
50, adding this to 25 to get the hundreds, and then adding the 
square of the excess. Thus 

52 2 = (25 + 2)100 + 4 = 2,704. 


Square mentally: 51, 53, 54, 55, 56. 

17. Obtain a method in Problem 16 for numbers less than 50. 

93. The Number e. A very important quantity in mathe¬ 
matics to which we shall give some attention here is one designated 
by the letter e, in honor of the great Swiss mathematician Euler 
(1707-1783). This number enters into the development of a for¬ 
mula used in compound interest problems when the interest is 
assumed to be compounded continuously and is important in sim¬ 
plifying computations in the business of large financial institutions. 
Another important use of this mathematical constant is in the field 
of statistics. At this point we shall confine our attention to find¬ 
ing its value. 

The number e has as its value the limit of (1 + 1 /n) n as n 
becomes infinite. By the binomial formula, using a = 1 and 
6 = 1 /ri, we may write the expansion of (1 + l/n) n as follows: 



i 4_„ v 1 i n{ - n ~ V | n(n ~ 1)(n ~ 2) 
+ A n + n 2 XlX2 T n 3 XlX2X3 



As n becomes large, the numbers (n — 1), (n — 2), and so forth, 
will not differ appreciably from n, so that the factors containing n’s 
will tend to cancel out of each numerator and the corresponding 
denominator. In the limit, therefore, when n becomes infinite, the 
series simplifies, and we have according to our definition of the 
number e 


e 1+1 +i X 2 + lX2X3 + lX2X3X4 + ‘‘' 

= l + l+ ^ + i + TT+ * ' ’ 

= 1 + 1 + 0.50 + 0.167 + 0.042 + • • • . 


By taking enough terms in the series it can easily be found that the 
value of e correct to five decimal places is 2.71828. 
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Problems 

1. Find the value of e rounded off to six decimal places. 
Answer: 2.718282. 

2. We have seen that the relationship between effective rate 
and nominal rate is expressed by the formula 1 + i = (1 + j/m) m . 
Let j/m = k, and show that i = e 1 ' — 1 when the number of con¬ 
version periods, m, increases indefinitely. This formula gives 
the effective rate equivalent to a nominal rate, j, compounded 
continuously. 


Exercises 

1. Find L and S for the following sequences. 


(а) 3, 11, 19, . . . to 10 terms, 

(б) 5, 12, 19, . . . to 10 terms, 

(c) —4, —7, —10, ... to 14 terms, 

(d) S12.50, S19.75, S27.00 ... to 6 terms. 


2. If a person invests 8500 at the end of each year for 20 years at 2% 
simple interest, find the accumulated value of his investments at the end 
of 20 years. 

3. Find the accumulated interest at the end of 10 years if a man 
invests S300 at the end of each year for 10 years at 3% simple interest. 

4. Find the sum of each arithmetic series: (a) $825 + S850 + S875 + 
• • • + 81,000, (6) 81.12 + $1.24 + S1.36 + • • • + S2.08. 

5. A debtor agrees to pay a 81,000 debt in the following manner: $100 
and the simple interest at 4% on all unpaid principal at the end of each 
year for 10 years. Find the total sum of money paid by the debtor in 
discharging his debt. 

6. What is the common ratio of each of the following geometric 
progressions? 


(a) 3, 6, 12, 24, ... , 

(b) 10, 5, 2.5, . . . , 

(c) 48, -12, 3, . . . , 

(d) r, r 2 , r 3 , ... , 

(e) r, r 3 , r 6 , ... , 


(/) (1.03), (1.03)*, (1.03)*, ...» 
(g) 1, (1.04)*, (1.04)*, 

(A) (1.02)-* (1.02) -6 , (1.02) *, . . . 

(t) (1 + I)" 9 , (1 + i)" 7 , (1 + *') > 


7. Find the sum of each of the following expressions: 


(а) 1 + (1.04) 4- (1.04)* + (1.04)* + • • * + (l- 04 ) 8 » 

(б) 1 + (1.02) + (1.02) 2 + (1.02)* + * * * + (-102) 10 , 

(c) 1 + (1.01) + (1.01) 2 + (1.01)* + • * • + (1-01) 16 , 

(d) 1 + (1-05) + (1.05) 2 + (1.05)* + ’ * • + (L° 5 ) 27 - 


I 


• • • • 
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8. Expand the following expressions by using the binomial formula: 

(a) (1 + 0.03) 2 , (d) (2a + by, (g) d + *Y\ 


(h) 


[(? * •■)]• 


(b) (1 + 0.05) 5 , ( e) (1.04) 6 , 

(c) (x + y)\ (/) (1 + 1/1-06)', <0 (0.1 - 2)*. 

9. Use the binomial formula to find the approximate numerical value 
of (a) 51*, (6) (1.01) 8 , (c) VI45, (d) \/2S. 

10. Find the amount and the compound interest due at the end of the 
time: 


(а) SI,000, IS years at 2% compounded annually, 

(б) SI,500 22 years at l4% compounded annually, 

(c) S3,000, 12 years at 2% compounded quarterly, 

(d) S4.000, 6* years at 1 % compounded semiannually, 

(e) S3,500, 8 years at G % compounded monthly, 

(/) $7,000, 4 years 3 months at 2% compounded quarterly, 

(p) $2,600, 5 years 6 months at 2i% compounded semiannually. 


11. Find the present value on Jan. 1 of the following: 

(а) SI,000 due on Jan. 1, 10 years hence; 2% compounded semi¬ 
annually, 

(б) $2,000 due on July 1, 154 years hence; 2% compounded 
quarterly, 

(c) S500 due on Apr. 1, 6* years hence; 2% compounded annually, 

(d) SI,200 due on Oct. 1, 8f years hence; 2% compounded monthly. 


12. Discount S600 for 8* years at 5% compounded monthly. 

13. What nominal rate, converted quarterly, will be equivalent to an 

effective rate of 6%, converted annually? [Hint: 1 + t -(■ + ff. in 

which i = effective rate, j = nominal rate, and m = number of conversion 
periods.] 

14. What effective rate will be equivalent to a nominal rate of 2%, 
converted quarterly? [Hint: See Problem 13.] 

15. Compare the simple interest on S300 for 6 months at 2% with the 
compound interest on the same sum for 6 months at 2%, compounded 
quarterly. 

16. For a certain year the population of a certain city was 123,000. 
Two years later, the population had increased to 132,500. What was the 
average monthly rate of increase for the 2-year period? 

17. Solve the equation i = e' — 1 for j when i = 0.06. [Hint: 0.06 = 
e’ — 1; hence; e' = 1.06. Take logarithms of both sides, and use 2.718 
as the value of e.] 
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18. A building cost S60,000. At the end of each year, the owners 
deduct 10% of its value as estimated at the beginning of the year. What 
is the estimated value at the end of 8 years? 

19. A machine has been depreciated 6% per year for the past 5 years. 
Its present value is S350. What was the cost of the machine? 

20. Jack Green borrows $4,000 with interest at 6%, compounded 
monthly. He agrees to discharge the loan by equal monthly payments 
on an amortization plan. Find the amount of each payment if the loan 
is to be paid in 8 years. Construct an amortization schedule for the first 
5 payments. 

21. A bond issue of $200,000 is to be retired in 20 equal annual install- 
ments and bears simple interest at 4%. How much interest will be paid 
on the issue during its life? 

22. An automobile costing $3,000 is found to be worth only $1,500 on 
the second-hand market 3 years later. Find the fixed annual percentage 
of diminishing value. 


23. A salesclerk started working for a chain store for $2,400 the first 
year, and was given a $100 yearly increase for 15 years. What was his 
salary 11 years after he started working? How much had he been paid 
in the 11 years? 

24. How many numbers between 50 and 500 are exactly divisible by 13? 

25. An office building consists of 30 stories, each 12 ft in height. How 
many miles would an elevator operator travel in taking a person to each 
floor in turn, returning to the ground floor after each floor stop? 

26. Assuming that, under certain conditions, the bacterium causing milk 
to sour divides each half hour, determine the number of bacteria originally 
present in milk which has a bacteria count of 500,000 per cubic centimeter 
at the end of a 5-hr period. 

27. A college track star trains for the mile run by running 440 yd the 
first day and 30 yd further each day thereafter until on the last day e 
runs the mile. How far does he run altogether? 

28. A certain loan company loans $200 to be paid back in 18 monthly 
installments of S12.91. Would it be cheaper for the borrower ^ repay 
it in 18 equal monthly installments of $11.11 plus simple interest at U/o 
on the unpaid balance? How great is the difference? 

29. New York City had approximately 2,000,000 inhabitants in 188 
and 7,500,000 in 1940. Find the average percentage increase per decaa . 
Estimate the 1950 population on the basis of this average increase. 

30. A corporation sets aside S40,000 a year to retire a bond issue due 
in 12 years. If money is worth 1% converted annually, find the amoun 


of the bond issue. , 

31. A firm wishes to raise $500,000 through issuing 2% sinking; iun 
bonds. If it can set aside $75,000 a year toward the retirement oft 
bonds and for the annual interest payments (2 % of $500,00 ), w e 
the bonds mature if money is worth 1 %? 
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32. Use the formula for amount of an annuity, and solve for the indi¬ 
cated letters: 



R 

r 

n 

(a) 

500 

0.02 

12 

(&) 

200 

0.03 

15 

(c) 

1,000 

0.04 

— 

(d) 


0.01 

20 



10,000 

25,000 


Self-Test 

Time: 50 Minutes 

(Score 5 points for each problem correctly solved) 

In an arithmetic progression, given a = 4, d = 3, n = 6. (Data for 
Problems 1, 2, 3.) 


1. Find the last term. 

2. Find the sum of all the terms. 

3. What is the value of the (n — l)th term? 

In a geometric series, given a = 10, r = (Data for Problems 4, 5.) 

4. Find the 5th term. 

5. Find the sum of 5 terms. 

Given the series 1+ -* + ?■ + •& + * • * . (Data for Problems 6, 7, 8.) 

6. Find the sum of 8 terms. 

7. Write the expression for the general term. 

8. Find the limit of the sum of the series as the number of terms 
becomes infinite. 

9. Use the tables and find the value of the sum of the first 5 terms 
of the series (1.06) + (1.06)* + (1.06)* + • • • . 

10. Write the 5th term of the binomial expansion for (p + q) 9 . 

11, 12. Use 3 terms of the binomial formula, and compute an approxi¬ 
mation to the cube root of 126. 

13,14. Find the compound amount of $280 at 2% for 3 years 6 months, 
compounded quarterly. 

15, 16. In how many years will $2,000 amount to $2,901.89 if com¬ 
pounded annually at 1^%? 

17, 18. What simple interest rate is equivalent to a compound interest 
rate of 1% compounded semiannually? 

19, 20. A man purchases a house for S10,000. How much of a pay¬ 
ment should he make each year, starting 1 year hence, in order to retire 
his debt in 20 payments if the interest rate is 3 %? 
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EQUATIONS AND BUSINESS APPLICATIONS 

Introduction. In Chapter II, we introduced simple equations 
of the first degree and discussed the steps involved in solving them. 
In the present chapter, we shall review our earlier work while 
employing the conventional symbols of several business fields, 
including banking, insurance, and related fields. This will be 
followed by sections devoted to simultaneous equations, quadratic 
equations, exponential equations, and equations of value. Since 
modern business involves a great deal of mathematical work, a 
thorough understanding of the use of equations is indispensable. 

94. First-degree Equations. The steps involved in solving 
simple equations of the first degree bring into play such operations 
as clearing of fractions, collecting terms, and transposing. The 
algebraic processes remain the same no matter how complicated 
the nature of the symbolism may be. The following illustrations 
and problems will serve to review our earlier work and to give prac¬ 
tice in solving certain equations frequently encountered. It will 
be observed that in each of these equations the unknown for which 
the equation is solved is raised to the first power. Such equations 
are examples of first-degree equations and are said to be linear in the 
unknown. 


,i Illustrations: 

1. Solve for R in /?(! + t) n — Si — R = 0. 

Transpose so that only terms involving R are on the left, 

R(l + i) n - R = Si. ■ 

Factor R out of both terms on the left, 

R[(l + i) n - 1] = Si. 

29C 
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Divide both sides by [(1 + i) n — 


1], the coefficient of R , 


R i(i + »•)" -1]' 

We observe that the manner of solving this equation for R is in no 
way different from that of a simpler form, say, aR - Q - R = 0 
or, perhaps, 2R — 8 — R = 0. 

2. Solve for C in ^4„ = Rv n + rCa 5 

Transpose so that the term involving C is on one side and the 
others are on the other side, 


— rCam, = Rv n ~ A n . 

Change signs throughout, 

rCa^i = -A,, Rv n . 

Divide both sides by ra^„ the coefficient of C, 

„ A n - Rv n 

C -- 

ra^i 

Compare the solution of the equation above with that>of the 
following: Solve for x in 

14 = 8 + 2x. 

Notice that here, as above, we may obtain the solution by trans¬ 
posing, changing signs, and dividing both sides by the proper coef¬ 
ficient. It should be noted in Illustration 2 that a ffl » (read “a angle 
n at t”) is one symbol, indivisible, and the n and i cannot be sepa¬ 
rated from the a. 


Problems 

1. Solve the equation of Illustration 1 for S. 

2. Solve the equation of Illustration 2 for a^. 

3. Solve for S in D = — -—• 

n 

4. Solve for i in T = D + %D k + iB k . 

5. If n C r is a symbol denoting the number of combinations of 
n things taken r at a time and „P r stands for the number of permu¬ 
tations of n things taken r at a time, how many symbols are involved 
in the formula r! „C r = „P r ? 
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6. Solve the formula of Problem 5 for „C r . (Note: The n and r 
cannot, under any circumstances, be separated from the C or the P.) 

7. Solve the equation n E x = v n p x for p x . 

8. Solve for x in the equation x — 4(6 + x) = 18 + 7x. 

9. Replace the symbol x in Problem 8 by the symbol M X) and 
solve the equation for M x . Are the steps involved the same as 
they were when the single-letter symbol was used? 

10. Solve for v in the equation C x+i = vD*+i — 2 . 

M 

11. Solve for M x in the equation P x = 

12. The net annual premium of an n-year term insurance policy 
is denoted by the symbol „P*. Solve the following equation for 
the net annual premium. 

n PzN x - M x = Nx+n nPx — M x + „. 

13. Solve the following formula for i : 

1 - (1.03)-" 

OnK — - 1 - 


14. Solve the following formula for r V x : 




Ox+r 


15. Solve the following equation for x: 

(Mi + I 2 + I 3 + • • ' + M r )( 1 - xi) = Mi(l - nii) 

+ M 2 (l - n 2 i) + M 3 ( 1 - n 3 i) + * * • + Mr( 1 - W- 


16. Solve for R in 



(1 + 0 " - 1 
1 


h 

17. Solve for h in the equation p = 

18. Solve for h in the equation q = 

19. Solve r = ^ for n. (Note: Z4* is one symbol and 
should not be separated.? 
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20. Solve y 2 — 3y + 2x — 4 for x. 

21. Solve tx — -jx + 3 = 2tx for x; for t. 

22. Solve 3! 2! P = 6 ! for P. 

23. Solve A = ^( 6 i 4* i> 2 )h for 6 i. 

24. Solve V = (?)A(&i + *>2 + bibt) for 61 . 

25. Solve Av 3 = A x v + A 2 V 2 + A& 3 for A. 

26. Solve A = 2rh + W 2 for h. 

27. Solve W{U ~ + w = y - v for w. 


Solve each of the following for x: 


28. x(3a - 2) = (f)a - 

29. = 2,-1. 



30. 2[3x - (1 + x)] = ox + 8. 

31. 1 - 1 + 1 - 5 + 3(, + 1). 

o 


32. 5 [9 + (2x - 1) + * - (3i - 7)] = 3,-1. 




x — 1 

X + 1 



35. A man invests $5,500 at 2%. How much additional money 
should he invest, some at 1% and 1^ times as much at 2^%, to 
realize a total yearly interest of $205? 

36. Four thousand dollars of the net profit of a company is paid 
out as employees’ bonus; 13% of the net profit, after deducting the 
bonus, is deducted for tax. What is the net profit of the company 
before the tax and bonus deductions if the bonus is to be 15% of 
the net profit after the tax deduction? 

37. In a dairy, the ice cream contains 15% cream. If the mix¬ 
ture is to be made from coffee cream of 20% butterfat and milk 
which tests 5%, what portion of each will have to be used in a mix¬ 
ture of 100 lb? 
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38. How many pounds of seed worth 42^ per pound must be 
mixed with other seed worth 50 £ per pound to make a 50-lb mix¬ 
ture worth 45^ per pound? 

39. In making some candy a “homemade” sweetshop uses a 
mixture of 70% sugar at 6^ a pound and 30% corn sirup at 3^ per 
pound. If sugar advances to 8p per pound, what must be the ratio 
of sugar and corn sirup used if the cost of production is to remain 
the same? 

40. A man has $10,000 invested at 3%. How much must he 
invest at 4% to make his total income equal to 3-j-% on his total 
investment? 

41. The cold-water tap can fill a bathtub in 4 min. The hot- 
water tap can fill it in 6 min. The drain can empty the tub in 8 
min. If both taps are on and the drain is open, how long will it 
take to fill the tub? 

95. Simultaneous Equations. A man has a total of $500 
invested in two stocks, one paying 5% and the other 6% annually. 
If the 6% investment yields annually S3 less than the 5% invest¬ 
ment, what is the amount in each stock? 

In this problem there are two unknown quantities, namely, the 
two amounts invested; and we seek first to formulate two equations 
that may express the conditions of the problem algebraically. 
Then, by solving these equations for the values of the unknowns, 
we may find the solution of our problem. We may proceed as 
follows: Let 

x = amount invested in the 5% stock, 
and y = amount invested in the 6% stock. 

Then since the sum of the two investments is $500, we may write 
the equation 

x + y = $500. 

The 5% stock yields 0.05a;, and the 6% stock yields 0.06y; and 
the difference in these yields is $3. Therefore, we may write a sec¬ 
ond equation 

0.05a; - 0.06y = $3. 

Each of the two equations that arise out of the conditions of 
the problem is a first-degree equation in the unknowns a; and y. 
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solution to our problem will consist of a pair of values that will 
satisfy both equations. In arriving at our solution, we say that we 
solve the equations as simultaneous equations. The solution may 
be obtained in several ways, but we shall confine our discussion to 
a rather simple method known as the method of elimination. The 
steps in the solution of the problem at hand are as follows: 

Bring together our two equations, and write 


j x + y = 500, 

( 0.05x — 0.06?/ = 3, 


( 1 ) 

( 2 ) 


in which the brace is used to indicate that the two equations are to 
be treated as simultaneous equations. 

Multiplying the members of (1) by 0.0G and pairing the result¬ 
ing equation with equation (2), we obtain 

O.OGx + 0.06?/ = 30, (3) 

0.05x - 0.06*/ = 3. (2) 


Adding (2) and (3), we obtain 

0.1 lx = 33, 

from which x = 300. (4) 


Upon multiplying (1) by 0.05 and pairing the resulting equa¬ 
tion with (2), we obtain 

0.05x + 0.05?/ = 25, (5) 

0.05x — 0.06?/ = 3. (2) 

Subtracting (2) from (5), we obtain 

0.11 y = 22 , 

from which y = 200. (6) 

Upon substituting x = 300 and y = 200 into equations (1) and 
(2), we obtain 

300 + 200 = 500, 

0.05(300) - 0.06(200) = 15 - 12 = 3. 

Hence, we have found that S300 invested in 5% stock and $200 
invested in 6% stock is a solution to our problem. 
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We must remember that in the process of solving simultaneous 
equations whatever is done to one side of one equation must also 
be done to the other side. It is because of this principle that we 
are able to multiply both members of an equation by suitable num¬ 
bers and thus be in a position to eliminate one of the unknowns by 
addition or subtraction. It should be pointed out, too, that all the 
rules pertaining to clearing of parentheses, transposing, collecting 
terms, dividing by the coefficient of the unknown, and so forth, that 
are used in solving simple equations of the first degree in one 
unknown apply equally well in the process of solving simultaneous 
equations of the first degree. 


Illustration: Solve for x and y, 


I5x - 3y = 

9, 

(1) 

( 3x + y = 

11. 

(2) 

Multiply equation (2) by 3, and add, 



5a; — 3 y = 

9 

(1) 


9a; + 3 y = 33 
14a; - 42 

x =3. 

Substitute 3 for x in equation (2), 

3(3) + y = 11, 

9 +y = 11, 
y = 11 - 9, 
y= 2 . 

Hence, the indicated solution of the pair of simultaneous equations 

is x = 3, y = 2. # 

We may check that these values actually furnish the solution 
by substituting them into the two given equations. 

5(3) - 3(2) = 9, 3(3) + 2 = 11, 

15 - 6 = 9, 9 -f 2 = 11, 

9 = 9; n = n - 
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There is no fixed rule observed in the manner in which we elimi¬ 
nate an unknown. For example, we could have eliminated x first. 


Multiply equation (1) by 3, 15x — 9y = 27 
Multiply equation (2) by 5, 15x + 5?/ = 55 
Subtract, — = — 28 


Problems 

1. Plot equations (1) and (2) of the preceding illustration on the 
same graph paper (see Section 74). Interpret your results. 

2. Solve for x and y, and check your results. 

j x - 2 y = -6, 
l 4x + 9// = 61. 

Answer: x = 4, y = 5. 

3. A thousand dollars is invested in three different securities. 
One pays 3 % interest, one 4 % interest, and the other 5 % interest. 
The total income from the investments is $43, and the income on 
the 4% securities is twice that on the 3% securities. How much is 
invested in each security? [Hint: Let x = part paying 3%, 
y = part paying 4%. Then, 1,000 — (x + y) = part paying 5%. 
Set up two equations according to the conditions of the problem, 
and solve for x and y.] 

Answer: 200 at 3%; 300 at 4%; 500 at 5%. 

When there are three equations and three unknowns, we may 
eliminate one unknown between any two of the equations and thus 
obtain one equation in two unknowns. Then we may eliminate 
the same unknown between any other pair of the equations and 
obtain another equation in two unknowns which is paired with the 
one just obtained. The two equations may then be solved for 
their two unknowns in the manner shown in the preceding illustra¬ 
tion, and the third unknown is found by substituting these two 
values into any one of the three original equations. 

Problems 

Solve the following simultaneous equations, and check the 
results: 
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1 . 


2 . 


3. 


4. 


5. 


6. 


7. 


8. 


9. 


10 . 


x + 3y = 14, 

2x + y = 8. 

2A - B = 1.09, 
3A +6B = 9.18. 

P + 200r = 112, 

2 P + 500r = 130. 

C + 0.30P = $96, 
C - 0.20 P = 886. 

3a; + 2y - z = 4, 
x + y + 3z = 12, 
5a; — 3y + 2z = 5. 

2 6 

3 - y ~ 8x - 5’ 

4 = 4 

5 — y 3 — x 
x + y + 2 = 12, 

2x - y + z = S, 

[ 3x + 2t/ — z = 3. 

f x + y — z = 3, 

* - y + 2 = 2, 

[2x + 2y - z = 6. 

0.6x — 0.3 y = 2.7, 
x + 0.5?/ = 3.5. 

1.3?/ — 0.7a; = 3, 
2.1?/ + 0.4a; = 12.5 


11 . 


12 . 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


( 2x — z = 4, 

3y + 2z = 20, 

{ 4x — 3y = 4. 

[ 3x + 4y — 5z = —4, 

5x + z = 8 , 

2 a; - 7 y = - 12 . 

0.2a; — l Ay -f z = 4.6, 
0.7a; + 2.3 y - 2z = -3.8, 
0.3a; — y + 1.4z = 4.6. 

3a; — 40 y + 72 = 6 , 

2 a; + 20 y -3z = 20 , 

— 5a; + 17?/ + 2z = -5. 

2y — x + 42 = 19, 

5a; — 4y + 62 = 15, 

2x + 13 y — 9 z = —25. 

13a; + 21 y = 9, 

4a; — 8 y = 10. 

3w — 4z = 18, 

7w + 32 = 5. 

& + k/ = Y, 

\x -%y = -£• 

& - h/ = -i 
+1?/ = -Y 


20. Show that the pair of equations 3x — y = 7 and 6a; — 2 3 / — 
3 cannot be solved. Why is there no unique solution whenever the 
coefficients of the x terms are in the same ratio as the coefficients 

of the y terms? 


1 2 0 j 2 

21. Solve the pair of equations - + - — 2 and ^ 

using - and - as the variables. 
x y 


y 2 


22. Solve: 



23. Solve: 
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24. An income of $48 is realized on two loans which total $1,350. 
One of the loans pays 3% interest, and the other pays 4%. How 
much is in each loan? 

25. A broker was forced to sell 100 shares of stock at S63 and 
thereby took a loss of 25%. If he had paid S80 for some of the 
shares and S90 for the others, how many shares were bought at 
each price? 

26. A 1% investment yields annually S84 less than a 24% 
investment. The total of the two investments is $8,260. How 
much is the amount of each? 

27. The assets of the Johnson Manufacturing Company exceeded 
the liabilities by S6.000. If the liabilities had been twice as large, 
the excess of the assets would have been only $4,000. W hat were 
the company’s assets and liabilities? 

28. The daily pay roll of a factory is $2,543. If 249 men are 
employed, some at $11 and the rest at $9 a day, how many men are 
employed at each rate? 

29. Clark invests $30,000, some at 3% and the remainder at 
3^%. His first year’s interest is S944.50. How much did he 
invest at each rate? 

30. A sum of money invested at simple interest for 9 months 
amounts to $121.22, and a like sum invested for 6 months at a rate 
t% less amounts to $119.04. Find the number of dollars in each 
investment and the rates of interest. 

31. A department manager of a corporation gets 10% of the 
profits, from which the Federal income tax and his commission 
salary are first deducted as expenses. The profits are $20,000 
before deductions are made. Suppose the income tax rate is 12% 
and an exemption of $3,000 is allowed for net income below $25,000. 
Find the salary and tax. (Note: The salary can be deducted as an 
exemption in paying the tax.) 

32. A and B were partners in a small firm and agreed to share 
the profits in proportion to the capital invested. The profits were 
$4,000. A owned a third interest plus $200, and his share of the 
profits was $1,400. What was the value of the business and the 
capital of each partner? 

33. The manager of a paint shop is to receive a bonus of 5% of 
the net income after the Federal income tax of 25% and his bonus 
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are deducted. The profit without deductions is $22,000. Find the 
bonus and the tax. (Note: The bonus is deductible from the net 
income for taxation purposes.) 

34. It is shown by the consolidated balance sheets of A and B 
companies that Company A owns 50% of the capital stock of 
Company B and that Company B owns 25% of the capital stock 
of Company A. The balance sheets of the companies at the end 
of the fiscal year give the net assets of Company A as $1,200,000 
and of Company B as $650,000. Find the true net worths of the 
companies. 

35. Mr. Jackson borrows a sum of money for a period of time 
at 6% simple interest and pays back $103. He also borrows the 
same sum for a 3-month-longer period at 5^% simple interest and 
pays back $104.12. Find the sums borrowed and the periods of 
time. 

36. Admission to a play at the Little Hamlet Summer Theater 
was as follows: children, 60f5; adults, $1. The receipts for a sellout 
of 600 tickets were $500. How many tickets of each kind were 
sold? 

37. Si and Alf each own some sheep. If Si gives a sheep to Alf, 
then Alf has twice as many as Si; but if Alf gives a sheep to Si, 
then they both have the same number. How many sheep does 
each man own? 

38. In 13 hr, B walks 7 miles more than A does in 9 hr; in 8 hr, 
A walks 12 miles more than B does in 7 hr. Find their rates of 
walking. 

39. A, B, and C each have savings which together amount to 
$3,400. If B gives A $500, their two savings are just reversed. 
B has as much more than C as is equal to to of A’s savings. How 

much savings does each man have? 

96. Quadratic Equations. The owner of a fruit store con¬ 
structs a rectangular window which admits light through 32 sq 
of area. Afterward, he observes that the perimeter of the chro¬ 
mium frame is 24 ft. What are the dimensions of the window. 

Let x = length of one side. 

Then 12 — x = length of the other side. 

Hence, x(12 - x) = 32, 

12x - z 2 = 32. 


or 
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Our task now is to find the value of x in this last equation. We 
observe that it is not of the first degree (linear) since it involves x 
to an exponent higher than 1. In fact, this equation is an example 
of an equation of the form ox 2 + bx + c = 0, which is called a quad¬ 
ratic equation in x. 

In our problem, we have, after transposing terms, 


x 2 - 12x + 32 = 0. 


Factoring the left member, we may write 

(x - 8) (x - 4) = 0, 

Then applying the principle that a product equals zero when and 
only when at least one of the factors is zero , we may write 

x - 8 = 0, or x = 8; 

x — 4 = 0, or x = 4. 

Check: 12(8) - (8) 2 = 32, 

and 12(4) - (4) 2 = 32. 

Hence, the dimensions of the window are 8 by 4 feet. 

If factoring is not convenient, the quadratic equation ax 2 + bx 
+ c = 0 may be solved by use of the well-known quadratic formula, 

—b ± s/b 2 — 4ac 

* = 2a 

In our problem, a = 1, b = -12, c = 32. Upon substituting, 
we have 

-(-12) ± V( —12) 2 - 4(TH32) 

* " 2(1) 

12 + V144 - 128 12 ± \/l6 12 + 4 

or x = —=- 2 - = - 2 - = ~2 - 

Hence, x = 8 and x = 4. 


Problems 

Solve and check each of the following equations: 

1. x* + 7x - 8 = 0. 4. 2x 2 + 5x — 2 = 0. 

2. x 2 - 8x - 5 = 0. 5. (x + l) 2 = 36. 

3. x 2 - 3x + 1 = 0. 
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6 . The interest on $100 for 1 year compounded semiannually 
at a certain rate is $2.52. Set up a quadratic equation, and find^the 
rate. 

7. A sheet of paper is to have a margin of 1 in. surrounding 
24 sq in. of printing. What must be the dimensions of the sheet if 
it is to be twice as long as it is wide? 

8 . Draw a graph of the parabola y — —x 2 — 12x + 20. What 
interpretation can you give to the values of x where the curve 
crosses the x axis? Where does the curve appear to have a maxi¬ 
mum? Can you discover some method by which one might go 
about finding precisely the maximum value of a quadratic func¬ 
tion? What test would you apply for finding a minimum? [Hint: 
At a maximum or a minimum point there must be only one value 
of x where y has a definite value.] 

9. A rectangular display area 8 by 10 ft is to be enlarged so as 
to give 45 sq ft more area by adding borders along two adjacent 
sides in such a way as to preserve the original shape. What must 
be the width of the narrower border? 

10. Find the nominal interest rate j which for interest com¬ 
pounded semiannually is equivalent to a nominal interest rate of 
4% compounded quarterly. 

11. Find two equal successive trade discount rates that are 
equivalent to a single discount rate of 30%. 

12. Find two equal successive trade discount rates that are 
equivalent to a single discount rate of 36%. 

13. A rectangular lot has an area of 5,600 sq ft and is 100 ft 
longer than it is wide. What are the dimensions of the lot? 

14. The radius of a circular flower exhibit is 5 ft. What increase 
in the radius will be required for an increase of llir sq ft in the area. 

97. Exponential Equations. In many problems we are con¬ 
fronted with the task of solving for the unknown when that unknown 
appears as an exponent. We encountered this type of problem, or 
example, in compound interest problems, where we were required 
to solve for the number of interest conversion periods, and in solving 
for the number of terms in a geometric series when certain other ele¬ 
ments were given. An equation in which the unknown is invo ve 

in an exponent is called an exponential equation. 

The manner of solving many equations of this type has alrea y 
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been pointed out in Chapters VII and VIII. We have seen that the 
basic thing to do is to take logarithms and thus use the exponent 
as a multiplier. After making this change in the form of the equa¬ 
tion, we solve for the unknown in the usual manner. 

^ » 

Illustration 1: Solve 2 Z = 25 for x. 

Take the logarithm of each side, log 2r = lo S ^5, 

From the rule for the logarithm of a power, x log 2 = log 2o, 

From the logarithm table, 0.30103x = 1.39794, 

Divide by the coefficient of x, x = 4.644 

(correct to three decimal places). 


Problem 

Solve (1.06) n = 1.79 for n. 

Answer: 10.0 (correct to one decimal place). 

Illustration 2: Solve 5(3)"" 1 = 1,215 for n. 

Take the logarithm of each side, 

log 5(3)" -1 = log 1,215. 

From the rule for the logarithm of a product, 

log 5 + log 3 n_l = log 1,215. 

From the rule for the logarithm of a power, 

log 5 + (n — 1) log 3 = log 1,215. 

# 

From the logarithm table, 

. 0.69897 + (n - 1)(0.47712) = 3.08458. 

Transposing, 0.47712(n — 1) = 3.08458 — 0.69897 

Collecting, 0.47712(n - 1) = 2.38561. 

Dividing by the coefficient of (n — 1), 

n — 1 = 5.000. 


Transposing and collecting, 


n = 6.000. 
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Problem 

Solve 4 = 64(0.5) 21 for x. 
Answer: 2. 


Illustration 3: In how many years will $5,000 amount to $8,000 if 
compounded semiannually at 8%? 

S = P(1 4- r ) n , 8,000 = 5,000(1.04)”, 

where n is the number of interest conversion periods. Take the 
logarithm of each side, 

jlog 8,000 = log 5,000 + n log (1.04), 

3.90309 = 3.69897 + 0.01703n, 

0.01703n = 0.20412, 

n = 11.99, or 12 (approximately). 

Hence, there would be required approximately 12 periods of £ year 
each, or 6 years. 


Problem 

In how many years will $300 amount to $500 at 2% interest 
compounded quarterly? 

Answer: 25.56 years. 

The exponential equation y = Ke Cx , in which K and C are 
positive constants, is sometimes called the snowball law , the law of 
organic growth , or the compound interest law. This important rela¬ 
tion is used in certain phases of finance and in many other fields 
where growth is being studied. The related curve y — Ke~ Cx , 
called the law of organic decay , is commonly used in the physi¬ 
cal world in studying such phenomena as the decomposition of 
radium and the transmission of light. The exponential equation 
y = Ke ~ Cx *, known as the equation of the normal curve , or the nor¬ 
mal probability function, is of such importance in the field of sta¬ 
tistics that special attention to some of its properties and uses will 
be given in the next chapter, which deals with further statistical 
methods. 

Problems 

1. Plot the graph of each of the following equations (take e = 
2.718): (a) y = e*, (b) y = e~ x , (c) y = 2e*, (d) y = 2e~ 2x . 
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2. The amount of any principal P after n years with interest 
compounded continuously at the annual rate of r% is given by the 
formula A = Pe nT . Draw a graph which shows the amount ot S10U 
compounded continuously at an annual rate of 2%. (Take n = 0, 

1 , 2 , , 20.) . _ . 

3 If a property whose present value is P is assumed to decrease 

in value continuously at a rate of r% per year for a period of n 

years, its value at the end of n years is given by the formula V - 

Pe~ nT . Draw a graph showing the value of a $10,000 building 

assumed to depreciate at the rate of 8% per year over a (10-year 

period. What is the value of the building at the end of the period? 

Exercises 


Solve for x: 

1. 2*“ s = 32. 

2. 2(1.04)* = 3.364. 

3. 1.05"* = 0.7945. 

4. 1.03“* = 0.4120. 

7. Solve L = ar n_1 for n. 



ar n — a . 

8 . Solve $ --— for n. 

r — 1 

9. If S = 0.98e°- 53 ‘, find t when S = 11.72. (Note: Take e as 2.718.) 

10. The sum of $80.25 was allowed to accumulate at \\% interest com¬ 
pounded annually until it had amounted to $100. How many years was 
the money at interest? 

11. An insurance policy for $10,000 dated Jan. 1, 1955, is left in trust 
for a boy until it amounts to $12,000. If the rate paid by the insurance 
company is 3 - 3 -%, in w’hat year can the boy expect to receive the $12,000? 

12. In how many years will a sum of money triple itself at 2% com¬ 
pounded semiannually? 

13. Find the amount of SI,000, interest at 3% per year for 10 years 
compounded continuously. Compare the result with the amount of $1,000 
at 3% for 10 years compounded annually. 

98. Equations of Value. A merchant owes a manufacturer 
three debts: $800 due in 1 year, $600 due in 2 years, and $400 due 
in 3 years. He desires to pay all three debts in a single payment of 
$1,800 at some future date. If money is worth 2%, when can the 
single payment of $1,800 be made so as to make an equitable 
settlement? 

Our problem here is to find a time, short of the expiration of the 
3 years, at which the payment of $1,800 would be equivalent, for 
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both the debtor and the creditor, to the arrangement of the three 
unequal payments due at different dates. If the total debt were 
paid immediately, the arrangement would be unfair to the merchant, 
for he would be denied the use of the money over the extended 
period of time. On the other hand, a settlement at the end of the 
3 years would mean that the manufacturer would be without a part 
of the money due him for too long a period of time. 

We shall let n denote the time in years to the date at which the 
single payment of SI,800 is to be made. The principal necessary to 
accumulate to SI,800 in n years can be expressed by solving the 
compound interest formula for P. We have 


or 


S = P(1 + r)» 



S 

(1 + r) n 


Substituting for S and r, we have P = 

Since P represents the sum of money that would yield SI,800 
when compounded at 2% for n years, it is the present value of SI,800 
at 2% for n years. 

The S800 debt is due in 1 year, the S600 debt in 2 years, and the 
S400 debt in 3 years. Consequently, the present value of each debt 


is 


S800 S600 


and 


S400 


respectively. 


( 1 . 02) 1 ( 1 . 02) 2 -( 1 . 02) 3 

In order to be assured that the single payment of SI,800 is 
entirely equivalent to the payment of the three separate debts at 
the times specified, we must have the present value of the single sum 
equal to the present values of the three debts. That is, we must have 


SI,800 S800 $600 S 400 (A) 

( 1 . 02 )* 1.02 + ( 1 . 02) 2 ( 1 . 02) 3 

Such an equation is known as an equation of value. The value of n 
which satisfies this equation will be the time (“equated time ) at 
which the single payment is equivalent to the payment of the three 
debts separately. We proceed with the solution as follows. 


SI,800 
( 1 . 02 )" 


= $800 i + $ 600 (x.02)" 2 + $4 °° (1.02) 3 

- S800 Jjg + S600 —Lj + S400 r ^08 
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= §800(0.980392) + §600(0.961169) + §400(0.942322) 
= §784.3136 + §576.7014 + §376.9288. 

- S18 — = §1,737.94. 

( 1 . 02 )" ’ 

Cross multiply, 1,800 = 1,737.94(1.02)". 

Take the logarithm of each side, 

log 1,800 = log [1737.94 (1.02)"]. 

From the rules of logarithms, 

log 1,800 = log 1737.94 + n log (1.02). 

From the tables, 

3.25527 = 3.24002 + 0.00860n. 


Transposing and collecting, 

— 0.00860n = -0.01525. 

Divide by the coefficient of n, 

n = 1.77. 

The date on which the single payment can equitably settle the 
three debts is 1.77 years, or approximately 1 year 9 months in the 
future. 

Let us now introduce symbols to represent the different quanti¬ 
ties which entered into the equation of value ol the example and then 
write a general equation which may be used for solving problems 
of the type above, frequently encountered in commuting financial 
obligations. 

Let Mi, Mi, Mi stand for the debts §800, §600, and §400, 


respectively. Also, let 

1 

1.02 

= v, 

so that 

1 

= v- 

(1.02) 2 

— v > 

• 

1 

= V 3 , 


(1.02) 3 

and 

1 

= v n . 

(1.02)" 
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Then, since S = M i + M 2 + M 3 , we may write ( A ) as follows: 


(Mi -f Mi + M 3 )v n = MiV + M 2 v 2 + M 3 v 3 . ( B ) 

If there had been four debts, M h M 2 , M 3 , and M A , due in 5, 7, 8, 
and 10 years, respectively, our equation of value would be written 

(Mi + M 2 + M 3 + Mi)v n = Miv b + M 2 v 7 + M 3 v 8 + M 4 y 10 , ( C ) 

in which the terms on the right would represent individually the 
present value of the four debts and the term on the left would 
represent the present value of the sum of the debts if paid n years 
hence. 

In general, if there are debts, Mi, M 2 , M 3) . . . , Mu due in 
ni, n 2 , n 3 , . . . , rik years, the fundamental idea of equivalence 
expressed in formulas (B) and ( C) can be extended and we can 
write the equation of value, 


(Mi + M 2 + M 3 + • • • -f- M k )v n = Miv ni + M 2 v nt + M 3 v ni 

+ • • • + M k v nk , (1) 

in which v = 77 — 7—7 

(1 + r) 

Formula (1) is very useful for working many problems in 
finance where two or more obligations of unequal amount are to 
be exchanged for one or more amounts at other dates. Table IV 
(page 405) gives the values of v for certain values of n and r and 
makes possible a great reduction in the amount of arithmetic com¬ 
putations that would otherwise be required. 

Now let us return to the example with which we began this 
discussion and employ formula (1) together with Table IV to solve 
our problem. We have 


Sv n = MiV ni + M 2 v ni + M 3 v nt , 

in which Mi = 800, M 2 = 600, M 3 = 400, S = 1,800, 

m = 1, n 2 = 2, n 3 = 3, v = (1.02)“ l , 

n = ? 


Substitute, 

1,800(1.02)-” = 800(1.02) _1 + 600(1.02) -2 + 400(1.02) 3 . 
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Use Table IV, 

1,800(1.02)"" = 800(0.980392) + 600(0.961169) + 400(0.942322) 

= 784.3136 + 576.7014 + 376.9288 

= 1,737.94. 

Take logarithms, and use Table I, 

log 1,800 — n log (1.02) = log 1737.94, 

3.25527 - 0.00860n = 3.24002, 

— 0.00860ft = -0.01525, 
ft = 1.77. 


As indicated by this example, the use of tables usually facilitates 
the computations involved in many problems arising in business, 
finance, and statistical analyses. 


Problem 

There are four debts of SI,000, $2,000, S3,000, S4,000 due in 3, 5, 
7, and 9 years, respectively, without interest. If we assume that 
money is worth 1%, when may one single payment, equal to the 
sum of the several debts, be made so as to settle the obligations 
equitably? 

Answer: 6.98 years. 

The foregoing illustration and problem illustrate the use of an 
equation of value in a type of problem occurring frequently in 
commuting financial obligations. Our task in each was to find the 
date at which a series of debts due at different times may be equi¬ 
tably discharged by a single payment equal to the sum of all the 
debts. Algebraically , our task was to solve formula (1) for n when 
all the other elements were known. 

A second problem calls for finding a single sum which may be 
paid at a certain date in exchange for a series of sums due at differ¬ 
ent times, when money is worth a given rate. Here we must solve 
Formula (1) for S. 


Illustrations: 

1. Three debts of $100, S200, and S300 are due in 5, 7, and 10 
years, respectively. What sum 3 years hence is sufficient to dis- 
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charge all three debts if money is worth 2%? 

Sv n = Miv n1 + M 2 v ni + M z v n '. 

Substituting for the M’s and n’s, 

Sv 3 = 100y 5 + 200v 7 + 300y 10 . 

Dividing by v 3 , 

S = 100y 2 + 200t> 4 + 300y 7 . 

Substituting for the v’s values found in the present value table 
(Table IV) in the 2% column, 

S = 100(0.961169) + 200(0.923845) + 300(0.870560) 

= 96.1169 + 184.769 + 261.168 
= 8542.05. 

2. A man wishes to settle in one payment a debt of $600 due in 
3 years and another one of $200 due in 7 years. Show the equa¬ 
tion of value obtained if he wishes to pay (a) now, ( b ) in 3 years, 
(c) in 5 years, ( d) in 12 years, if money is worth 2%. 

Solution: 

Sv n = M,v"> + M 2 v ni , Mi = 600, M 2 = 200, 

711 =3, n 2 = 7. 

(a) Here, we have n — 0. Hence, since v° = 1, 

S = 600y 3 + 200y 7 , 

or, since v = (1 + r) _1 , 

S = 600(1.02)“* + 200(1.02) -7 . 

A convenient way of thinking of this relationship is to observ- 
that since both debts are to be settled before they are due eacn 
debt must be discounted (that is, we must find its present value), one 

for 3 and the other for 7 years. 

(b) Here, we have n = 3. Hence, 

Sv 3 = 600y 3 + 200y 7 , 

S = 600 + 200y 4 
= 600 + 200(1.02)“*. 
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In this case the $600 debt is due at the date of settlement and 
hence is neither accumulated nor discounted. Since the S200 debt 
is to be paid 4 years before it is due, it must be discounted for that 

period of time. 

(c) Here, we have n = 5. Hence, 

Sv 5 = 600v 3 + 200c 7 , 

5 = 600c- 2 4 200c 2 

= 600(1.02)°- 4 200(1.02)“*. 

The S600 debt is to be paid 2 years after it is due and thus 
must bear compound interest for that period of time. On the other 
hand, the $200 debt must be discounted for 2 years since it is to be 
paid 2 years ahead of time. 

(d) Here, we have n = 12. Hence, 


Sv 12 = 600c 3 + 200c 7 , 

S = 600c- 9 4 200c- 5 

= 600(1.02) 9 4 200(1.02) 5 . 

Both debts are to be paid after the dates due. The $600 debt 
is at compound interest for 9 years, while the $200 debt is accumu¬ 
lated for a period of 5 years. 


Problem 

Given debts of S320 and $650 due in 2 and 6 years, respectively. 
If money is worth 14%, obtain the equation of value for finding 
an equivalent single payment (a) now, (6) in 2 years, (c) in 4 years, 
(d) in 6 years, (e) in 8 years. 

Answer: 

(а) S = 320(1.015) -2 4 650(1.015)~ 6 , 

(б) S = 320 4 650(1.015)— 4 , 

(c) S = 320(1.015)°- 4 650(1.015)- 2 , 

(d) S = 320(1.015) 4 4 650, 

(e) S = 320(1.015)® 4 650(1.015) 2 . 
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Exercises 


1. An electric calculating machine was purchased for $500 cash and 
$200 at the end of each year for 3 years. What is the cash value of the 
machine, if money is assumed to be worth 1 %? 

2. When may debts of $250, $340, and $200 due in 3, 6, and 8 years, 
respectively, be equitably discharged by a single payment of $800 if money 
is worth 2%? 

3. In making a certain purchase a man was given two alternatives— 
he could pay either $130 cash or $45 down, $45 in 6 months, and S45 at 
the end of the year. If money is worth 2% compounded semiannually, 
which alternative is cheaper, and how much? 

4. Find the “equated time” for the payment of S900, SI,400, and 
$1,850 due in 5, 8, 12 years, respectively. Money is worth 1 % per year. 

5. Given the present value of a debt, $495.60; the face of the debt, 
$500; and money worth 2%. When will the debt be due? 

6. Given a debt of SI,500 due in 3^ years and money worth 1%. 
What is the present value of the debt? 


7. A merchant owes notes at his bank as follows: $100 due in 30 days; 
S300 due in 60 days; and S500 due in 120 days. If money is worth l£%, at 
what future date may $900 be paid so as to settle all three notes? 

8. At what rate of interest, compounded semiannually will $3,000 
amount to $6,000 in 20 years? 

9. The Legal Loan Company charges a rate of 3^ % per month. This 
rate is equivalent to what rate per year? 

10. Two debts of S600 and S400 are due in 3 and 5 years, respectively. 
If money is worth 3%, find the amount necessary to settle both debts 
(a) now, (b) in 3 years, (c) in 4 years, (d) in 8 years. 

11. A government bond selling for S42.50 matures at $50 in 10 years. 
What rate of interest is earned if the money is compounded annually? 

12. A manufacturing concern sets aside every year $2,000 in a deprecia¬ 
tion fund. If the fund accumulates at the rate of l\% annually, wna 
amount will be in the fund at the end of 12 years? Assume the $2,0 is 
put into the fund at the beginning of each year. 

13. What cash price for a house is equivalent to $3,000 down and $70 a 
month for 15 years if money is worth 4% compounded monthly 

14. By making use of the formula for the sum of a geometric series, 


prove that 

(1 + r)" 1 + (1 + r)~ 2 + (1+ r)" 3 + • • • + (1 + r)“" 


1 - (1 + r)- 
r 


and hence show that the present value of SI paid at the end of each year 

. . . 1 - (1 + ^ 

for n years, where money is worth r, is given by r 
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15 By making payments of $100 a month, a loan of $3,000 made to 
purchase a car is to be repaid. How long will it take to repay the loan 
if money is worth 4% compounded monthly? [Hint: Make use of the 

formula of Problem 14.] 

16. By making use of the formula for the sum of a geometric senes, 
prove that 

(1 + r)" - 1 

(1 + r) n ~ l + (1 + r )" -2 + • * * + (1 + r ) 1 + 1 --;-’ 


and hence show that the compound amount of $1 paid at the end of each 

. . . (1 + r )" - 1 

years for n years is given by- - 

17. Use the formula of Problem 1G to find the compound amount of $50 
paid at the end of each year for 4 years if money is worth 3%. 

18. When various debts are due within a year, an approximate average 
due date may be arrived at as follows: Assume a focal date (say the last 
day of the month preceding the first item). Multiply the amount of each 
debt due by the number of days intervening between the focal date and 
the due date of the debt; then divide the sum of these several products 
by the sum of the debts. Count forward from the focal date the number 
of days obtained in the quotient. The result will be the average due date. 

Several invoices mature as follows: Apr. 14, $260; May 24, $500; 
Aug. 19, $120; Sept. 5, $350. At what date may these items be paid in one 
amount without loss to either party? 

19. A man owes debts as follows: $300 due in 2 months, $500 due in 
3 months, and S450 due in 5 months. By the method of Problem 18, 
find the average due date. 

20. A dealer has the choice of paying a debt in one of the following two 
ways: (a) He may pay $500 cash. (6) He may pay $100 now, $200 at 
the end of 2 years, and $300 at the end of 3 years. Which is his better 
proposition if money is assumed to be worth li%? How much better? 

21. A merchant has debts of $100, $300, and $600 due in 2 years, 3 
years, and 7 years, respectively. At what future date would $1,000 equi¬ 
tably settle all three debts in one payment? (Assume money to be worth 

1t%0 

22. A debt of $100 bearing compound interest at the rate of 1% com¬ 
pounded semiannually is due at the end of 2 years 6 months. If money is 
worth 2%, what is the present value of the debt? 

23. Mr. Adams owes Mr. Smith two debts: $450 due in 3 years with 
interest at 2% compounded semiannually, $845 due in 5 years with simple 
interest at 4%. Find (a) the value of each note at maturity, (6) the 
date on which SI,400 as a lump payment will pay both debts if money is 
worth li%. 

24. Last week, a typist was paid $60 for 5 six-hour days and 10 hr 
overtime. This week, she was paid $48 for 5 six-hour days and 4 hr over- 
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time. How much does she receive for each six-hour day and for each 
hour overtime? 

25. An automobile radiator holds 18 qt of a mixture of antifreeze 
and water, 75% being water. How much should a station attendant drain 
out and replace with antifreeze if he wishes to have a mixture containing 
50% antifreeze? 

26. A theater containing 1,000 seats had a sellout performance with 
gate receipts of SI,790.50. Orchestra seats sold for S2.20 and balcony 
seats for SI.15. How many seats of each kind did the theater contain? 

27. Farmer Brown has 2 more sheep than pigs, 12 more pigs than cows, 
and 44 all together. How many of each animal does he own? 

28. Solve for n: 


(a) 350(1.06)" = 557.85, 

(b) (1.06)" = 2.5404, 


29. Solve for x and y: 


(a) 


(b) 


(e) 


4x — 3 y 
3x + 4y 
3x — 2 y 
bx + 3 y 

x - 3 y = 
2x -f 4 y -- 


= 33, 
= 31; 

= 1 , 

= 17; 

135, 
320; 


30. Solve for x, y, and z: 

3x 4- 2y — 4z = 5, 
(a) \x + y + 2z = -9, 
2x — y — z = 3; 


(c) 3 2 " -1 = 243, 

(d) 1.342 = 91 ' 32 


(1.05) 


15 


(d) 


(e) 


2 — x 

2x + 3 
2 

32 _ 7 
x y 


2y + 1 

5 y, 

' 4’ 


O* • _ i 

— — 


4 + 14 

x y 


9 

4 


2x + y + z = 5, 

(6) {3x -2y + 2z= -10, 
x -\r 3y — 3z = 15. 


31. Debts of SI00, S200, and S300 are due in 3, 5, and 9 years, respec¬ 
tively. If money is worth 2%, at what future date may S600 equitably 

settle all three debts? 

32. Given debts of S670 and S360 due in 3 and 5 years, respectively. 
If money is worth 2%, what single payment will settle the debts equitably 

at the end of 3 years? 

33. How much money would be required 7 yearsi from now ^ ^charge 
a sum of SI,200 due in 10 years without interest and $2,000 due in 5 y 
but bearing interest at 4% if money is worth 1*%? 
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34 Years ago a man invested $10,000 at 5% at the time of Ins marriage. 
He used the accumulated sum on the 20th and 25th wedding anniversaries 
to build homes. What sum did he use on the 20th anniversary for a town 
home so that he had an equal sum on the 25th anniversary for a country 


home? 

35 Find the present value of an annuity of $1,000 per year at the end 
of each year for 20 years if money is worth 4% compounded annually? 

36. A house mav be purchased by paying $1,200 at the end of each yoar 
for 10 years. What is the cash value of the house if money is worth 1 T %? 

37. The Jackson Equipment Company will sell a machine for $5,000 
cash If money is worth 3% compounded annually, what should the 
payments be at the end of each year for 10 years if the machine is bought 
on the installment plan? 

38. The Westwood Realty Company will sell a piece of property for 
$8,530 cash. If the property is bought on the installment plan, the pay¬ 
ments at the end of each year for 10 years must be $1,000. W hat does the 
company consider money to be worth? [Hint: Estimate the answer 
directly from Table VI.] 

39. The Stellar Instrument Company will sell a telescope for $80,000 
cash. If it is bought on the installment plan, the payments at the end of 
each year must be $10,000. If the company considers money to be worth 2% 
compounded annually, how long will it take to pay for the telescope on the 
installment plan? 

40. If S10,000 is deposited on Jan 2 in a bank that pays 1% com¬ 
pounded annually, how much can be withdrawn at the end of each year for 
12 years, first withdrawal to be made on Jan 2 one year after deposit? 


Self-Test 

Time: 50 Minutes 

(Score 10 points for each problem correctly solved) 

1. At the birth of a male heir $1,000 is deposited in a savings bank 
paying li% interest compounded semiannually. How old will the child 

. be when the amount accumulates to $1,200? 

2. A man owes two debts. One is for $2,000 due in 4 years, and the 
other is for $1,000 due in 10 years. He falls heir to a sum of money and 
wants to pay the debts now. What lump sum would discharge the debts 
equitably if money is worth 2%? 

3. On what date would $2,800 equitably pay both debts in Problem 2? 

4. A tobacco dealer wishes to mix two blends of tobacco, one costing 
$1.80 per pound and the other costing $1 per pound, to obtain a mixture of 
25 lb which would cost $1.50 per pound. How many pounds of each kind 
should he use? 

5. Solve for x in the equation 7(3.02) r = 65.1. 
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6. Solve for x and y : 

2x + 3 y = 21, 

3x — 5 y = —16. 


7. Solve for T in the equation T 2 = 5.5T — 7.5. 

8. Find the present value of an annuity of S200 per year at the end of 
each year for 8 years if money is worth 1 % compounded annually. 

9. How many payments of SI00 at the end of each year must be made 
to amount to SI,341, with interest at 2% compounded annually? 

1 - n + r)~ n 

10. Solve P = R - - > - ■ < ■■ for R. 

r 



Chapter X 

FURTHER STATISTICAL METHODS 

Introduction. In Chapter III the student was introduced to 
the basic principles underlying the gathering, classification, and sim¬ 
ple description of data. In that chapter our attention was devoted 
to the computation of measures of central tendency, including the 
mean, the median, and the mode. The extent to which data tended 
to be scattered or dispersed about a central value was studied from 
the standpoint of average deviation, standard deviation, and point, 
measures of dispersion. These measures of central tendency and 
dispersion are but a few of the many statistical devices that play 
an important part in the description of data compiled in the many 

business fields. 

In the present chapter we shall devote our attention to a few 
basic concepts and statistical methods used in making inferences 
from data. Only the applied aspects of these methods will be 
emphasized, since an understanding of the statistical theory behind 
them presupposes a comprehensive understanding of mathematical 
theory. 

In the modern use of statistics the investigator is usually inter¬ 
ested in drawing conclusions (often of a tentative nature) from data 
resulting from a designed experiment. In other words, he plans 
how to gather his data, and what data to obtain, so that he may 
draw conclusions sufficiently reliable to aid in making some deci¬ 
sion. For example, an advertiser makes a survey of potential 
viewers, and uses the information obtained to help in preparing a 
schedule for television programs. A railroad accounting office may 
take a sample of a relatively few waj'bills from a large number of 
them and obtain percentage figures that can be used in making dis¬ 
tribution of revenue among appropriate recipients. The use of sta¬ 
tistics for inferential purposes depends primarily upon the theory 
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of probability, a subject that is receiving more and more attention 
in a great number of fields of application. For this reason, we shall 
consider a few of the basic ideas involved as preliminary to a few 
applications of this theory. 

99. Combinations and Permutations. The study of prob¬ 
ability requires a knowledge of the elementary mathematical theory 
of combinations and permutations. The word “combination” refers 
to a group of things without regard to their relative arrangement, 
whereas the word “permutation” pertains to arrangement of the 
members of a group. Thus, the combinations of the letters a, b, 
and c taken two at a time are ab, ac, and be. The different permu¬ 
tations of these letters, taken two at a time, are ab, ac, be, cb, ca, 
and ba. 

The fundamental principle upon which the study of combina¬ 
tions and permutations is based may be stated as follows: 

If one thing can be done in M ways and (after it has been done in 
any one of these ways) a second thing can be done in N ways, then the 
two together can be done in MN ways. 


Illustration: A certain automobile loan company has 3 different 
inspectors and 4 district offices. In how many ways (1 inspector 
to an office) can the inspectors be assigned to offices? 

Solution: The first inspector can be assigned to any one of the 4 
offices. When 1 inspector has been assigned to any one of these 
offices, the second inspector can be assigned in any one of 3 ways, 
that is to say, the first two inspectors can be assigned in 4 X 3 ways. 
With any of these 12 ways, the third office can be “filled” in 2 ways. 
Hence, the number of different ways the 3 offices can be assigned 
inspectors is 4 X 3 X 2 = 24. 

The basic principle can be generalized so as to include a third, 
fourth, or fifth thing, and so forth; and general formulas for com¬ 
binations and permutations can be derived. We state here severa 

of the basic theorems: 

Theorem I. The number of permutations of n different things 
taken r at a time is 



, n] = n(n - 1 )(n - 2) • • • (n - r + 1). 
(n - r )! 
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The number of permutations of n different things taker 

P(n,n) = n!. (2) 


The symbol n!, called n factorial , represents the product of all 
the integers from 1 up to n inclusive and is defined to equal 1 when 
n = 0. Thus, 3! means 1 X 2 X 3 = 6, and 5! means 1 X 2 X 
3X4X5 = 120. 


Illustration: Find the number of permutations of 6 different things 
taken 4 at a time; taken all at a time. 

In the first case, n = 6, and r = 4. Hence P(6,4) = 6 X 5 X 

4 X 3 = 300. 

In the second case, n = r = 6. Hence, P( 6,6) = 6 X 5 X 4 X 
3 X 2 X 1 = 720. 


Theorem II. If n things, in which ni are alike, n > others alike, n 3 
others alike, and so on, are taken all at a time, then the number of per¬ 
mutations is 



Mibiabia! * * * 



Illustration: How many different lighting arrangements can be made 
by using 3 red and 2 green lights? 

Solution: We have n = 5, n x = 3, n 2 = 2. Hence the number is 

5X4X3X2X1_ 1{) 

3 X 2 X 1 X 2 X 1 


Theorem III. The number of combinations of n different things 
taken r at a time is 


c M - = 


n 


r!(n — r)! 

n(n — l)(n 


- 2 ) 


(n — r + 1) 


r! 


(4) 


Illustration: In how many ways can a debating team of 5 members 
be chosen from a public speaking class of 12? 
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Solution: We have n = 12 and r — 5. Hence, 


<7(12,5) = 


12 X 11 X 10 X 9 X 8 
1X2X3X4X5 


792. 


Problems 


1. In how many different ways can the colors red, white, and 
blue be arranged, 3 at a time and no 2 alike? 

2. In how many ways can 8 students arrange themselves in a 
row of 8 chairs? 


3. How many different numbers of 3 digits each can be formed 
from the digits 3, 5, 7, 9? 

4. In a metropolitan area, telephone numbers are formed by 
writing 2 letters followed by 4 digits. Allowing duplication of both 
letters and digits, how many different telephone numbers could be 
formed? (Assume no mechanical limitations.) 


5. Find the value of 7 — n ‘ 

6! 2! (n — 1)! 

6. In a certain state, license plates have 2 letters followed by 
3 digits. How many license plates can be issued, all different? 

7. Signals on board ship are formed by placing 5 colored flags 
in a vertical column. How many signals are possible with 5 dif¬ 
ferently colored flags? 

8. A theater party reserve a row of 8 seats at the theater, but 
only 4 of them attend. In how many ways can they occupy the 
seats? 


9. How many more permutations can be made out of the let¬ 
ters “money” than out of the letters “trust”.'* 

10. Jan Karl plays a game with 4 battleships, 3 cruisers, and 14 
destroyers. In how many different ways can he arrange them m a 
single line by treating as identical those within each type? 

11. A fruit dealer wishes to arrange a decorative line across the 
front of his show window, using 4 boxes of oranges, 3 boxes of apples, 
and 2 boxes of peaches. How many designs could be made. 

12. The Ideal Soap Company wishes to give a commercial over 
a radio station every hour on the hour for 12 hr each day. 
commercials are to consist of 5 advertisements for face soap, 3 
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laundry soap, and 4 for suds. In how many different ways can the 
programs be put on the air; 

13. How many different arrangements can be made out of the 

word Kokomo taken all together? . 

14. A contractor plans to build 5 identical Colonial, 4 identical 

Cape Cod, and 2 identical ranch-style houses along one side of a 
city street. How many different arrangements are possible? 

15. In a gambling concession, 10 nickels, 3 dollars, and 5 half 
dollars are to be arranged along the shelf by the roulette wheel. 
In how many ways can this be done? 

16. A landscape gardener has 2 plants of each of 5 different 
kinds. In how many ways can he plant them along the front of a 
lawn? Around a circular flower bed? 

17. In how many ways can a committee of 4 persons be ap¬ 
pointed from a group of 10 men? 

18. Two different colors are to be used in painting a certain 
make of automobile as it comes off the assembly line. How many 
paint jobs are possible if 5 different colors are available? 

19. Out of an ordinary pack of 52 playing cards how many 
poker hands of 5 cards consisting of 3 hearts and 2 spades can be 
formed? 

20. An entertainment bureau has under contract 8 tap dancers, 
12 acrobats, and 20 singers. How r many shows consisting of 4 tap 
dancers, 3 acrobats, and 14 singers can be formed? 

21. On a mathematics examination consisting of 12 questions, 
the student is to answer any 10. How’ many different sets of 
answers are possible? 

22. How many bridge hands of 13 cards can be dealt from an 
ordinary deck of 52 cards? 

23. Out of an ordinary deck of 52 cards, how many different 
bridge hands containing 10 diamonds and 3 clubs can be dealt? 

100. Probability. The theory of probability is said to have 
originated in the mathematical study of certain problems arising 
from games of chance. Following initial considerations of the sub¬ 
ject during the seventeenth century, the concepts have subsequently 
been developed and applied in the field of insurance, the study of 
heredity, and a variety of other areas. Today, the theory of prob- 
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ability is regarded as fundamental in all the physical sciences and 
in the study of social phenomena. It is becoming very important 
in the field of business because of its relationship to the use of sta¬ 
tistical methods in the analysis of collected data. 

It is perhaps a matter for the pure mathematician to formulate 
a satisfactory definition of 'probability. As a basis for understand¬ 
ing how probabilities are calculated and how results can be inter¬ 
preted, it is usually advantageous to distinguish between that kind 
of probability which is based upon logical conclusions and that 
which is determined by the examination of data. For example, 
when a coin is tossed, one may assume that it is as likely to fall 
heads as tails, so that the probability of a head or of a tail may be 
expressed accordingly. (In this thought there is a sort of circular 
definition, because “equally likely” assumes knowledge of the term 
“probability” that is being defined.) On the other hand, if the 
coin were imperfectly balanced, or if environmental conditions had 


complex effects upon the outcome of a toss, and if, say, 1,000 tosses 
of the coin showed 800 heads and 200 tails, it might seem to be 
better to estimate the probability of a head or a tail on the basis of 
this “lengthy experience.” (In this thought, however, the defini¬ 
tion of probability is made to depend upon a requirement of “long 
run,” a condition that is itself difficult to define.) However, in 
spite of the difficulty of being able to state a precise definition of 
the term “probability,” many important applications can be made 
of the concept. For the sake of terminology, we state that in those 
situations where logical possibilities are involved, we have mathe¬ 
matical probability; and when experience and observation are the 
determining features, we have empirical probability. 

(A) Mathematical Probability. If a committee contains 4 men 
and 6 women and there is no system for determining in advance 
which person is selected—that is, if each person selected at random 
is equally likely to be selected—then the probability P that a mem¬ 
ber of the committee selected at random will be a man is 


P = 


4 4-6 


= 0.4, 


since a man can be selected in 4 of the 10 possible ways of makmg 
a selection. The " odds ” are 6 to 4 in favor of selecting a " oma 
or 4 to 0 against the selection of a man. Accordingly, for mathe 

matical probability we state the definition. 
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If an event can happen in any one of h ways and can fail to happen 
in any one off ways where any of these h +f ways are equally like y 
to occur and only one can occur, then the probability P that the event 

will happen is defined to be 



and the probability Q that it will fail to happen is 




Illustrations: 

1. In running through a maze, a rat comes to a place where 
there are 7 alternate paths, 2 of which contain electric grids. If 
1 of the 7 paths is taken, what is the probability that the rat will 

receive an electric shock? 

Here, h = 2, and h + / = 7. Hence, P = 2/7. 

2. Coupons are attached to 5% of the number of cakes of soap 
in a box. If the cakes are packed in a random fashion, what is the 
probability of selecting a cake with a coupon if one is drawn from a 
box containing 5 dozen cakes of soap? 

Here, h + / = 60, h = 3 (5% of 60). Hence, P = 3/GO = 1/20. 

In dealing with probability, we must be certain that all events 
are equally likely to happen and that selections or drawings are 
random. This is to be understood in the problems which follow. 


Problems 

1. A crate contains 12 boxes of black raspberries and 20 boxes 
of red raspberries. What is the probability that a box drawn out 
will be of the red variety? 

2. A certain theater gives 25 prizes to holders of lucky tickets 
for a certain performance. If a total of 2,000 tickets have been 
sold, what is the probability that a holder of one of the tickets will 
win a prize? 

3. At a party the names of 10 guests are placed in a hat. If 
6 of the guests are men and 4 are women, what is the probability 
that a man whose name has been drawn out first will draw a woman’s 
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name from those which remain? (Note that the man’s name first 
drawn has not been replaced when the second drawing is made.)» 

4. In cutting for partners in a certain card game, the couple 
cutting the two high cards are to be partners. If Adams, Smith, 
and Jones cut a 6-spot, a 9-spot, and a jack, respectively, and if 
these cards are not replaced, what is the probability that the fourth 
player, Craig, will be Jones’s partner? (The fourth player must cut 
a 10-spot or better.) 

5. What is the probability that a single throw of a die will give 
a number above 4? 


6. What is the probability that 1 card drawn from a deck of 
52 cards will be an ace? A heart? The king of hearts? 

7. A roulette wheel has the numbers 1 to 50 on it, and the 
player wins if a number divisible by 3 comes up. What is the 
probability of winning? 

8. What is the probability of tossing a head on 1 throw of a 
coin? Of throwing an ace with one throw of a die? 

9. You will either know the next person you meet on the street, 
or you won’t. Therefore, the probability that you will know the 
next person you meet is 1/2. True or false? Why? 

10. In shooting at the side of a barn from 10 yd, you will either 
hit or miss; therefore, the probability of your missing the barn is 1/2. 
True or false? Why? 

11. In playing bridge, neither your hand nor dummy contains 
the king of spades. What is the probability that the player to 
your left has it? (Neither opponent has bid.) 

12. The board of directors of a going concern decide to have their 
monthly meeting the last week in the month. If they draw from a 
hat to decide on the day of the week, what is the probability that 
it will be Wednesday? That it will not be Sunday? 


(B) Empirical Probability. Let us suppose that m a certain 
city 42,000 voters voted for a new library and 28,000 voted agains 
it. What is the probability that a voter chosen at random with 
the city would be in favor of the new library? In t^s situation, 

there is no mathematical way to state the desired 

out resorting to data at hand. Out of the total of 70 000 votes 

42,000 were for the library, so that we may say tha 
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quencij of voters in favor of the library is 42,000/70,000 - 0.60 or 
60% In the absence of any other information, we may say that 
the desired probability is 0.6. To accept this figure means essen- 
tiallv that, if samples of voters were questioned concerning the 
library issue, the ratio of voters in favor to the total number ques¬ 
tioned would in some way approach 0.6 as more and more voters 
were questioned, or that sample ratios would tend to cluster about 
this ratio as more and more samples were taken. Accordingly, for 

empirical probability we state the definition. 

If each trial of an event must result in either success or failure, 
and if after N trials there have been S successes and F failures, the rela¬ 
tive frequency of success is S/N and the relative frequency of failure is 
F/N. If we assume that the probability of success in a single trial is 
equal to the relative frequency for an acceptably large value oj AT, the 
empirical probability P oj success is defined to be 



S 

S + F 




and the empirical probability Q of failure is 



When the mathematical definition of probability is extended to 
include probability based on data, care must be exercised in inter¬ 
preting and using the obtained relative frequency. For example, 
if it is known that, out of 2,341 employees in a shop, 47 of them had 
suffered an accident during the course of a year, the empirical prob¬ 
ability 47/2,341 = 0.02 would be of doubtful value if applied to 
another population or group of employees or even to the same group 
of employees in other years. This is because the obtained prob¬ 
ability neglects differences in accident proneness, working condi¬ 
tions, and other relevant factors. Implications of this type are, in 
fact, recognized by certain insurance companies, as is evidenced by 
their provision of special rates for certain classes of individuals. 


Illustration: Mortality Table. Table VII on page 413 is taken trom 
the 1941 Commissioners Standard Ordinary Mortality Table and is 
the record of the number of deaths at different ages of a large num¬ 
ber of persons. It is actually a distribution of the number of sur- 
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vivals out of an initial group of 1,023,102 people over a period of 
99 years and serves as a basis for calculating empirical probabilities 
of life or death needed in the insurance field. 

The mortality table consists of four columns as follows: The 
first gives the ages from 0 years to 99 years and is headed x; the 
second, headed l z , gives the number living at the beginning of each 
age x\ the third, headed d X) gives the number dying between the 
ages x and x + 1; and the fourth, headed q Xy gives the yearly prob¬ 
ability of dying. A portion of the table appears as follows: 


Age 

X 

Number 

Number of 

Yearly Probability 

Living 

Deaths 

of Dying 

L 

d x 

9* 

18 

955,942 

2,199 

0.00230 

19 

953,743 

2,260 

0.00237 


In the second column we read that out of the original group of 
1,023,102 persons, 955,942 survived to the age of 18 years and 
953,743 survived to the age of 19 years. Hence, the probability 
that a person aged 18 will live to reach the age of 19 may be taken 
to be 953,743/955,942, or 0.99770, which means that about 998 per¬ 
sons out of 1,000 reaching the age of 18 may be expected on the 
basis of empirical probability to live to reach the age of 19. The 
probability that a person 18 will fail to reach the age of 19 is 1 
0.99770, or 0.00230, the value shown opposite 18 in the q x column. 


Problems (Use Table VII) 

1. Find the probability that a man aged 25 will reach his next 
birthday. 

2. Find the probability that a man aged 21 will die before 
reaching the age of 60. What is the probability that he will live 
to be 60? 

3. If l x is the number of men living at age x and L +i is the 
number living at the age x + 1, what is the probability that a man 
living at age x will live to be x + 1 ? 

4. Assuming that 939,197 individuals living at the age of 25 are 
all insured for $2,000 each, what would be the cost of the insurance 
per person for 1 year if interest and other charges are neglecte 
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5. What is the probability that a boy entering college at the 
age of 17 will live 4 years? 

6. At what age does a man have about a 50-50 chance of living 
another year? 

7 By the will of J. I. Nacht, aged 75, John Nacht is the bene¬ 
ficiary. If we assume that it is certain that John will live for 4 
years, what is the probability of his gaining his inheritance in that 

time? 

8. What is the probability that a person 25 years of age will 
live to be 65 years old? 

9. What is the probability that a man married at the age of 21 
will die in the year after his golden wedding anniversary? 

10. What is the probability that a man aged 25 will die before 
reaching the retirement age of 65? 

11. If a boy is 14 when entering high school, what is the proba¬ 
bility that he will die sometime during his third year? 

12. A clerk aged 31 must work for his company 5 years, and 
during the next following 5 years he gets a substantial promotion. 
What is the probability that he will die in this second 5-year period? 

13. Compute your own probability of living to the age of 65. 

14. For your own case, find the probability that you will die 
within the next 10 years. 

101. Value of an Expectation. At a certain carnival a prize 
worth $5 was offered to the holder of the winning number when a 
wheel containing 20 numbers was spun fairly. W hat would be a 
fair price to pay for one of the numbers? 

Since each number is equally likely to win the prize and a person 
who possessed all the numbers must win, the money value of each 
ticket is 1/20 of S5, or S0.25. In other words, this would be a fair 
sum to pay for each number. 

We might also say that a person holding one of the numbers 
might reasonably expect 1/20 X S5 as the price to be paid for his 
number by any one who wished to buy it. In general, if P is the 
probability that a person will receive a sum S, then the value of his 
expectation E is said to be PS, that is, 


E = PS. 


4 
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Illustrations: 

1. A person is to receive $3 if he succeeds in drawing a spade 
at the first drawing from a deck of 52 cards. What is the value of 
his expectations? 

There are 13 spades in the total of 52 cards, so that P = 13/52, 
or 1/4. Hence, Z? = 1/4X$3 = SO.75. 

2. A turkey worth $8 is being raffled off. One hundred tickets 
selling for 10f5 each are sold. What is the monetary value of expec¬ 
tation of winning to a person who has bought 2 tickets? What 
would have been a reasonable price per ticket? 

P = 2/100 = 1/50, S = S8. 

Hence, E = PS = 1/50 X S8 = S0.16. 

Since the expected average return is 8fi per ticket, this amount 
would be considered a reasonable price per ticket. 


Problems 

1. At the end of 10 years a man will receive S5,000 if he is alive. 
At 2% simple interest, find the present value of his expectation if 
his probability of living is 0.7. (Note: First find the present value of 
the amount, and then find the expected value of this sum.) 

2. At a gambling table a stake of $200 is contingent upon 
throwing a spot less than 5 with a single die. What is the mathe¬ 
matical expectation of each player? 

3. A man aged 70 specifies in his will that in the event of his 
death before reaching the age of 75 his grandson is to receive $4,00 
for the latter’s college education. What is the expected va ue o 

this sum? 


4. What is the expectation of a person who is to receive a 

quarter if he throws a head with a penny? 

5. What is the expectation of a person who is to get a dollar 
he draws a heart from an ordinary deck? 

6. What is the expectation of a person who is to get a dollar it 
he draws a jack or better from an ordinary deck? 

7. A young man aged 20 on entering college is P romised $5 
at the end of 4 years. At 4 % simple interest, find the present value 


of his expectation. 
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8. A man aged 50 has a paid-up insurance policy which returns 
him S2.000 at the age of 65. If money is worth 3 % simple interest, 
what is the present value of his expectation? 

9. A college student aged 18 is to receive SI,000 at the end of 
4 years. What is the value of his expectation? 

10 For a boy aged 12 years, SI,000 is placed in trust at 2% sim¬ 
ple interest. At the age of 18 the boy enters college. If the money 
were to be given him upon entering college, what is the value ot 
his expectation at age 12? Assume money is worth U%. 

11. A punchboard contains 200 different numbers, 8 of which 
pay off SI each if punched. What is a reasonable price to pay per 


punch? 

12. A S5 prize is contingent upon throwing an even number with 
a die. What is a reasonable price to pay for the chance? 

13. In a race with a purse of S10.000. the odds on a certain horse 
are 5 to 3. What is the mathematical expectation of the owners 
of the horse? (In race-track terminology this means the horse has 

3 chances out of 8 to win.) 

14 . The cash drawer of a cafe has 3 bills each of SI, S5, S10, and 
S20 denomination. If the waitress picks a bill at random, what is 
her mathematical expectation? (A ote: Add 4 separate expecta¬ 
tions together.) 

102. Laws of Probability. Certain probability theorems are 
based upon the fundamental principle (see Section 100) and per¬ 
tain to different kinds of events, depending on whether they are 
independent, dependent, or mutually exclusive. If the happening ot 
one event does not affect the happening of another event, the two 
events are said to be independent. On the other hand, if the hap¬ 
pening of one event is affected by the happening of another event, 
the two are said to be dependent. If the happening of one event 
excludes the possibility that another event will happen, the two 
events are said to be mutually exclusive. 

In the cases of independent and of certain dependent events, 
we have what is sometimes called “both-and” probability. For 
example, suppose that the probability is 0.93 that a certain police 
officer will hit a given target under given conditions and that the 
corresponding probability for a new recruit is 0.24. Then, if we 
assume that the two events are independent, we may state that the 
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probability that they will both hit the target is P = (0.93) (0.24) = 
0.22. This example illustrates the following: 

Theorem TV. If p h p 2 , pz, . . . , p r are the separate probabili¬ 
ties of r independent events, the probability that all these events mil 
happen together at a given trial is the product of these separate prob¬ 
abilities, that is, 

P = Pi X Pi X Pz X • • • X Pr. 


Illustration: 

1. The names of 3 men and 5 women are placed in a hat. If 
replacements are made after each drawing, what is the probability 
that a man and a woman will be drawn together on 2 successive 
drawings? 

The probability of drawing a man’s name is 3/8, and after his 
name is replaced, the probability of drawing a woman’s name is 
5/8. Hence, 

P = 3/8 X 5/8 = 15/64. 


Problems 

1. If 3 coins are tossed, what is the probability of obtaining 3 
heads? 

2. The probability that a man will live 15 years is 1/6, and the 
probability that his wife will live 15 years is 1/5. What is the 
probability that 15 years hence (a) both will be alive, (6) only 
the wife will be living, (c) both will be dead? 

3. A man and wife are 32 and 23 years old, respectively, when 
they marry. What is the probability that they will both live to 
celebrate their golden wedding anniversary? 

4. What is the probability of throwing 2 aces in succession wit 


1 die? . 

5 From an ordinary deck of 52 playing cards, A, , an 
each' draw 1 card, the card being put back after each drawing. 
What is the probability that they all draw a club? 

6. One cooky jar contains 5 wafers and 3 doughnuts, and a sec¬ 
ond contains 4 wafers and 5 doughnuts. If 2 items « 
random from each jar by a small child, what is the probability that 

the child gets 4 wafers to eat? 
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7 A man aged 60 promises his grandson aged 11 that if he the 
grandfather, dies before reaching the age of 67 the boy shall inherit 
§5 000 at the end of the 7 years. What is the mathematical expec¬ 


tation of the boy? 

8 June has 2 tickets in a 100-ticket lottery, and Jane has 1 
ticket in a 50-ticket lottery. What is the probability that they 


both win? 

As an example of dependent events, suppose in the manufacture 
of certain machine parts it is known from experience that 5% of 
the parts are defective, and we wish to determine the probability 
that a sorter will select on his first 2 random drawings (without 
replacement) 2 defective parts out of a typical lot containing 40 
parts. In this case, if it can be assumed that 2 out of the 40 are 
defective, the probability of obtaining a defective part on the first 
drawing is 2/40; and after a defective part has been selected on a 
first drawing, there will remain 1 defective part in the remaining 
39 parts. Hence, Pi = 2/40, and P, = 1/39; and since both of 
these events must happen, we have P = (2/40) (1/39) — 0.0013. 
Thus, we see that if we know the probabilities of events happening 
in succession, the probability of their happening together is the 
product of these probabilities. Hence, we have the following. 


Theorem V. If pi is the probability of a first event, p 2 the prob¬ 
ability of a second event after the first has happened, p 3 the probability 
of a third event after the first two have happened, and so on, through r 
events, then the probability that all these will happen in order is 


P = Pi X Pi X Pi X • • • X Pr- 


Illustrations: 

1. What is the probability of drawing 2 aces in succession from 
an ordinary playing pack of 52 cards? 

Pi = 4/52 (since there are 4 aces in the pack); 

p 2 = 3/51 (after the first ace has been drawn, there are 51 

cards). 

Hence, P = 4/52 X 3/51 = 12/2,652 = 1/221. 

2. The Tasty Candy Company places a prize in 1 out of every 
dozen boxes of candy. What is the probability that a customer 
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who purchases 2 boxes from a newly opened carton of 5 dozen boxes 
will receive two prizes? 

Pi = 5/60, and p 2 = 4/59. 

Hence, P = 5/60 X 4/59 = 20/3,540 = 1/177. 

Problems 

1. In manufacturing certain machine parts it is known that 5% 
of the parts are defective. What is the probability that a sorter 
will select on his first 2 drawings 2 defective parts out of a lot of 
200 parts? 

2. In a national lottery the numbers 1 through 5,000 were thor¬ 
oughly mixed in a fish bowl. What is the probability that the num¬ 
bers 1 and 2 will be drawn first and second, respectively? 

3. A box contains cards numbered from 1 to 5, inclusive. One 
number is drawn, and without replacing it a second drawing is 
made. What is the probability that both are odd numbers? What 
is the probability that both numbers are odd if the first card is 
replaced before the second drawing is made? 

4. What is the probability of drawing 4 aces and the joker in 
any order in succession from a pack of 53 cards? 

5. Four contract bridge players draw cards for the deal. What 
is the probability that, drawing in succession, they all draw a 10 or 
better? 

6. A bag contains 3 white and 5 black balls. Three balls are 
drawn out in succession. What is the probability that the first two 
will be white and the third one black? 

When the events are mutually exclusive, we have what is some¬ 
times called “either-or” probability. For example, suppose in 
selecting at random a person from a group of 6 teachers composed 
of 4 men and 2 women either a man or a woman may be selected. 
That is, the drawing of one excludes the drawing of the other. 
Since the probability of drawing a man is 4/6 and the probability 
of drawing a woman is 2/6, and we know that the probability of 
drawing either a man or a woman is a certainty, we have that t e 
probability of drawing either a man or a woman is 4/6 + 2/6, or 1. 

Again, suppose that we wish the probability of drawing el 
2 men o** 2 women in 2 successive selections. We have seen 
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the probability of selecting 2 men in succession is 4/6 X 3/5, or 2/5. 
Likewise, we find the probability of selecting 2 women in succes¬ 
sion to be 1/3 X 1/5, or 1/15. Hence, the probability of selecting 
either 2 men in succession or 2 women in succession is 2/5 + 1/15, 
or 7/15. More generally, we may state the following: 

Theorem VI. If Px, p 2 , . . . , Vr are the separate probabilities of 
r mutually exclusive events, the probability that one of these events will 
happen in a single trial is the sum oj the probabilities of the separate 

events , that is, 

P = Pl + P2 + • * * + Pr- 


Illustrations: 

1. The probability that a man will live 12 years is 1/8; the prob¬ 
ability that his wife will live 12 years is 2/9. What is the prob¬ 
ability that either the man or the wife will live 12 years? 

Pl = 1/8 X 7/9. p 2 = 2/9 X 7/8. 

Hence, P = 7/72 + 14/72 = 21/72, or 7/24. 

2. An envelope contains 3 one-cent stamps, 7 two-cent stamps, 
and 6 five-cent stamps. What is the probability of drawing either 
a two-cent stamp or a five-cent stamp at a single draw? 

The total number of possible cases is 16; the number of favorable 
ways for drawing a two-cent stamp is 7, and the number for draw¬ 
ing a five-cent stamp is 6. Hence, 

P = 7/16 + 6/16 = 13/16. 


Problems 

1. If 2 dice are thrown, what is the probability that exactly 
one of the faces will be a 6? 

2. In a single throw of 1 die what is the probability of getting 
at least a 3 ? 

3. The probability that one archery student will hit a target 
is 1/4 and that another will hit it is 2/5. What is the probability 
that the target will be hit if they shoot simultaneously? 

4. In one throw of 2 dice, what is the probability of getting a 
7 or 11? 
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5. Three coins are tossed. What is the probability of getting 
at least 2 heads? 

6. A man aged 42 and his wife aged 40 agree to provide $10,000 
for a junior college if either one of them lives 25 years and the other 
dies. What chance does the college have of getting the money? 

7. What is the probability that at least 1 of a set of twins 
aged 21 will live for 40 years? 

8. What is the probability of drawing at least 1 queen from 
an ordinary deck of 52 cards in 3 successive trials if no replace¬ 
ments are made after each drawing? 

9. In drawing 3 names from a hat containing 5 men's names 
and 3 women’s names, what is the probability that you will draw 
either 2 men and 1 woman or 3 men? 

10. Two words in the telegram, “Arriving Tuesday. Order 
huge supply of refreshments. Let everyone burst with joy,” 
must be deleted to get within the 10-word limit. If this is done 
at random, what is the probability that they will be either the first 
two or the last two? 

103. Probability Distributions. If a pair of dice is tossed, 
the sum of the number of dots appearing on the top surfaces must 
be 2, 3, 4, . . . , or 12. A sum of 2 can be made in only one way, 
namely, with 1 dot on each die; but the sum of 3 can be made in 
two ways, namely, with 1 dot on one die combined with 2 dots on 
the other; the sum 4 can be made with “2 and 2,” “1 and 3,”|and 
“3 and 1,” for a total of 3 ways, and so on. In all, there are 36 
different possible outcomes, all equally likely, arising out of the toss 
of two dice, but some of these outcomes are equivalent in that they 
result in the same sum. The possible outcomes can readily be 
determined by making use of the following table: 


•c* 

Q 

•s 


Face of Die 



1 2 3 4 5 6 

1 

2 3 4 5 6 7 

2 

3 4 5 6 7 8 

3 

4 5 6 7 8 9 

4 

5 6 7 8 9 10 

5 

6 7 8 9 10 11 

6 

7 8 9 10 11 12 
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We see, for example, that the sum of 7 can be obtained in six 
ways and that 11 can be obtained in two ways. If we let X take 
on the values 2, 3, 4.12, and let /(.Y) represent the corre¬ 

sponding probabilities of 1/36, 2/36, 3/36, and so forth, we have 
what is called a theoretical probability distribution: 


X 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

f(X) 

1/36 

2/36 

3/36 

4/36 

5/ 36 

6/36 

5/ 36 

4/36 

3/36 

2/36 

1/36 


If the probabilities are accumulated as we increase thejvalue of 
X, we obtain what is called the cumulative probability distribution: 


X 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

F(X) 

1/36 

3/36 

6/36 

10/36 

15/36 

21/36 

26/36 

30/36 

33/36 

35/36 

36/36 


We observe that the probability distribution is completely spec¬ 
ified by F(X) since, for example, if we know the probabilities of 
obtaining, say, at most X = 7 (that is, a 2, or a 3, or a 4, or a 5, or 
a 6, or a 7) and at most A' = 6, then the probability that X = 7 is 
given by F(7) - F(6) = 21/36 - 15/36 = 6/36, the same value as 
given by /(7). 


Illustration: What is the probability of obtaining either an 8 or a 
9 as a sum in tossing 2 dice? 

Solution: We have from the probability distribution for the tossing 
of 2 dice 

F(9) = 30/36 and F( 7) = 21/36. 

Hence, the required probability is F(9) — F(7) = 9/36. 


104. The Binomial Distribution. If 2 coins are tossed, they 
can fall in 3 possible distinct ways—2 tails, 1 head and 1 tail, or 
2 heads; and since a head and a tail are the same thing as a tail and 
a head, the probabilities are 1/4 for 0 heads, 2/4 for 1 head, and 1/4 
for 2 heads. Thus, the probabilities of exactly 0, 1, or 2 heads ma}' 
be represented by the successive terms of the binomial 

(1/2 + 1/2) 2 = (1/2) 2 + 2(1/2) (1/2) + (1/2) 2 

= 1/4 + 2/4 + 1/4. 
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If 3 coins are tossed, the probabilities of exactly 0, 1, 2, or 3 heads 
may be represented by the successive terms of the binomial 

(1/2 + 1/2) 3 = (1/2) 3 + 3(1/2) 2 (l/2) + 3(1/2) (1/2) 2 + (1/2) 3 

= 1/8 + 3/8 + 3/8 + 1/8. 

Figure 9 shows the probabilities of 0, 1, 2, 3, or 4 heads when 4 
coins are tossed. The height of each rectangle equals the corre¬ 
sponding term of the expansion 

(1/2 + 1/2) 4 = 1/16 + 4/16 + 6/16 + 4/16 + 1/16. 

Since the base of each rectangle is one unit and the sum of the alti¬ 
tudes of all of the rectangles is 1, the total area of all rectangles is 1 


PROBABILITY 



Figure 9. Probabilities of Heads when Four Coins are Tossed. 

and the area of a given rectangle represents the probability of a 
certain number of heads. Thus, the shaded portion represents t e 
probability of 3 heads when 4 coins are tossed. If the areas of any 
two of the rectangles are added, the combined area would represent 
the probability of either one or the other of the corresponding num¬ 
ber of heads. Thus, the probability of either 0 heads or 1 hea 
(that is, at least 1 head) is seen to be 0.0625 + 0.25, or 0.312 . 

If a coin is tossed 10 times (or if 10 coins are tossed 1 time), tne 
probabilities of 0 heads, 1 head, 2 heads, and so on, are given y 
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the successive terms of the expansion of the binomial (1/2 + 1/2) . 
These probabilities are plotted in Figure 10, and the correspond¬ 
ing points are joined by line segments completing the frequency 

P ° ly in°general, if p is the probability that an event will happen and 
q is the probability that it will fail to happen (q + p = 1), then 

the probabilities that it will happen exactly 0, 1,2, . . . ,X t . . . , 



Figure 10. Probabilities of Heads when Ten Coins are Tossed. 

n times in n trials are given by the successive terms of the binomial 
expansion (see Section 92) 

(q + p) n = q n + nq n ~'p + ^ x .y - 9" _2 p 2 + * * • + p n . 


Furthermore, it can be shown that the general term of this expan¬ 
sion is 



Xl(n - X )! 


q— x p x , 


and that, in the symbolism of combinations, this term can be writ¬ 
ten in the condensed form C(n,X)q n ~ x p x . 

If we think of the number of successes, namely, 0, 1, 2, , 

X, ... y n, as values taken on by a variable X and of the prob- 
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abilities as relative frequencies of the several X values, we may 
write the binomial distribution in the form 


/ = C(n,X)q n ~ x p x . (9) 


The value of the mean of the binomial distribution may now be 
found in the usual way. We refer to the following table: 


X 

f 

fx 

0 

r 

0 

1 

nq n l p 

nq n ~ l p 


n(n — 1) 


2 

n n ~ 2 t) 2 

1-2 y y 

n(n — 1 )q n ~ 2 p 2 

Q 

n(n - 1)(» - 2) 

n{n - l)(n - 2) 

o 

12 3 q P 

1-2 5 V 

• • • 

(»-1) 

• • • 

nqp n ~ l 

• • • 

n(n — 1 )qp n ~ l 

n 

p n 

np n 

Totals 

(q + v) n = i 

np(q + p) n ~ l = np 


The total of the third column, 2/X, may be recognized after the 
common factor np is taken out of every term. Since the mean, M, 
of the values of X is defined to be 


M = 


ZfX 

2 /' 


we have for the mean of the binomial distribution 

M = np. (10) 

In a somewhat similar manner it may be shown that the standard 
deviation, <r, of the binomial distribution is given by the formula 

<r = y/npq. (H) 

Thus, for the distribution of 10 coins, in which n = 10 and q — P 
= 1/2, we have 

M = 10 X 1/2 = 5, 

for the mean or expected number of heads in one throwing of 10 
coins; and 

cr = VlO X 1/2 X 1/2 = 1.58 (approximately), 
for the standard deviation of the distribution of heads. 
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As has been indicated, the distribution (q + p) n will be sym¬ 
metrical with respect to the mean np when q = p. If q is not equal 
to p, the distribution will be skewed to one side or the other. This 
skewness, or departure from symmetry, may be seen, for exam¬ 
ple, when the terms of the expansion (1/4 + 3/4) 4 = 1/256 + 



Figure 11. The Binomial Distribution (1 + l) 4 

12/256 + 54/256 + 108/256 + 81/256 are shown on a graph as in 
Figure 11. 

Problems 

1. Figure 9 shows the probabilities for various combinations of 
heads and tails when 4 coins are tossed. What would be the prob¬ 
ability of tossing (a) at least 3 heads? (6) At least 2 heads? (c) 
Neither all heads nor all tails? 

2. Expand (H + T) n , and show that the expansion may be 
written in the form 

(H + T)» = H n + C{n,\)H "- 1 T + C(n,2)^"- 2 T 2 

+ C(n.Z)H n -*T* + • 


• • 
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3. Plot the histogram and the frequency polygon for each of 
the following binomial distributions. In each case find the mean 
and the standard deviation. 

(а) (5/6 + 1/6) 6 , (c) (1/2 + 1/2)®, 

(б) (1/10 + 9/10) 4 , (d) (3/4 + 1/4) 7 . 


4. It is known that on the average 1 telephonejnumbeqoutlof 
4 called during the “peak” hour in a certain town is busy. If 5 
randomly selected calls are chosen during this hour, what is the 
probability that not more than 1 of them will be busy? That all 
calls will be successfully completed? 

5. The records of a certain hospital over a long period of time 
show that, in 60% of cases of a certain disease, the patient fails to 
recover. What is the probability of 1 death out of a group of 8 
patients suffering from the disease? Explain how this probability 
might be of value in testing the effectiveness of a new drug. 

6. The captain of a certain college rifle team has a long-time 
record of 1 bull’s-eye in 6 shots at the target. What is the prob¬ 
ability that he will hit the target at least once out of 4 shots? 


7. A salesman has discovered that 10% of his calls on customers 
turn out to be successful. What is the probability that he will have 
more than 1 success during a morning in which he makes 5 calls? 
What is the probability that he will earn at least $40 if each suc¬ 


cessful call during the morning yields $10 profit? 

8. In the manufacture of a certain radio tube it is known that 
5% of the tubes are defective and must be discarded. What is the 
probability that a random sample of 10 tubes will show not more 


than 2 defectives? 

105. The Normal Distribution. As n increases, the compu¬ 
tation of the various probabilities given by the binomial distribu¬ 
tion becomes very tedious. For example, to find the pro a i i y 0 
exactly 50 heads in tossing a coin 1,000 times, it would be necessary 


to evaluate the expression 


1,000! AY 50 (Tf. 

501950! \2/ \2/ 


In practice, we are usually content with a satisfactory approxima 
tion involving far less wonk. 
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If we plot the terms of the binomial expansion of (1/2 + 1/2)" 
as ordinates against the values of deviations from the mid-point of 
the distribution and draw, on a fixed base, the upper boundary of 
the corresponding histogram, it appears to approach a smooth curve 
as n is taken larger and larger. Jn Figure 12 this behavior is shown 

for n = 25 and n = 100. 



Figure 12. Upper Boundaries of Histograms for (1 + !) ss an d (1 d - $) 1 • 

Figure 12 suggests the possibility of approximating the binomial 
by a bell-shaped curve. In mathematical statistics it is proved 
that, under certain conditions, the binomial distribution with p = 
q = 1/2 approaches the well-known normal probability curve when 
n is increased indefinitely, and the common base length of the inter¬ 
vals is decreased in the right manner. However, the derivation of 
the equation of the normal curve is not within the scope of this 
book. Usually the equation is written in the form 


y = —*-”*<*/'>*, (12) 

V 2tt a 

in which x refers to a deviation from the mean, <x is the'.standard 
deviation, e is the constant 2.718 • • • , ir is 3.141, • • • , and y 
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is called the probability density. This equation defines what is 
variously known as the probability curve , the normal curve of error , 
or the normal frequency curve. It has many applications in theo¬ 
retical and applied statistics. 

Equation (12) is actually a family of curves having the param¬ 
eter a. For different sets of measurements the curve will be found 
to vary from the low, flat form (see Fig. 13) to the high, narrow 
form. If <t is large (showing much dispersion about the mean), the 
curve takes the form B ; if <r is small (showing clustering of the meas¬ 
urements about the mean), the curve takes the form A. This is a 



Figure 13. Normal Curves with Different <r's. 

way of saying that the precision of a set of measures is inversely 
proportional to the value of <r. 

The equation of the normal curve is of the form 


y = Ke- C *\ 


in which K and C are positive constants whose values depend upon 
<r. In this form many of the important properties of the curve may 

be observed: 


Symmetry. Since * may be replaced by -x without changing 
the equation, the curve is symmetrical with respect to the y ® ,X1S ' 
Intercept. The y intercept is the quantity K, since y — w _ r e . n 
x = 0. For values of x other than 0, y is less than K‘, hence, A is 

the maximum ordinate. , « 

Asymptote. As x increases in numerical value, y approaches 

as a limit, and the curve approaches the z axis as 

The normal curve becomes very useful if K is selected so that the 

under the curve equals unity. This permits us to P 


area 
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portions of the area as probabilities as in the case of the histogram 
for the binomial distribution. Convenient tables have been made 
available so that when we know how far a value is trom the mean, 
we can, for example, tell what per cent of the distribution lies 
between that value and the mean; and when we know the per cent 
of measurements between the mean and a given value, we can and 
the deviation of that value from the mean. Such uses of the nor¬ 
mal curve have many practical applications. 

Equation (12) may be written in the form 

y = -m, ( 12 °) 

<J 


in which f(t) stands for the expression 

1 „—««/ 2 
y/2* 6 ’ 

where 

, x X — M 

t = a = _ ’ 

and is called a standard unit. In Fig. 14 the percentages shown 
are the probabilities of the occurrence of deviations in terms of 
standard units between the indicated limits. 



Figure 14. Normal Curve Percentage Distribution. 


Table A is a portion of Table VIII in the Appendix and shows 
the values of f(t) for different values of t, and also the area under 
the curve between t = 0 and these values of t. This table, known 
as a standard unit or t table, gives the per cent of a normal distribu¬ 
tion lying between the mean and certain values of t up to 3. Since 
fif) is symmetrical with respect to t, it is not necessary to tabulate 
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negative values of t. Also, since 49.87% of the measurements in a 
normal distribution lie within a range of 3 standard units on either 
side of the mean, it is seldom necessary to extend the table beyond 
t — 3. Table VIII is one of many extensive tables which statisti¬ 
cians use and which may be found in mathematical handbooks and 
statistical texts. 


Table A 


Areas and Ordinates for the Normal Curve 


t 

m 

Area 

t 

m 

Area 

t 

m 

Area 


0.3989 

0.0000 

fgff 

0.2420 

0.3413 


0.0540 

0.4772 

0.10 


0.0398 


0.2179 

0.3643 

jiff 

0.0440 

0.4821 

0.20 


0.0793 


0.1942 

0.3849 


0.0355 

0.4861 

0.30 

0.3814 

0.1179 

raff 

0.1714 


Stiff 

0.0283 


0.40 

0.3683 

0.1554 

1.40 

0.1497 

E xml 

2.40 

0.0224 

1 

0.50 

0.3521 

0.1915 

1.50 


0.4332 

2.50 

0.0175 

0.4938 

0.60 

0.3332 

0.2257 

1.60 

0.1109 

0.4452 

2.60 

0.0136 

M 

0.70 

0.3123 

0.2580 

1.70 


0.4554 

2.70 

0.0104 

FEU 

0.80 

0.2897 

0.2881 

1.80 


0.4641 

2.80 

0.0079 


0.90 

0.2661 

0.3159 

1.90 


0.4713 

2.90 

3.00 


0.4981 

0.4987 


To illustrate the use of the normal curve, let us find the approxi¬ 
mate probability of obtaining exactly 7 heads when 10 coins are 
thrown (see Section 104). The various probabilities are given by 
the terms of (1/2 + 1/2) 10 ; and the exact probability of obtaining 
7 heads is given by C(10,7)(l/2) 7 (l/2) 3 = 0.117. The approximate 
value of the probability may be found as follows: We have 


M = np = 10(1/2) = 5, 
a = y/npq = \/l0(l/2(l/2) = 1.581. 

Since X = 7, this value represents a deviation of 2 units from 
the mean; hence, x = 2, and t = 2/1.581 = 1.265. In Table A, it 
is seen that/(1.265) lies between 0.1942 and 0.1714. In more exten¬ 
sive tables, this value is found to be 0.1792. Then, since 

y = >, 
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by Equation (12), we have 


V 


1 

1.581 


(0.1792) 


0.113, 


as the approximation to the exact value of 0.117. 

As another illustration of the use of the normal curve, suppose 
that the scores on a nation-wide draft-deferment examination are 
distributed normally with a mean of 80 and a standard deviation of 
5.0. What per cent of the scores could be expected to exceed JO. 

We have 

X = 90, M = 80, = 5.0. 

, X - M _ 90 - 80 0 

Hence, t - -- 5.0 

From the table, we see that 47.72% of the scores may be expected 
to lie between the mean and t = 2.00, which means that 50% 
— 47.72%, or 2.28%, may be expected to lie beyond this point. 

Table A shows that 25% of the normal distribution is included 
between the mean and a value of t somewhere between 0.00 and 
0.70. This means that 50% of the distribution is included between 
that value of t laid off in either direction from the mean. By carry¬ 
ing the computation to more decimal places, it has been found that 
50% of the normal distribution is included between t = —0.0745 
and t = +0.0745. 

Since x = <rt, it follows that 50% of a normal distribution lies 
between values of x corresponding to — 0.0745<r and 0.0745<r. This 
numerical value of x is called probable error . It is that value of x 
which is just as likely to be exceeded as not. Graphically, x is the 
abscissa of that ordinate which bisects the area under the curve in 
either the first or second quadrant. Because of simplicity of cal¬ 
culation and usefulness in describing collected data, the probable 
error is a valuable tool for purposes of analysis. Applied to the 
draft-deferment scores, the probable error is 0.0745 X 5 = 3.3725, 
which means that 50% of the examination scores may be expected 
to lie within 3.3725 units on either side of the mean. That is, the 
limits for the middle 50% of the distribution of examination scores 
may be stated, 

M ± x = 80 ± 3.37 = 70.03 and 83.37. 
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Problems 

1. Refer to Table VIII, and find the portion of the area under 
the normal curve between: 

(a) t = 0 and t = 1.00, 

(b) t = 0 and t = 1.50, 

(c) t = 0 and t = 2.00, 

(d) 't = 0 and t = 3.00, 

(e) t = -1.00 and t = +1.00, 

(/) t = -2.00 and t = +2.00, 

(g) t = 0.50 and t = 1.20, 

(h) t = -0.93 and t = +0.87, 

(i) t = —1.45 and t = -0.15, 

(i) t = 1.78 and t = 2.97. 

2. Ten coins are tossed upon a table. Use the normal curve 
and find the approximate probability of obtaining (a) exactly 4 
heads; ( b) exactly 6 heads; (c) either 4, 5, or 6 heads; ( d ) at least 
3 heads. 

3. For a distribution of daily sales it is known that the mean 
daily number of sales is 400 and the standard deviation is 55 sales. 
Under the assumption that the distribution is normal, find the prob¬ 
ability of exceeding 500 sales on any given day. 

4. For a normal distribution of measurements it is known that 
M = 60 and a = 4. If measurements of 66 or greater are rejected 
as defective, what per cent of the measurements in a random sam¬ 
ple can be expected to be rejected? 

5. The mean for a distribution of 500 weights was found to be 
160 lb, and the standard deviation was 25 lb. Assuming the dis¬ 
tribution to be normal, about how many weights exceeded 200 lb? 

6. The mean for 1,000 college grades in mathematics was 72, 
and the standard deviation was 12. What range of grades would 
probably include the middle 500 grades? 

7. What is the probable error of 500 bowling scores whose mean 
and standard deviation were found to be 160 and 15, respective y. 
What interpretation would you give to this value? 
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8 Suppose that another 500 bowling scores had a mean of 160 
and a standard deviation of 8. What conclusions would you draw 
in comparing these scores with those of Problem 7 ? 

9. A director of consumer research obtained a sample of prices 
charged at 580 stores on a certain day for a standard make of a 
certain drug product, and obtained a mean of $0.87 and a standard 

deviation of S0.11. 


(а) About how many stores probably were charging below $0.80. 

(б) How many stores probably charged more than S0.95? 

(c) About how many stores were charging more than SI? 

(d) About half of the stores were charging prices within what 

range equally spaced above and below $0.87? 

10. Draw and compare the graphs of the following probability 


curves: 


(a) y = 



(b) y = 



e -*V8. 


106. Sampling and Estimation. A great deal of statistical 
work depends upon the use of samples. Examples of situations in 
which information about a group, or population, of items is obtained 
by examining a portion, or sample, of the items may be found in 
wage studies, advertising surveys, time and motion studies, and 
many other phases of business activities. 

If a very large number of samples could be drawn at random 
from a population of items, it would be found that they would tend 
to possess similar characteristics, but that they would not be iden¬ 
tical. Observed differences would be present because of chance var¬ 
iation. This behavior can easily be demonstrated by considering 
the following “toy population” of only 4 numbers.* 


Population: 2, 3, 5, 10. 

Characteristic: Mean = 5. 

Sampling procedure: Select a random sample of size n = 3. 


* In practice, a population will usually consist of a relatively large number 
of items, and the sample size will ordinarily be comparatively small. The 
small population considered above is purposely chosen so that basic principles 
may readily be demonstrated. 
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For the purpose of seeing the possible results of estimating the 
mean of the population (known here to be 5) by the use of the 
sampling procedure described, let us write down all the possible 
samples (the sampling distribution) of size 3, and let us observe the 
information obtained. 


Possible Samples 

Sample Mean 

Probability of Sample 

2, 3,5 


1/4 

2, 3, 10 

5 

1/4 

2, 5, 10 

% 

1/4 

3, 5, 10 

6 

1/4 


We see that our estimate of the population mean varies from 
sample to sample and that each result is equally likely. The “expec¬ 
ted value/’ or the average of these estimates is |(3£ + 5 + 5f 
+ 6) = |(20) = 5. Since the expected value equals the true, or 
population, mean, the sampling procedure, and consequently each 
estimate, is said to be unbiased. Although in this situation, involv¬ 
ing so few numbers, sampling would not ordinarily be employed, it 
is interesting to observe that it is needless to consider all the items 
in the population if the required accuracy of our estimate need not 
be any closer than 2 units from the true mean of 5. It is because 
of the relationship of the saving in time and cost to the required 
accuracy and precision of an estimate based on a sample that sam¬ 
pling procedures are becoming so important in the business and 

industrial world. \ 

A single sample is usually merely one of a large number of pos¬ 
sible samples that might be taken from a population. The prob¬ 
ability that a sample mean will exactly equal the population mean 
is, of course, small; but the probability that it will fall within a 
stated range depends upon the proportion of all possible means t at 
fall within this stated range. For example, in the case of the ore- 
going illustration, we can say that the probability that a sanaple 
estimate will fall within 1 unit of the true mean is 0.50 (since 2 ot 
the 4 possible means, namely, 5 and 5 f, are within this range . 
Similar probability statements can be made about other measures, 
such as the median, the standard deviation, and so forth. 

The amount of fluctuation, or scatter, in a sampling distno ^ 
tion of a given measure, such as a mean, or a median, or a propor 
tion, is usually measured by its standard error , that is, the standar 
deviation of the sampling distribution of that measure. The 
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cussion in the preceding section dealing with the normal curve indi¬ 
cated that approximately 68% of the area under a normal curve 
lies between the limits t = - 1 and t=+ 1, that is, within 1 stand¬ 
ard unit on either side of the mean. This is true for a normal dis¬ 
tribution of any measure and, in particular, for the distribution 
of sample means obtained from a normal distribution of items. 
Hence, M ± the standard deviation of the sample means can be 
expected to include 68% of the sampling distribution of means. 
Likewise, M ± two standard deviations of the sample means can be 
expected’ to include 95% of the sample means; and M ± three 
standard deviations of the sample means can be expected to include 
more than 99% of the sample means. This suggests that if we have 
a knowledge of the scatter of all possible sample means, then we are 
in a position to make a probability statement about obtaining one 
sample mean of some specified value. In practice, we do not, of 
course, know the nature of the theoretical sampling distribution of 
all possible samples; but, fortunately, statistical techniques have 
been devised by which certain characteristics of a population can 
be reliably inferred from those found in a single sample. T.hen, by 
the use of available formulas and tables, one can test the significance 


of a sample result. 

It is not possible in these few introductory remarks concerning 
the many important sampling techniques that have been developed 
in recent years to give a complete explanation of the use of sam¬ 
pling in practical applications. However, we shall give here a few 
illustrations, together with the necessary formulas, of the use of 
certain standard sampling procedures in problems of a type encoun¬ 
tered in business. In all cases, it will be assumed that the sample 
has been drawn in a random fashion from a normal population. 

For use in the illustrations, we state without proof two stand¬ 
ard error formulas commonly used: 



(standard error of sample mean), 


(13) 


in which <j x is the standard deviation of the population, <r.? is the 
standard deviation of the mean, and n is the sample size; 


o p = (standard error of per cent of occurrence of an event), 

(14) 
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in which p refers to the population proportion, q = 1 — p, and n is the 
sample size. In using these formulas, it is to be understood that the 
substitutions of quantities obtained from a single sample give only 
approximate results. However, experience has shown that for 
rather large samples the approximation is quite good. The student 
should not interpret the following discussion as being complete in 
any sense. The role of sampling in present-day business problems 
is becoming so important that additional study in this area is very 
strongly recommended. 

Illustration 1: From records kept by a certain air line it has been 
found that for the population of men traveling in a certain type of 
airplane the mean gross weight is 160 lb and the standard deviation 
is 8 lb. What is the probability that a load of 36 men would aver¬ 
age more than 164 lb per man? 

Solution: Assumptions. 

Distribution of weights is normal. 

Population mean = 160 lb. 

Population standard deviation = 8 lb. 

We substitute a = 8 and n = 36 in formula (13) and obtain 

8 4 

" V36 3' 

The difference between the sample mean and the theoretical or pop¬ 
ulation mean is 

164 - 160. 

This difference divided by the standard deviation of the sample 
means (that is, standard error of the mean) indicates the niim er 
of standard units the mean in question (observed mean) deviates 
from the population mean. That is, 

J 164 - 160 _ Q 
1 = 

In Table VIII we find that the area under the normal pro^bihty 
curve between t = 0 and t = 3 is 0.4987. This means a 
probability of exceeding this value is less than 0.01 or that one 
should expect a load of 36 men to average more than 164 
fewer than 1 % of such samples. 
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Illustration 2: A group of television entertainers claimed that 2o% 
of the families owning television sets in the local area were regular 
viewers of their program. To test this claim, a potential sponsor 
took a sample poll by telephone of 400 families owning television 
sets and found that 80 of these families were regular viewers. What 
decision could the potential sponsor make concerning the claim of 
the entertainers? 

Solution: Assumptions. 

Random sample of television owners. 

Normal distribution of percentages of samples that are regular 
viewers. 

The problem for the sponsor is to decide whether there is a 
significant difference between the 20% (80 out of 400) shown by 
the sample and the 25% (population value) claimed by the enter¬ 
tainers. This amounts to determining whether it can be consid¬ 
ered “unusual” to obtain the sample result if the population value 

is truly 25%. 

We substitute p = 0.20, q = 0.80, and n = 400 in formula (14) 
and obtain 

/0.20 X 0.80 _ A no 
\ 400 °*° ' 

The difference between the sample per cent and the per cent 
claimed is 

0.20 - 0.25. 

This difference divided by the standard error ot the per cent of 
occurrence is 

. 0.20 - 0.25 -0.05 _ 0 - 

1 02 0.02 

Using t = 2.5 in Table VIII (we are concerned only with the numer¬ 
ical value of t), we find that the probability of obtaining so large a 
value is 0.5000 — 0.4938, or 0.0062. This means that the prob¬ 
ability is only about 6 in 1,000 that the claim of the entertainers is 
correct. If the sponsor had been interested in the probability of 
a 5% deviation in either direction from the 25% claim, the prob- 
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ability obtained would be doubled, giving a probability of 12 
in 1,000. 

The obtained probability of 0.0062 is so small that the sponsor 
would do well to conclude that the obtained 5% difference is sig¬ 
nificantly large. In other words, if the claim of the entertainers is 
in fact correct, then the sample result must be explained on the 
basis of its being an extremely unusual event. 


Problems 

In each of the following problems, assume that differences are 
significant if the value of t is as great as or greater than 2.0: 

1. From long experience it has been established that the mean 
breaking strength of a certain type of wire is 80 lb and that the 
standard deviation is 16 lb. A random sample of 144 pieces of 
wire obtained from a large supply showed a mean breaking strength 
of 78 lb. Under the assumption that the breaking strengths are 
normally distributed, what is the probability that the sample mean 
will be 2 or more lb under the population mean? Would one con¬ 
clude that the supply sampled is below standard? 

2. A student survey of 400 automobiles in a college parking lot 
showed that 30% were of a gay color. Data obtained from official 
sources showed that 25% of the cars registered in the town were of 
the same gay color. Is the difference sufficiently large to indicate 
student preference for the gay color? 

3. A distribution of invoices is assumed to be normal with a 
mean of S10.20 and standard deviation of 84.10. An invoice greater 
than $22 was found in a random selection. What is the probability 
that this would have happened if the assumptions were correct? 

4. In a machine shop it was found that a certain operation 
required on the average 30 sec, with a standard deviation of 15 sec. 
A group of 16 workers were tested on the operation and averaged 
24 sec. Would you conclude that this group was exceptionally fast 

on this operation? Why? 

5. A shirt company sells shirts by mail and receives orders from 
an average of 10% of the letters sent out. A new approach is usea 
in 625 letters, and from them 80 sales result. Would you conclu 
that the new approach is more effective than the old. 
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Self-Test 

Time: 50 Minutes 

(Score 10 points for each problem correctly solved) 

1. The flags of France, Russia, England, the Netherlands, and the 
United States are to be hung in a row at a United Nations conference. 
In how many ways can this be done? 

2. Bob Smith has 20 business books. He is going on a vacation and 
wishes to pick 3 books to take along. How many choices does he have? 

3. What is the probability that a chimpanzee striking in succession 
3 keys of a typewriter with 47 keys will type out the word ape ? 

4. Find the probability that a boy aged 10 years will live long enough 
to be eligible for election as President of the United States. (The I resi¬ 
dent must be 35.) 

5. In a national trapshoot extending over a period of years, Smith 
averages 97 clay pigeons out of 100, and Jones averages 98. What is the 
probability that at least 1 of the 2 men hits a clay pigeon when they shoot 
at the same time? 

6. In 1 throw of 2 dice, what is the probability of getting a two or a 
twelve? 

7. A box contains 1 red ball and 2 blue balls. If a single ball is drawn 
and replaced, what is the probability of obtaining 2 red balls in 4 such 
drawings? 

8. The mean of a distribution of butter prices was found to be 72^, 
and the standard deviation was 10^5. Of 100 prices sampled, how many 
were probably between 72jf and 82£? 

9. The standard deviation of the weights of 1,000 freshman girls 
was found to be 11 lb. If the mean weight was 120 lb, what range of 
weights would probably include 97% of them? 

10. The acceptable distribution of life of a certain light bulb has a 
mean of 800 hr and a standard deviation of 20 hr. A sample of 100 bulbs 
from a new type has a mean life of 790 hr. Should one conclude that the 
new type is below standard? 
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Table I 

COMMON LOGARITHMS OF NUMBERS 


Note- The small tables included on the right side of the page under the 
headin'*- of P P are tables of Proportional Parts. These small tables may 
he used as an aid in making interpolations quickly*, for the values appeal mb 
in them are the same as those found by interpolation as cbscusse l m the 
chapter on logarithms. To obtain log 1008,. for example, "e obse, xe that 
the difference between the tabular values for log 1008 and log 100. ■ • • 

In one of the small tables under the heading 43 and opposite ,. he hft 
digit in the number whose logarithm we wish to find, we read 30 1 '' h 
to the nearest integer is 30. This is the amount of correction to be added 
to 4.00346, the logarithm of 10080. to obtain log 1008,. Hence og 1008, 
= 4.00376. With a little practice, one can develop considerable facility 
in using the table of logarithms and a person with enough confidence *i\l 
find that calculations can generally be made mentally. 

Each mantissa marked with an asterisk (*) starts with the same t o 
digits as the next row, rather than with the two digits at the beginning 

of its own row. 
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100-150 


t 2 3 


.00 00 000 043 087 130 173 217 260 303 346 389 

01 432 475 518 561 604 647 689 732 775 817 

02 860 903 945 988 *030 *072 *115 *157 *199*242 

03101 284 326 368 410 452 494 536 578 620 662 

703 745 787 828 870 912 953 995 *036 *078 

119 160 202 243 284 325 366 407 449 490 

531 572 612 653 694 735 776 816 857 898 

938 979 *019 *060 *100 *141 *181 *222 *262 *302 

342 383 423 463 503 543 583 623 663 703 

743 782 822 862 902 941 981 *021 *060 *100 


04 

05 02 
06 
07 

08 03 
09 

110 04 

4 

11 

12 

13 

14 

15 

16 

17 

18 
19 

120 
21108 
22 

23 

24 09 

25 

26 10 

27 

28 

29 11 
130 

31 

32 12 

33 

34 

35 13 

36 

37 

38 

39 14 
140 

41 

42 15 

43 

44 

45 16 

46 

47 

4817 
49 
160 
“FT 


5 6 7 18 9 


44 


1 4.4 

2 8.8 

3 13.2 

4 17.6 

5 22.0 

6 26.4 

7 30.8 

8 35.2 

9 39.6 


43 


4.3 

8.6 

12.9 

17.2 

21.5 

25.8 

30.1 

34.4 

38.7 


42 


4.2 

8.4 

12.6 

16.8 

21.0 

25.2 

29.4 

33.6 

37.8 


690 729 767 

6 070 108 145 
446 483 521 

819 856 893 

7 188 225 262 
555 591 628 


918 954 990 


8 279 314 350 
636 672 707 
991 *026 *061 

9 342 377 412 
691 726 760 

0 037 072 106 

380 415 449 
721 755 789 

1 059 093 126 

394 428 461 
727 760 793 

2 057 090 123 
385 418 450 

710 743 775 

3 033 066 098 
354 386 418 

672 704 735 
988 *019 *051 

4 301 333 364 
613 644 675 

”922 953 983 

5 229 259 290 
534 564 594 


258 

297 

336 

376 

415 

454 

493 

650 

689 

727 

766 

805 

844 

883 

*038 

*077 

*115 

*154 

*192 

*231 

*269 

423 

461 

500 

538 

576 

614 

652 

805 

843 

881 

918 

956 

994 

*032 

183 

221 

258 

296 

333 

371 

408 

558 

595 

633 

670 

707 

744 

781 

930 

967 

*004 

*041 

*078 

*115 

*151 

298 

335 

372 

408 

445 

482 

518 

664 

700 

737 

773 

809 

846 

882 

*027 

*063 

*099 

*135 

*171 

*207 

*243 

386 

422 

458 

493 

529 

565 

600 

743 

778 

814 

849 

884 

920 

955 

*096 

*132 

*167 

*202 

*237 

*272 

*307 

447 

482 

517 

552 

587 

621 

656 

795 

830 

864 

899 

934 

968 

*003 

140 

175 

209 

243 

278 

312 

346 

483 

517 

551 

585 

619 

653 

687 

823 

857 

890 

924 

958 

992 

*025 

160 

193 

227 

261 

294 

327 

361 


4941 5281 5611 5941 628 661| 694 


826 

156 

483 

808 

130 

450 

767 

*082 

395 


706 



836 

137 

435 

732 

026 

319 


609 


866 

167 

465 

761 

056 

348 


638 


1 


897 

197 

495 

791 

085 

377 


667 


927 

227 

524 

820 

114 

406 


696 


3 


860 

189 

516 

840 

162 

481 

799 

*114 

426 


737 


*045 

351 

655 

957 

256 

554 


725 


893 

926 

959 

992 

222 

254 

287 

320 

548 

581 

613 

646 

872 

905 

937 

969 

194 

226 

258 

290 

513 

545 

577 

609 

830 

862 

893 

925 

*145 

*176 

*208 

*239 

457 

489 

520 

551 

768 


829 

860 

*076 

*106 

*137 

*168 

381 

412 

442 

473 

685 

715 

746 

776 

987 

*017 

*047 

*077 

286 

316 

346 

376 

584 

613 

643 

673 

879 

909 

938 

967 

173 

202 

231 

260 

464 

493 

522 

551 

754 

782 

811 

840 


*107 

406 

702 

997 

289 

580 
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150-200 


unil 


150 

51 898 

52 18 184 

53 469 

54 752 

55 19 033 

56 312 

57 590 

58 866 

59 20 140 

L60 412 

61 683 

62 952 

63 21 219 

64 484 

65 748 

66 22 011 

67 272 

68 531 

69 789 

23 045 



4391 4661 493 


696 725 

84 *013 * 
298 
583 

865 
145 
424 

700 
976 * 
249 


520 


710 

737 

763 

790 

978 

*005 

*032 

*059 

245 

272 

299 

325 

511 

537 

564 

590 

775 

801 

827 

854 

037 

063 

089 

115 

298 

324 

350 

376 

557 

583 

608 

634 

814 

840 

866 

891 


5 


754 _782 
041 *070 
327 355 
611 639 

893 921 
173 201 
451 479 

728 756 
003 *030 
276 303 


548 575 


844 

*112 

378 



0701 0961 1211 1471 1721 198 



300 

325 

350 

376 

401 

426 

452 


553 

578 

603 

629 

654 

679 

704 


805 

830 

855 

880 

905 

930 

955 

24 

055 

080 

105 

130 

155 

180 

204 


304 

329 

353 

378 

403 

42S 

452 


551 

576 

601 

625 

650 

674 

699 


797 

822 

846 

871 

895 

920 

944 

25 

042 

066 

091 

115 

139 

164 

1SS 


285 

310 

334 

358 

382 

406 

431 


8111 840| 8 


*099 *127 
384 412 
667 696 724 

949 977 *005 
229 257 285 
507 535 562 
811 838 
*085 *112 
358 385 


6021 629 656 


871 898 925 
*139 *165 *192 
405 431 458 

669 696 722 
932 958 985 
194 220 246 

453 479 505 
712 737 763 
968 994 *019 
223 249 274 
477 502 528 
729 754 779 
980 *005 *030 



229 

477 

724 

969 

212 

455 


527 

81 768 

82 26 007 

83 245 

482 
717 
951 

27 184 
416 
646 


875 


5511 5751 6001 624 


792 816 840 864 
031 055 079 102 
269 293 316 340 

505 529 553 576 
741 764 788 811 
975 998 *021 *045 

207 231 254 277 
439 462 485 508 
669 692 715 738 


898 921 944 967 


149 171 194 
375 398 421 
601 623 646 
825 847 870 
048 070 092 
270 292 314 

491 513 535 


648 672 


888 912 
126 150 
364 387 

600 623 
834 858 
•068 *091 
300 323 
531 554 
761 784 


989 


217 

443 

668 

892 

115; 

336 




240 

466 

691 

914 

137 

358 


254 279 
502 527 
748 773 

993 *018 
237 261 
479 503 


6| 720 744 


935 959 983 
174 198 221 
411 435 458 

647 670 694 
881 905 928 
*114 *13S *161 
346 370 393 
577 600 623 
807 830 852 


035 


262 

488 

713 

937 

159 

380 


58 *081 


285 307 
511 533 
735 758 

959 981 
181 203 
403 425 


535 557 579 601 623 645 
754 776 798 820 842 863 
973 994 *016 *038 *060 *081 


125) 1461 1681 190|21l[233| 255| 276| 298 


3 4 5 


907 929 


29 


2.9 

5.8 

8.7 


2.8 

5.6 

8.4 


11.6 11.2 
14.5 14.0 

17.4 16.8 

7 20.3 19.6 

8 23.2 22.4 

9 26.1 25.2 


4 

10.8 

10.4 

5 

13.5 

13.0 

6 

16.2 15.6 

7 

18.9 

18.2 

8 

21.6 

20.8 

9 

24.3 

23.4 


2.5 
5.0 

7.5 


12.5 
15.0 

17.5 
20.0 

22.5 
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200-250 


210 

11 

12 

13 



1 

2 

U 

mm 

5 

uu 

8 

9 

30 103 

mm 

146 

168 

190 

211 

233 

255 

276 

298 

320 

341 

363 

384 

406 

428 

449 

471 

492 

514 

535 

557 

578 

600 

621 

643 

664 

685 

707 

728 

750 

771 

792 

814 

835 

856 

878 

899 

920 

942 

963 

984 

*006 

*027 

*048 

*069 

*091 

*112 

*133 

*154 

31 175 

197 

218 

239 

260 

281 

302 

323 

345 

366 

387 

408 

429 

450 

471 

492 

513 

534 

555 

576 

597 

618 

639 

660 

681 

702 

723 

744 

765 

785 

806 

827 

848 

869 

890 

911 

931 

952 

973 

994 

32 015 

035 

056 

077 

098 

118 

139 

160 

181 

201 

222 

243 

263 

284 

305 

325 

346 

366 

387 

408 



428 

634 

838 


14 33 041 

15 244 

16 445 

17 646 

18 846 

19 34 044 

220 242 

21 439 

22 635 

23 830 

24 35 025 

25 218 

26 411 

27 603 

28 793 

29 984 

230 36 173 

31 361 

32 549 

33 736 

34 922 

35 37 107 

36 291 

37 475 

38 658 

39 840 

240 38 021 

41 202 

42 382 

43 561 

44 739 

45 917 

46 39 094 

47 270 

48 445 

49 620 

260 794 

N 0 


449 

469 

490 

510 

531 

552 

572 

593 

613 

654 

675 

695 

715 

736 

756 

777 

797 

818 

858 

879 

899 

919 

940 

960 

980 

*001 

*021 

062 

082 

102 

122 

143 

163 

183 

203 

224 

264 

284 

304 

325 

345 

365 

385 

405 

425 

465 

486 

506 

526 

546 

566 

586 

606 

626 

666 

686 

706 

726 

746 

766 

786 

806 

826 

866 

885 

905 

925 

945 

965 

985 

*005 

*025 

064 

084 

104 

124 

143 

163 

183 

203 

223 

262 

282 

301 

321 

341 

361 

380 

400 

420 

459 

479 

498 

518 

537 

557 

577 

596 

616 

655 

674 

694 

713 

733 

753 

772 

792 

811 

850 

869 

889 

908 

928 

947 

967 

986 

*005 

044 

064 

083 

102 

122 

141 

160 

180 

199 

238 

257 

276 

295 

315 

334 

353 

372 

392 

430 

449 

468 

488 

507 

526 

545 

564 

583 

622 

641 

660 

679 

698 

717, 

736 

755 

774 

813 

832 

851 

870 

889 

908 

927 

946 

965 

*003 

*0211 

*040 

*059 

*078, 

*097i 

*116 

*135; 

*154 


192 211 229 J248 

380 399 418 436 
568 586 605 624 
754 773 791 810 

940 959 977 996 
125 144 162 181 
310 328 346 365 

493 511 530 548 
676 694 712 731 
858 876 894 912 
039 057 075 093 

220 238 256 274 
399 417 435 453 
578 596 614 632 

757 775 792 810 
934 952 970 987 
111 129 146 164 

287 305 322 340 
463 480 498 515 
637 655 672 690 
811 829 846 863 


12 3 


2C7I 286) 305 324 342 


455 474 493 511 530 

642 661 680 698 717 

829 847 866 884 903 


*014 

199 

383 

566 

749 

931 


112 

292 

471 

650 

828 

*005 

182 

358 

533 

707 


881 


5 


*033 

218 

401 

585 

767 

949 


130 

310 

489 

668 

846 

*023 

199 

375 

550 

724 


898 


*051 *070 *088 
236 254 273 
420 438 457 

603 621 639 
785 803 822 
967 985 *003 


8 


328 

507 

686 

863 

*041 

217 

393' 

568 

742 


915 


166 


346 

525 

703 ] 

881 

*058 

235 


184 


364 

543 

721 

899 

*076 

252 



410 428 
585 602 
759 777 


950 


8.8 8.4 

11.0 10.5 
13.2 12.6 

7 15.4 14.7 

8 17.6 16.8 

9 19.8 18.9 



1 

2.0 

2 

4.0 

3 

0.0 

4 

8.0 



3.4 
5.1 

6.8 

8.5 
10.2 

11.9 

13.6 

15.3 


8 


















































































COMMON LOGARITHMS OF NUMBERS 


260 39 

51 

52 10 

53 

54 

55 

56 

57 

58 41 

59 


794 811 

967 985 
140 157 
312 329 

483 500 
654 671 
824 841 

993 *010 
162 179 
330 347 


2 


829 

*002 

175 

346 

518 

688 

858 

*027 

196 

363 


8461 863 


*019 *037 
192 209 
364 381 


535 

705 

875 

*044 

212 

380 


552 

722 

S92 

*061 

229 

397 


250-300 


898 915 933 950 
*071 *088 ‘106 *123 
243 261 278 295 
415 432 449 466 
569 586 603 620 637 

739 756 773 790 807 

909 926 943 960 976 

*078 *095 *111 *128 *145 

246 263 280 296 313 

414 430 447 464 4S1 




260 497 514 531 547 564 581 597 614 631 647 

61 664 681 697 714 731 747 764 780 797 814 

62 830 847 863 880 896 913 929 946 963 979 

63 996 *012 *029 *0-15 *062 *078 *095 *111 *127 *144 



64 42 160 

65 325 

66 48S 

67 651 

68 813 

69 975 
270 43 136 

71 297 

72 457 

73 616 

74 775 

75 933 

76 44 091 

77 248 

78 404 

79 560 

280 716 

81 871 

82 45 025 

83 179 

84 332 

85 484 

86 637 

87 788 

88 939 

89 46 090 

290 240 

91 389 

92 538 

93 687 

94 835 

95 982 

96 47 129 

97 276 

98 422 

99 567 


177 193 210 226 243 259 275 292 308 

341 357 374 390 406 423 439 455 472 

504 521 537 553 570 586 602 619 635 

667 684 700 716 732 749 765 781 797 

830 846 862 878 894 911 927 943 959 

991 *008 *024 *040 *056 *072 *0SS *104 *120 


152 169 185 201 217 233 249 265 281 


313 329 345 361 
473 489 505 521 
632 648 664 680 



H 


791 S07 823 
949 965 981 
107 122 138 
264 279 295 
420 436 451 
576 592 607 


731 747 762 


886 902 917 
040 056 071 
194 209 225 
347 362 378 
500 515 530 
652 667 682 
803 818 834 
954 969 984 
105 120 135 


255| 270| 285 


434 

583 

731 

879 

*026 

173 

319 

465 

611 


756 


3 


404 419 
553 568 
702 716 

850 864 
997 *012 
144 159 
290 305 
436 451 
582 596 


727 741 


1 2 


361 377 393 409 425 

521 537 553 569 5S4 

680 696 712 727 743 

838 854 870 886 902| 917 

996 *012 *028 *044 *059 
154 170 185 201 217 

311 326 342 35S 373 

467 483 498 514 529 545 

623 638 654 669 685 700 


778 793 809 S24 840 855 


932 948 963 979 994 *010 
0S6 102 117 133 148 163 
240 255 271 286 301 317 
393 40S 423 439 454 469 
545 561 576 591 606 621 
697 712 728 743 758 773 

849 864 879 894 909 924 
*000 *015 *030 *045 *060 *075 
150 165 180 195 210 225 


300 315 330 345 359 374 


449 464 479 494 509 523 
598 613 627 642 657 672 
746 761 776 790 805 820 


894 909 923 
*041 *056 *070 
188 202 217 
334 349 363 
480 494 509 
625 640 654 


93S 

*085 

232 

378 

524 

669 


953 

*100 

246 

392 

538 

683 


967 

*114 

261 

407 

553 

698 


770| 784 799 813 828 842 


5 6 17 8 


18 


1.8 
3.6 
5.4 
.2 
9.0 
10.8 

12.6 

14.4 

10.2 




3.4 
5.1 
6.8 

8.5 
10.2 

11.9 

13.6 

15.3 





16 


1.6 

3.2 

4 8 

6.4 

8.0 

9.6 

11.2 

12.8 

14.4 






9.0 

10.5 
12.0 

13.5 






8.4 

9.8 

11.2 

2.6 




















































































































362 


FUNDAMENTALS OF BUSINESS MATHEMATICS 


300-350 



1 | 2 I 3 


741 756 


885 900 
029 044 
173 187 




784 

799 

813 

828 

929 

943 

958 

972 

073 

087 

101 

116 

216 

230 

244 

259 

359 

373 

387 

401 

501 

515 

530 

544 

643 

657 

671 

686 

785 

799 

813 

827 

926 

940 

954 

968 

*066 

*080 

*094 

*108 



1501 1641 1781 1921 2061 220 234 248 262 


11 
12 

13 

14 

15 

16 

17 

18 
19 

320 

21 
22 

23 

24 51 

25 

26 

27 

28 
29 

330 

31 

32 52 

33 

34 

35 

36 

37 

38 

39 53 

340 

41 

42 

43 

44 

45 

46 

47 

48 

49 


276 

415 

554 

693 

831 

969 

mfi 


243 
379 

515 

651 

786 

920 

055 

188 

322 

455 

587 

720 

851 

983 

114 

244 

375 

504 

634 

763 

892 

020 

148 

275 

403 

529 

656 

782 

908 


158 

283 


407 


290 304 
429 443 
568 582 

707 721 
845 859 
982 996 

120 133 
256 270 
393 406 


529 542 


664 678 
799 813 
934 947 

068 081 
202 215 
335 348 

468 481 
601 614 
733 746 


865 878 


996 *009 
127 140 
257 270 

388 401 
517 530 
647 660 

776 789 
905 917 
033 046 


161 


288 301 
415 428 
542 555 

668 681 
794 807 
920 933 

045 058 
170 183 
295 307 





318 

457 

596 

734 

872 

*010 

147 

284 

420 


556 


691 

826 

961 

095 

228 

362 

495 

627 

759 


891 


*022 

153 

284 

414 

543 

673 

802 

930 

058 


186 


314 

441 

567 

694 

820 

945 

070 

195 

320 


444 


3 


332 346 360 
471 485 499 
610 624 638 

748 762 776 
886 900 914 
*024 *037 *051 

161 174 188 
297 311 325 
433 447 461 


569 583 


5961 610 


732 745 
866 880 
*001 *014 


388 402 
527 541 
665 679 
803 817 
941 955 
*079 *092 

215 229 
352 365 
488 501 


623 637 



51 718 732 745 759 772 
853 866 880 893 907 
987 *001 *014 *028 *041 

108 121 135 148 i62 175 
242 255 268 282 295 308 
375 388 402 415 428 441 

508 521 534 548 561 574 
640 654 667 680 693 706 
772 786 799 812 825 838 


917 


904 


*035 

166 

297 

427 

556 

686 

815 

943 

071 


9301 9431 9571 970 



580 

706 

832 

958 

083 

208 

332 


456 


*048 

179 

310 

440 

569 

699 

827 

956 

084 


212 


339 

466 

593 

719 

845 

970 

095 

220 

345 


469 


5 


*075 *088 *101 
205 218 231 
336 349 362 

466 479 492 
582 595 608 621 
711 724 737 750 

840 853 866 879 
969 982 994 *007 
097 110 122 135 


2241 237| 250| 263 


352 

479 

605 

732 

857 

983 

108 

233 

357 


481 494 


377 390 
504 517 
631 643 

757 769 
882 895 
*008 *020 
133 145 
258 270 
382 394 


506 518 


8 9 


18 






1.4 
2.8 
4.2 
5.6 
7.0 

8.4 

9.8 
11.2 
2 . 




3 


1.3 

2.6 

3.9 

5.2 

6.5 

7.8 

9.1 

10.4 

11.7 


















































































COMMON LOGARITHMS OF NUMBERS 


363 


350-400 


360154 

51 

52 

53 

54 

55 55 

56 

57 

58 

59 

360 

61 

62 

63 

64 56 

65 

66 

67 

68 
69 

370 

71 

72 57 

73 

74 

75 

76 

77 

78 

79 

380 

81 58 

82 

83 

84 

85 

86 

87 

88 
89 

390 59 

91 

92 

93 

94 

95 

96 

97 

98 

99 60 
100 


N 


2 I 3 


432 444 


555 568 
679 691 
802 814 

925 937 
047 060 
169 182 

291 303 
413 425 
534 546 


654 666 


5 


456 469 

580 593 
704 716 
827 839 
949 962 
072 084 
194 206 

315 328 
437 449 
558 570 


678 691 


407 419 
531 543 
654 667 
777 790 
900 913 
023 035 
145 157 

267 279 
388 400 
509 522 

630 642 

751 763 775 787 799 811 823 835 847 859 

871 883 895 907 919 931 943 955 967 979 

991 *003 *015 *027 *038 *050 *062 *074 *086 *098 

110 122 134 146 158 170 182 194 205 217 

229 241 253 265 277 289 301 312 324 336 

348 360 372 384 396 407 419 431 443 455 

467 478 490 502 514 526 538 549 561 573 

585 597 608 620 632 644 656 C 67 679 691 

703 714 726 738 750 761 773 785 797 808 

820 832 844 855 867 879 891 902 914 926 


481 494 

605 617 
728 741 
851 864 

974 986 
096 108 
218 230 

340 352 
461 473 
582 594 


3 715 


506 518 
630 642 
753 765 
876 888 

998 *011 
121 133 
242 255 

364 376 
485 497 
606 618 


727 739 





937 949 961 972 984 996 *008 

054 066 078 089 101 113 124 

171 183 194 206 217 229 241 



*031 *043 
148 159 
264 276 


287 299 310 322 334 345 357 368 380 392 

403 415 426 438 449 461 473 484 496 507 

519 530 542 553 565 576 588 600 611 623 

634 646 657 669 680 692 703 715 726 738 

749 761 772 784 795 807 818 830 841 852 

864 875 887 898 910 921 933 944 955 967 

978 990 *001 *013 *024 *035 *047 *058 *070 *081 

092 104 115 127 138 149 161 172 184 195 

206 218 229 240 252 263 274 286 297 309 

320 331 343 354 365 377 388 399 410 422 

433 444 456 467 478 490 501 512 524 535 

546 557 569 580 591 602 614 625 636 647 

659 670 681 692 704 715 726 737 749 760 

771 782 794 805 816 827 838 850 861 872 

883 894 906 917 928 939 950 961 973 984 

995 *006 *017 *028 *040 *051 *062 *073 *084 *095 

106 118 129 140 151 162 173 184 195 207 


229 

240 

251 

262 

273 

284 

340 

351 

362 

373 

384 

395 

450 

461 

472 

483 

494 

506 

561 

572 

583 

594 

605 

616 

671 

682 

693 

704 

715 

726 

780 

791 

802 

813 

824 

835 

890 

901 

912 

923 

934 

945 

999 

*010 

*021 

*032 

*043 

*054 

108 

119 

130 

141 

152 

163 


13 

1.3 

2.6 

3.9 

5.2 

6.5 

7.8 

9.1 

10.4 

11.7 





la 


1.2 

2.4 

3.6 


6.0 

7.2 

8.4 

9.6 

10.8 



11 

1.1 
2.2 

3.3 

4.4 

5.5 

6.6 

7 7.7 

8 8.8 

9 9.9 


206| 217 


1 


228| 239 


3 


2491 260 2711 2821 2931 304 


5 | 6 7 I 8 



10 


1.0 

2.0 

3.0 

4.0 

5.0 

6.0 

7.0 

8.0 

9.0 












































































































364 


FUNDAMENTALS OF BUSINESS MATHEMATICS 



5 I 6 



00(60 206 

01 
02 

03 531 

04 638 

05 746 

06 853 

959 
61 066 
172 



228 

239 

249 

260 

271 

282 

293 

336 

347 

358 

369 

379 

390 

401 

444 

455 

466 

477 

487 

498 

509 

552 

563 

574 

584 

595 

606 

617 

660 

670 

681 

692 

703 

713 

724 

767 

778 

788 

799 

810 

821 

831 

874 

885 

895 

906 

917 

927 

938 

981 

991 

*002 

*013 

*023 

*034 

*045 

087 

098 

109 

119 

130 

140 

151 

194 

204 

215 

225 

236 

247 

257 


289 30 


310 321 331 3421 3521 3631 374 


384 395 405 416 426 437 448 458 469 479 

12 490 500 511 521 532 542 553 563 574 584 

13 595 606 616 627 637 648 658 669 679 690 

14 700 711 721 731 742 752 763 773 784 794 

15 805 815 826 836 847 857 868 878 888 899 

16 909 920 930 941 951 962 972 982 993 *003 

17 62 014 024 034 045 055 066 076 086 097 107 

18 118 128 138 149 159 170 180 190 201 211 

19 221 232 242 252 263 273 284 294 304 315 


420| 325 | 335 

21 
22 

23 

24 

25 

26 

27 

28 
29 

430 

31 

32 

33 

34 

35 

36 


347 


448 
548 
~ 649 

34 749 

35 849 

36 949 

37 64 048 

38 147 

39 246 
345 


951 

053 

155 

256 


357 


458 

558 

659 

759 

859 

959 

058 

157 

256 


355 


346 


449 

552 

655 

75 
859 
961 

063 

165 

266 


36 



969 



365 


356 


459 

562 

665 

767 

870 

972 

073 

175 

276 


377 


478 

579 

679 

779 

879 

979 

078 

177 

276 


375 


366 377 387 397 408 418 


469 

572 

675 

778 

880 

982 

083 

185 

286 


387 


488 

589 

689 

789 

889 

988 

088 

187 

286 


385 


480 490 
583 593 
685 696 

788 798 
890 900 
992 *002 


500 

603 

706 

808 

910 

*012 


511 

613 

716 

818 

921 

*022 


521 

624 

726 

829 

931 

*033 


094 104 114 124 134 

195 205 215 225 236 

296 306 317 327 337 

397 407 417 428 438 

498 508 518 528 538 

599 609 619 629 639 

699 709 719 729 739 

799 809 819 829 839 

899 909 919 929 939 

998 *008 *018 *028 *038 

098 108 118 128 137 

197 207 217 227 237 

296 306 316 326 335 



3951 404 



444 

454 

464 

473 

483 

493 

542 

552 

562 

572 

582 

591 

640 

650 

660 

670 


689 

\J XV 

738 

748 

758 

768 

777 

787 

836 

846 

856 

865 

875 

885 

933 

943 

953 

963 

972 

982 

65 031 

040 

050 

060 

070 

079 

128 

137 

147 

157 

167 

176 

225 

234 

244 

254 

263 

273 

321 

331 

341 

350 

360 

369 


4141 4241 434 


513 523 532 
611 621 631 
709 719 729 

807 816 826 
904 914 924 
*002 *011 *021 

099 108 118 
196 205 215 
292 302 312 

389 398 408 





5 6 






































































COMMON LOGARITHMS OF NUMBERS 


365 


450-500 



51 

52 

53 

54 

55 

56 

57 

58 66 

59 


67 

68 67 

69 

:70 

71 

72 

73 

74 

75 

76 


331 

418 427 
514 523 
610 619 

706 715 
801 811 
896 906 

992 *001 
087 096 
181 191 


276 28 


370 380 
464 474 
558 567 
652 661 
745 755 
839 8-18 

932 941 
025 034 
117 127 


210 219 


302 311 
394 403 
486 495 

578 587 
669 679 
761 770 


341 


437 

533 

629 

725 

820 

916 

*011 

106 

200 


295 


350 

447 

543 

639 

734 

830 

925 

*020 

115 

210 


304 


3601 3691 379 


389 398 
483 492 
577 586 
671 680 
764 773 
857 867 
950 960 
043 052 
136 145 


228 237 


321 330 
413 422 
504 514 

596 605 
688 697 
779 788 


456 

552 

648 

744 

839 

935 

*030 

124 

219 


314 


408 

502 

596 

689 

783 

876 

969 

062 

154 


247 


466 

562 

658 

753 

849 

944 

*039 

134 

229 


323 



699 

792 

885 

978 

071 

164 


256 


339 348 
431 440 
523 532 

614 624 
706 715 
797 806 


475 

571 

667 

763 

858 

954 

*049 

143 

238 


332 


427 

521 

614 

708 

801 

894 

987 

080 

173 


265 


357 

449 

541 

633 

724 

815 


389 

485 

581 

677 

772 

868 

963 

*058 

153 

247 


398 



782 

877 

973 

*06S 

162 

257 


408 


504 

600 

696 

792 

887 

982 

*077 

172 

266 


342 351 361 


436 445 455 
530 539 549 
624 633 642 

717 727 736 
811 820 829 
904 913 922 

997 *006 *015 
089 099 108 
182 191 201 


274 284 293 


367 376 385 
459 468 477 
550 5G0 569 
642 651 660 
733 742 752 
825 834 843 


77 852 861 870 879 888 897 906 916 925 934 

78 943 952 961 970 979 988 997 *006 *015 *024 

79 68 034 043 052 061 070 079 088 097 106 115 

80 124 133 142 151 160 169 178 187 196 205 


81 215 

82 305 

83 395 

84 485 

85 574 

86 664 

87 753 

88 842 

89 931 

490 69 020 

91 108 

92 197 

93 285 

94 373 

95 461 

96 548 

97 636 

98 723 

99 810 

600 897 


N 


224 

314 

404 

494 

583 

673 

762 

851 

940 


028 


117 

205 

294 

381 

469 

557 

644 

732 

819 


906 


1 


233 

323 

413 

502 

592 

681 

771 

860 

949 


037 


126 

214 

302 

390 

478 

566 

653 

740 

827 


914 


242 251 
332 341 
422 431 

511 520 
601 610 
690 699 
780 789 
869 878 
958 966 


046 055 


260 269 
350 359 
440 449 

529 538 
619 628 
70S 717 
797 806 
886 895 
975 984 


278 287 296 
368 377 386 
458 467 476 

547 556 565 
637 646 655 
726 735 744 

815 824 833 
904 913 922 
993 *002 *011 


135 

223 

311 

399 

487 

574 

662 

749 

836 


923 


3 


144 

232 

320 

408 

496 

583 

671 

758 

845 


932 


064 


152 

241 

329 

417 

504 

592 

679 

767 

854 


940 


073 


161 

249 

338 

425 

513 

601 

688 

775 

862 


949 


082 


170 

258 

346 

434 

522 

609 

697 

784 

871 


958 


090 


179 

267 

355 

443 

531 

618 

705 

793 

880 


966 


099 


188 

276 

364 

452 

539 

627 

714 

801 

888 


975 



3.2 

5 4.0 

6 4.8 

7 5.6 

8 6.4 

9 7.2 
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FUNDAMENTALS OF BUSINESS MATHEMATICS 


12 3 


600|69 897 | 906 | 914 | 923 
01 


500-550 


932 9401 9491 958 


984 

992 

*001 

*010 

*018 

*027 

*036 

*044 

*053 

*062 

70 070 

079 

088 

096 

105 

114 

122 

131 

140 

148 

157 

165 

174 

183 

191 

200 

209 

217 

226 

234 

243 

252 

260 

269 

278 

286 

295 

303 

312 

321 

329 

338 

346 

355 

364 

372 

381 

389 

398 

406 

415 

424 

432 

441 

449 

458 

467 

475 

484 

492 

501 

509 

518 

526 

535 

544 

552 

561 

569 

578 

586 

595 

603 

612 

621 

629 

638 

646 

655 

663 

672 

680 

689 

697 

706 

714 

723 

731 

740 

749 


610 757 766 774 783 791 800 808 817 825 834 

11 842 851 859 868 876 885 893 902 910 919 

12 927 935 944 952 961 969 978 986 995 *003 

13 71 012 020 029 037 046 054 063 071 079 088 

14 096 105 113 122 130 139 147 155 164 172 

15 181 189 198 206 214 223 231 240 248 257 

16 265 273 282 290 299 307 315 324 332 341 

349 357 366 374 383 391 399 408 416 425 

433 441 450 458 466 475 483 492 500 508 

517 525 533 542 550 559 567 575 584 592 

600 609 617 625 634 642 650 659 667 675 


17 

18 
19 

520 

21 
22 

23 

24 

25 72 

26 

27 

28 
29 

530 

31 

32 

33 

34 

35 

36 

37 

38 73 

39 

640 

41 

42 

43 

44 

45 

46 

47 

48 

49 


684 692 
767 775 
850 858 
933 941 
016 024 
099 107 
181 189 
263 272 
346 354 

428 436 


700 709 717 
784 792 800 
867 875 883 
950 958 966 
032 041 049 
115 123 132 

198 206 214 
280 288 296 
362 370 378 


444 452 460 


734 742 750 759 
817 825 834 842 
900 908 917 925 

975 983 991 999 *008 

057 066 074 082 090 

140 148 156 165 

222 230 239 247 

304 313 321 329 

387 395 403 411 


469 477 485 493 501 



560 

640 

719 

799 

878 

957 


036 044 


1 


518 

526 

534 

542 

550 

599 

607 

616 

624 

632 

681 

689 

697 

705 

713 

762 

770 

779 

787 

795 

843 

852 

860 

868 

876 

925 

933 

941 

949 

957 

*006 

*014 

*022 

*030 

*038 

086 

094 

102 

111 

119 

167 

175 

183 

191 

199 

247 


263 

272 

280 

328 

336 

344 

352 

360 

408 

416 

424 

432 

440 

488 

496 

504 

512 

520 

568 

576 

584 

592 

600 

648 

656 

664 

672 

679 

727 

735 

743 

751 

759 

807 

815 

823 

830 

838 

886 

894 

902 

910 

918 

965 

973 

981 

989 

997 


558 

567 

575 

640 

648 

656 

722 

730 

738 

803 

811 

819 

884 

892 

900 

965 

973 

981 

*046 

*054 

*062 

127 

135 

143 

207 

215 

223 


2881 296 304 312 


052 


060 | 068 


3 


368 

448 

528 

608 

687 

767 

846 

926 

*005 


084 


376 

456 

536 

616 

695 

775 

854 

933 

*013 


092 


384 

464 

544 

624 

703 

783 

862 

941 

*020 


392 

472 

552 

632 

711 

791 

870 

949 

*028 



0991 107 


8 9 





















































































COMMON LOGARITHMS OF NUMBERS 


367 



660 74 036 

51 115 

52 194 

53 273 

54 351 

55 429 

56 507 

57 586 

58 663 

59 741 

660 819 

61 896 

62 974 

63 75 051 

64 128 

65 205 

66 282 

67 358 

68 435 

69 511 

670 587 

71 664 

72 740 

73 815 

74 891 

75 967 

76 76 042 


044 052 


123 131 
202 210 
280 288 
359 367 
437 445 
515 523 
593 601 
671 679 
749 757 


060 068 

139 147 
218 225 
296 304 

374 382 390 398 
453 461 46S 476 
531 539 547 554 
609 617 624 632 
687 695 702 710 
764 772 780 7SS 


092 099 107 
170 178 186 
249 257 265 
327 335 343 


406 

484 

562 

640 

718 

796 


414 

492 

570 

648 

726 

803 


421 

500 

578 

656 

733 

811 


827 834 842 850 858 865 873 881 889 

904 912 920 927 935 943 950 958 966 

981 989 997 *005 *012 *020 *028 *035 *043 

059 066 074 082 089 097 105 113 120 

136 143 151 159 166 174 182 189 197 

213 220 228 236 243 251 259 266 274 

289 297 305 312 320 328 335 343 351 

366 374 381 389 397 404 412 420 427 

442 450 458 465 473 481 488 496 

519 526 534 542 549 557 565 572 



389 397 404 412 420 427 
465 473 481 488 496 504 
542 549 557 565 572 580 


77 

78 

79 
580 


118 

193 

268 


343 




81 418 

82 492 

83 567 

84 641 

85 716 

86 790 

87 864 

88 938 

89 77 012 

590 085 


91 159 

92 232 

93 305 

94 379 

95 452 

96 525 

97 597 

98 670 

99 743 

600 815 


5951 6031 610 


671 679 686 
747 755 762 
823 831 838 

899 906 914 
974 982 989 
050 057 065 

125 133 
200 208 
275 2831 29 


350 358 365 


425 433 440 
500 507 515 
574 582 589 

649 656 664 
723 730 738 
797 805 812 

871 879 886 
945 953 960 
019 026 034 


093 100 107 


166 173 
240 247 
313 320 

386 393 401 
459 466 474 
532 539 546 

605 612 619 
677 685 692 
750 757 764 

822 830 837 


12 3 


618| 6261 6331 6411 6481 656 


702 709 717 724 732 

778 785 793 800 808 

846 853 861 868 876 88*4 



921 929 937 
997 *005 *012 
072 080 087 

148 155 163 
223 230 238 
298 305 313 


373 380 388 


448 455 
522 530 
597 604 

671 678 
745 753 
819 827 

893 901 
967 975! 
041 048 


115 122 


188 195 
262 269 
335 342 

408 415 
481 488 
554 561 

627 634 
699 706 
772 779 


844| 851 


5 


944 952 959 
*020 *027 *0*3*0 
095 103 lTO’ 

170 178 185 
245 253 260 i 
320 328 335 

395 403 410 


462 

470 

477 

537 

545 

552 

612 

619 

626 

686 

693 

701 

760 

76S 

775 

834 

842 

849 

90S 

916 

923 

9S2 

9S9 

997 

056 

063 

070 

129 

137 

144 

203 

210 

217 

276 

283 

291 

349 

357 

364 

422 

430 

437 

495 

503 

510 

568 

576 

583 

641 

648 

656 

714 

721 

728 

786 

793 

801 


1 0.8 

2 1.6 

3 2.4 


7 5.6 

8 6.4 

9 7.2 


7 


0.7 

1.4 
2.1 

2.8 

3.5 

4.2 


859 866 



8731 880 


8 
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FUNDAMENTALS OF BUSINESS MATHEMATICS 


600 77 815 

01 887 
02 960 
03 78 032 


04 
05 
06 

07 
08 , 

09 

610 

11 
12 

13 

14 

15 

16 

17 79 

18 
19 

620 

21 
22 

23 

24 

25 

26 

27 

28 
29 

630 

3180 

32 

33 

34 

35 

36 

37 

38 

39 

640 

41 

42 

43 

44 

45 

46 81 

47 

48 

49 

660 


N 


104 
176 
247 

319 
390 
462 

533 
604 
675 
746 

817 | 

888 
958 
029 
099 
169 
239 

309 316 
379 386 
449 456 

518 525 
588 595 
657 664 

727 734 
796 803 
865 872 


600-650 


1 2 I 3 I 4 I 5 I 6 7 8 


822 830 837 844 851 859 866 873 880 


895 

967 

039 

111 

183 

254 

326 

398 

469 


540 


611 618 625 633 640 647 654 661 

682 689 696 704 711 718 725 732 

753 760 767 774 781 789 796 803 

824 831 838 845 852 859 866 873 

895 902 909 916 923 930 937 944 

965 972 979 986 993 *000 *007 *014 

036 043 050 057 064 071 078 085 

106 113 120 127 134 141 148 155 

176 183 190 197 204 211 218 225 


246 253 260 267 274 281 288 295 302 

316 323 330 337 344 351 358 365 372 

386 393 400 407 414 421 428 435 442 

456 463 470 477 484 491 498 505 511 


902 

909 

916 

924 

931 

974 

981 

988 

996 

*003 

046 

053 

061 

068 

075 

118 

125 

132 

140 

147 

190 

197 

204 

211 

219 

262 

269 

276 

283 

290 

333 

340 

347 

355 

362 

405 

412 

419 

426 

433 

476 

483 

490 

497 

504 

547 

554 

561 

569 

576 

618 

625 

633 

640 

647 

689 

696 

704 

711 

718 

760 

767 

774 

781 

789 

831 

838 

845 

852 

859 

902 

909 

916 

923 

930 

972 

979 

986 

993 

*000 

043 

050 

057 

064 

071 

113 

120 

127 

134 

141 

183 

190 

197 

204 

211 



934 

003 

072 

140 

209 

277 

346 

414 

482 

550 

618 

686 

754 

821 

889 

956 

023 

090 

158 

224 

291 


941 


010 

079 

147 

216 

284 

353 

421 

489 

557 


625 


693 



298 


1 


532 

602 

671 

741 

810 

879 


948 


017 

085 

154 

223 

291 

359 

428 

496 

564 


632 


699 

767 

835 

902 

969 

037 

104 

171 

238 


m 


539 

609 

678 

748 

817 

886 


546 

616 

685 

754 

824 

893 


9551 962 


553 560 567 574 581 

623 630 637 644 650 

692 699 706 713 720 

761 768 775 782 789 

831 837 844 851 858 

900 906 913 920 927 


969 975 982 989 996 


024 

092 

161 

229 

298 

366 

434 

502 

570 


638 


706 

774 

841 

909 

976 

043 

111 

178 

245 


311 


3 


030 

099 

168 

236 

305 

373 

441 

509 

577 


645 


713 

781 

848 

916 

983 

050 

117 

184 

251 



037 044 
106 113 
175 182 

243 250 
312 318 
380 387 

448 455 
516 523 
584 591 


652 659 


720 726 
787 794 
855 862 

922 929 
990 996 
057 064 

124 131 
191 198 
258 265 


325 331 


051 058 065 
120 127 134 
188 195 202 
257 264 271 
325 332 339 
393 400 407 
462 468 475 
530 536 543 
598 604 611 


672 


747 
814 
882 

943 949 
♦010 *017 
077 084 

144 151 
211 218 
278 285 


345 351 


733 

801 

868 

936 

*003 

070 

137 

204 

271 


338 


47 


0:7 

1.4 

2.1 

2.8 

3!5 

4.2 

4.9 

5:6 

e:3 
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650-700 


7T 


660 

51 

52 

53 

54 

55 

56 

57 

58 

59 
660 

61 
62 

63 

64 

65 

66 

67 

68 
69 

670 

71 

72 

73 
7.4 

75 

76 

7718 

78 

79 
680 

81 
82 

83 

84 

85 

86 

87 

88 
89 

690 

91 

92 

93 

94 

95 

96 

97 

98 

99 

700 
N 


IM 

1 

2 

3 

mm 

5 

6 

7 

8 

9 

291 

298 

305 

311 

318 

325 

331 

338 

! 345 

351 

358 

365 

371 

378 

385 

391 

398 

405 

i 411 

418 

425 

431 

438 

445 

451 

458 

465 

471 

478 

485 

491 

498 

505 

511 

518 

525 

531 

538 

544 

551 

558 

564 

571 

578 

584 

591 

598 

604 

611 

617 

624 

631 

637 

644 

651 

657 

66-1 

671 

677 

684 

690 

697 

704 

710 

717 

723 

730 

737 

743 

750 

757 

763 

770 

776 

783 

790 

796 

803 

809 

816 

823 

829 

836 

842 

849 

856 

862 

869 

875 

882 

889 

895 

902 

908 

915 

921 

928 

935 

941 

948 

954 

961 

968 

974 

981 

987 

994 

*000 

*007 

*014 

020 

027 

033 

040 

046 

053 

060 

066 

073 


086 

092 

099 

105 

112 

119 

125 

132 

138 

145 

151 

158 

164 

171 

178 

184 

191 

197 

204 


217 

223 

230 

236 

243 

249 

256 

263 

269 

276 

282 

289 

295 

302 

30 S 

315 

321 

328 

334 

341 

347 

354 

360 

367 

373 

380 

387 

393 

400 

406 

413 

419 

426 

432 

439 

445 

452 

458 

465 

471 

478 

484 

491 

497 

504 

510 

517 

523 

530 

536 

543 

549 

556 

562 

569 

575 

582 

5 S 8 

595 

601 

607 

614 

620 

627 

633 

640 

6-16 

653 

659 

666 

672 

679 

685 

692 

698 

705 

711 

718 

724 

730 

737 

743 

750 

756 

763 

769 

776 

782 

789 

795 

802 

808 

814 

821 

827 

834 

8-10 

847 

853 

860 

866 

872 

879 

885 

892 

898 

905 

911 

918 

924 

930 

937 

943 

950 

956 

963 

969 

975 

982 

988 

995 

*001 

*008 

*014 

*020 

*027 

*033 

*040 

*046 

*052 

059 

065 

072 

078 

085 

091 

097 

104 

110 

117 

123 

129 

136 

142 

149 

155 

161 

168 

174 

181 

187 

193 

200 

206 

213 

219 

225 

232 

238 

245 

251 

257 

264 

270 

276 

283 

289 

296 

302 

308 

315 

321 

327 

334 

340 

347 

353 

359 

366 

372 

378 

385 

391 

398 

404 

410 

417 

423 

429 

436 

442 

448 

455 

461 

467 

474 

480 

487 

493 

499 

506 

512 

518 

525 

531 

537 

5-14 

550 

556 

563 

569 

575 

582 

588 

594 

601 

607 

613 

620 

626 

632 

639 

645 

651 

658 

664 

670 

677 

683 

689 

696 

702 

708 

715 

721 

727 

734 

740 

746 

753 

759 

765 

771 

778 

78-1 

790 

797 

803 

809 

816 

822 

828 

835 

841 

847 

853 

860 

866 

872 

879 

885 

891 

897 

904 

910 

916 

923 

929 

935 

942 

948 

954 

960 

967 

973 

979 

985 

992 

998 


Oil 

tea 

017 

023 

029 

036 

042 

048 


061 


073 

080 

086 

092 

098 

105 

111 

117 

123 

Kfi 

136 

142 

148 

155 

161 

167 

173 

180 

186 

192 

198 

205 

211 

217 

223 

230 

236 

242 

248 

255 

261 

267 

273 

280 

286 

292 

298 

305 

311 

317 

323 

330 

336 

342 

348 

354 

361 

367 

373 

379 

386 

392 

398 

404 

410 

417 

423 

429 

435 

442 

448 

454 

460 

466 

473 

479 

485 

491 

497 


iaiu 

516 

522 

528 

535 

541 

547 

553 

559 

566 


1 

2 


u 


EH 

mm 

8 

9 


FF 


1 

2 

3 

4 


0.7 

1.4 

2.1 

2.8 


1 

2 

3 

4 

5 
C 

7 

8 



PP 


©00^4 OOi 
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700-750 


1 2 


700 84 510 516 522 

01 572 578 584 

02 634 640 646 

03 696 702 708 

04 757 763 770 

05 819 825 831 

06 880 887 893 

07 942 948 954 

08 85 003 009 016 

09 065 071 077 

710 126 132 138 

11 187 193 199 

12 248 254 260 

13 309 315 321 

14 370 376 382 

15 431 437 443 

16 491 497 503 

17 552 558 564 

18 612 618 625 

19 673 679 685 

733 739 745 

21 794 800 806 

22 854 860 866 

23 914 920 926 

24 974 980 986 

25 86 034 040 046 

26 094 100 106 

27 153 159 165 

28 213 219 225 

29 273 279 285 

30 332 338 344 

31 392 398 404 

32 451 457 463 

33 510 516 522 

34 570 576 581 

35 629 635 641 

36 688 694 700 

37 747 753 759 

38 806 812 817 

39 864 870 876 

740 923 929 935 

41 982 988 994 

42 87 040 046 052 

43 099 105 111 

44 157 163 169 

45 216 221 227 

46 274 280 286 

47 332 338 344 

48 390 396 402 

49 448 454 460 

760 506 512 518 

N ["ITl 1 I 2 


528 535 541 


590 . 

652 

714 

776 

837 

899 

960 

022 

083 


144 


205 

266 

327 


597 

658 

720 

782 

844 

905 

967 

028 

089 


150 


211 

272 

333 


603 

665 

726 

788 

850 

911 

973 

034 

095 


156 


217 

278 

339 


350 356 


410 415 
469 475 
528 534 

687 593 
646 652 
705 711 

764 770 
823 829 
882 


941 947 


999 *005 
058 064 
116 122 

175 181 
233 239 
291 297 

349 355 
408 413 
466 471 


523 529 


421 

481 

540 

599 

658 

717 

776 

835 

894 


953 


*011 

070 

128 

186 

245 

303 

361 

419 

477 


535 


5 


547 

553 

559 

609 

615 

621 

671 

677 

683 

733 

739 

745 

794 

800 

807 

856 

862 

868 

917 

924 

930 

979 

985 

991 

040 

046 

052 

101 

107 

114 

163 

169 

175 

224 

230 

236 

285 

291 

297 

345 

352 

358 

406 

412 

418 

467 

473 

479 

528 

534 

540 

588 

594 

600 

649 

655 

661 

709 

715 

721 

769 

775 

781 

830 

836 

842 

890 

896 

902 

950 

956 

962 

*010 

*016 

*022 

070 

076 

082 

130 

136 

141 

189 

195 

201 

249 

255 

261 

308 

314 

320 

368 

374 

380 

427 

433 

439 

487 

493 

499 

546 

552 

558 

605 

611 

617 

664 

670 

676 

723 

729 

735 

782 

788 

794 

841 

847 

853 

900 

906 

911 


9 


566 


628 

689 

751 

813 

874 

936 

997 

058 

120 


181 


242 

303 

364 






9581 964 


*017 *023 
075 081 
134 140 
192 198 
251 256 
309 315 

367 373 
425 431 
483 489 


wmwm 

OEM 


9701 976 


*029 *035 
087 093 
146 151 

204 210 
262 268 
320 326 

379 384 
437 442 
495 500 


5521 558 


8 


0.6 
1.2 
1.8 

2.4 
3.0 
3.6 

•i » 4 2 
8 |4'.8 

9' 6.4 
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750-800 


'60 87 506 

51 564 

52 622 

53 679 

54 737 

55 795 

56 852 


57 

58 

59 

760 


910 

967 

024 

081 


112 13 


512 518 523 


570 576 581 
628 633 639 
685 691 697 

743 749 754 
800 806 812 
858 864 869 

915 921 927 
973 978 984 
030 036 041 


087 093 098 


529 


587 

645 

703 

760 

818 

875 

933 

990 

047 


104 


5 6 7 8 


535 541 547 552l 558 


593 599 604 610 616 

651 656 662 668 574 

708 714 720 726 731 

766 772 777 783 789 

823 829 835 841 846 

881 887 892 898 904 

938 944 950 955 961 

996 *001 *007 *013 *018 

053 058 064 070 076 


110 116 121 127 133 


61 138 144 150 156 161 167 173 178 184 

62 195 201 207 213 218 224 230 235 241 

63 252 258 264 270 275 281 287 292 298 

64 309 315 321 326 332 338 343 349 355 360 

65 366 372 37.7 383 389 395 400 406 412 417 

66 423 429 434 440 446 451 457 463 468 474 

67 480 485 491 497 502 508 513 519 525 530 

68 536 542 547 553 559 564 570 576 581 587 

69 593 598 604 610 615 621 627 632 638 643 

70 649 655 660 666 672 677 683 689 694 700 

71 705 711 717 722 728 734 739 745 750 756 

72 762 767 773 779 784 790 795 801 807 812 

73 818 824 829 835 840 846 852 857 863 868 

74 874 880 885 891 897 902 908 913 919 925 

75 930 936 941 947 953 958 964 969 975 981 

76 986 992 997 *003 *009 *014 *020 *025 *031 *037 

77189 042 048 053 059 064 070 076 081 087 092 

104 109 115 120 126 131 137 143 148 
159 165 170 176 182 187 193 198 2C& 


64 309 

65 366 

66 423 

67 480 

68 536 

69 593 


221 226 232 237 243 2481 254 260 



71 705 

72 762 

73 818 

74 874 

75 930 

76 986 

77 89 042 

78 098 

79 154 

’80 209 

81 265 

82 321 

83 376 

84 432 

85 487 

86 542 

87 597 

88 653 

89 708 

’90 763 

91 818 

92 873 

93 927 

94 982 

95 90 037 

96 091 


215 


97 

98 

99 

800 


N 


146 

200 

255 

309 


271 

276 

282 

287 

293 

298 

304 

310 

326 

332 

337 

343 

348 

354 

360 

365 

382 

387 

393 

398 

404 

409 

415 

421 

437 

443 

448 

454 

459 

465 

470 

476 

492 

498 

504 

509 

515 

520 

526 

531 

548 

553 

559 

564 

570 

575 

581 

586 

603 

609 

614 

620 

625 

631 

636 

642 

658 

664 

669 

675 

680 

686 

691 

697 

713 

719 

724 

730 

735 

741 

746 

752 

768 

774 

779 

785 

790 

796 

801 

807 

823 

829 

834 

840 

845 

851 

856 

862 

878 

883 

889 

894 

900 

905 

911 

916 

933 

938 

944 

949 

955 

960 

966 

971 

988 

993 

998 

*004 

*009 

*015 

*020 

*026 

042 

048 

053 

059 

064 

069 

075 

080 

097 

102 

108 

113 

119 

124 

129 

135 

151 

157 

162 

168 

173 

179 

184 

189 

206 

211 

217 

222 

227 

233 

238 

244 

260 

266 

271 

276 

282 

287 

293 

298 

314 

320 

325 

331 

336 

342 

347 

352 


4 2.4 

5 3.0 

6 3.6 

7 4.2 

8 4.8 

9 5.4 


5 


0 T 5 

1.0 

1.5 

2.0 

2.5 
3.0 

3.5 
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FUNDAMENTALS OF BUSINESS MATHEMATICS 


800-850 



800 

01 363 

02 417 

03 472 

04 526 

05 580 

06 634 

07 687 

08 741 

09 795 

810 849 

11 902 

12 956 

13 91 009 

14 062 

15 116 

16 169 

17 222 

18 275 

19 328 

820 381 

21 434 

22 487 

23 540 

593 
645 
698 

27 751 

28 803 

29 855 

830 908 

31 960 

32 92 012 

33 065 


112 13 


314 320 325 


331 


5 


3361 342 


347 3521 358 


369 

374 

380 

385 

390 

396 

401 

407 

412 

423 

428 

434 

439 

445 

450 

455 

461 

466 

477 

482 

488 

493 

499 

504 

509 

515 

520 

531 

536 

542 

547 

553 

558 

563 

569 

574 

585 

590 

596 

601 

607 

612 

617 

623 

628 

639 

644 

650 

655 

660 

666 

671 

677 

682 

693 

698 

703 

709 

714 

720 

725 

730 

736 

747 

752 

"757 

763 

768 

773 

779 

784 

789 

800 

806 

811 

816 

822 

827 

832 

838 

843 


34 

35 

36 

37 

38 

39 

840 

41 

42 

43 

44 

45 

46 

47 

48 

49 

850 


N 


117 

169 

221 

273 

324 

376 


428 


480 

531 

583 

634 

686 

737 

788 

840 

891 


942 


854 


907 

961 

014 

068 

121 

174 

228 

281 

334 


387 


440 

492 

545 

598 

651 

703 

756 

808 

861 


913 


965 

018 

070 

122 

174 

226 

278 

330 

381 


433 


485 

536 

588 

639 

691 

742 

793 

845 

896 


947 



859 | 865 870 8751 8811 8861 8911 897 


918 924 929 934 940 945 950 
972 977 982 988 993 998 *004 
025 030 036 041 046 052 057 

073 078 084 089 094 100 105 110 

126 132 137 142 148 153 158 164 

180 185 190 196 201 206 212 217 

233 238 243 249 254 259 265 270 

286 291 297 302 307 312 318 323 

339 344 350 355 360 365 371 376 


392 397 403 408 413 418 424 429 


445 

498 

551 

603 

656 

709 

761 

'814 

866 


918 


971 

023 

075 

127 

179 

231 

283 

335 

387 


438 


490 

542 

593 

645 

696 

747 

799 

850 

901 


952 


2 


450 

503 

556 

609 

661 

714 

766 

819 

871 


924 


976 

028 

080 

132 

184 

236 

288 

340 

392 


443 


495 

547 

598 

650 

701 

752 

804 

855 

906 


455 461 
508 514 
561 566 

614 619 
666 672 
719 724 

772 777 
824 829 
876 882 


929 934 


981 9 
033 0 
085 091 

137 143 
189 195 
241 247 


466 

519 

572 

624 

677 

730 

782 

834 

887 


939 




293 

345 

397 


449 


500 

552 

603 

655 

706 

758 

809 

860 

911 


962 


298 

350 

402 


454 


505 

557 

609 

660 

711 

763 

814 

865 

916 


967 


5 


096 

148 

200 

252 

304 

355 




459 


511 

562 

614 

665 

716 

768 

819 1 

870 

921 


973 


471 477 482 
524 529 535 
577 582 587 

630 635 640 
682 687 693 
735 740 745 

787 793 798 
840 845 850 
892 897 903 


944 950 955 


997 *002 *007 
049 054 059 
101 106 111 


153 

205 

257 

309 

361 

412 


464 


516 

567 

619 

670 

722 

773 

824 

875 

927 


978 


158 

210 

262 

314 

366 

418 


469 


521 

572 

624 

675 

727 

778 

829 

881 

932 


983 


163 

215 

267 

319 

371 

423 


474 


526 

578 

629 

681 

732 

783 

834 

886 

937 


1 0.6 
2 1.2 

3 1.8 

4 2.4 

5 3.0 

6 3.6 


5 


0.6 

1.0 

1.5 

2.0 

2.5 
3.0 

3.5 
4.0 

4.5 
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860 92 942 

51 993 

52 93 044 

53 095 


1 2 3 4 5 I 6 I 7 I 8 


947 952 957 962 967 973 978 983 988 
998 *003 *008 *013 *018 *024 *029 *034 *039 
049 054 059 064 069 075 080 085 090 
100 105 110 115 120 125 131 136 141 


54 

55 

56 

57 

58 

59 

860 


146 

197 

247 

298 

349 

399 | 

450 


151 156 161 166 171 176 181 

202 207 212 217 222 227 232 

252 258 263 268 273 278 283 

303 308 313 318 323 328 334 

354 359 364 369 374 379 384 

404 409 414 420 425 430 435 


455 460 465 470 475 480 485 


186 

237 

288 

339 

389 

440 


61 500 

62 551 

63 601 

64 651 

65 702 

66 752 

67 802 

68 852 

69 902 

870 952 

71 94 002 

72 052 

73 101 

74 151 

75 201 

76 250 

77 300 

78 349 

79 399 

880 448 

81 498 

82 547 

83 596 

84 645 

85 694 

86 743 

87 792 

88 841 

89 890 

890 939 

91 988 

92 95 036 

93 085 

94 134 

95 182 

96 231 

97 279 

98 328 

99 376 

424 


505 

510 

515 

520 

526 

531 

536 

541 

556 

561 

566 

571 

576 

581 

586 

591 

606 

611 

616 

621 

626 

631 

636 

641 

656 

661 

666 

671 

676 

682 

687 

692 

707 

712 

717 

722 

727 

732 

737 

742 

757 

762 

767 

772 

777 

782 

787 

792 

807 

812 

817 

822 

827 

832 

837 

842 

857 

862 

867 

872 

877 

882 

887 

892 

907 

912 

917 

922 

927 

932 

937 

942 


957 

962 

967 

972 

977 

982 

987 

992 

007 

012 

017 

022 

027 

032 

037 

042 

057 

062 

067 

072 

077 

082 

086 

091 

106 

111 

116 

121 

126 

131 

136 

141 

156 

161 

166 

171 

176 

181 

186 

191 

206 

211 

216 , 

221 

226 

231 

236 

240 

255 

260 

265 

270 

275 

280 

285 

290 

305 

310 

315 

320 

325 

330 

335 

340 

354 

359 

364 

369 

374 

379 

384 

389 

404 ; 

409 

414 

419 

424 

429 

433 

438 

453 

458 

463 

468 

473 

478 

483 

488 

503 

507 

512 

517 

522 

527 

532 

537 

552 

557 

562 

567 

571 

576 

581 

586 

601 

606 

611 

616 

621 

626 

630 

635 

650 

655 

660 

665 

670 

675 

6 S 0 

685 

699 

704 

709 

714 

719 

724 

729 

734 

748 

753 

758 

763 

768 

773 

778 

783 

797 

802 

807 

812 

817 

822 

827 

832 

846 

851 

856 

861 

866 

871 

876 

880 

895 

900 

905 

910 

915 

919 

924 

929 




944 9491 954 


993 998 *002 
041 046 051 
090 095 100 

139 143 148 
187 192 197 
236 240 245 
284 289 294 
332 337 342 
381 386 390 


429 434 439 


112 3 


959 


*007 

056 

105 

153 

202 

250 

299 

347 

395 


444 


963 968 


*012 *017 
061 066 
109 114 

158 163 
207 211 
255 260 

303 308 
352 357 
400 405 


448 453 


5 6 


973 978 


*022 *027 
071 075 
119 124 
168 173 
216 221 
265 270 
313 318 
361 366 
410 415 


458 463 


8 


689 

738 

787 

836 

885 

934 


983 


*032 

080 

129 

177 

226 

274 

323 

371 

419 


468 


1 0.4 

2 0.8 

3 1.2 

4 1.6 

5 2.0 

6 2.4 

, 2.8 

8 3.2 

9 | 3.6 
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FUNDAMENTALS OF BUSINESS MATHEMATICS 



10 95 424 

H 472 

2 521 

3 569 
04 
05 
06 

07 
08 
09 

910 


1 


429 


434 


3 


439 


444 


5 


448 453 


458 463 


472 

477 

482 

487 

492 

497 

501 

506 

511 

521 

525 

530 

535 

540 

545 

550 

554 


569 

574 

578 

583 

588 

593 

598 

602 

1*7 

617 

622 

626 

631 

636 

641 

646 

650 

655 

665 

670 

674 

679 

684 

689 

694 

698 

703 

713 

718 

722 

727 

732 

737 

742 

746 

751 

761 

766 

770 

775 

780 

785 

789 

794 

799 

809 

813 

818 

823 

828 

832 

837 

842 

847 

856 

861 

866 

871 

875 

880 

885 

890 

895 

904 

909 

914 

918 

m m 

928 ( 

933 

938 

942 

952 

957 

961 

966 

971 

976 

980 

985 

990 

999 

*004 

*009 

*014 

*019 

*023 

*028 

*033 

*038 

96 047 

052 

057 

061 

066 

071 

076 

080 

085 

095 

099 

104 

109 

114 

118 

123 

128 

133 

142 

147 

152 

156 

161 

166 

171 

175 

180 

190 

194 

199 

204 

209 

213 

218 

223 

227 

237 

242 

246 

251 

256 

261 

265 

270 

275 

284 

289 

294 

298 

303 

308 

313 

317 

322 

332 

336 

341 

346 

350 

355 

360 

365 

369 



379 

384 

388 

393 

398 

402 

407 

412 

417 

421 

426 

431 

435 

440 

445 

450 

454 

459 

464 

468 

473 

478 

483 

487 

492 

497 

501 

506 

511 

515 

520 

525 

530 

534 

539 

544 

548 

553 

558 

562 

567 

572 

577 

581 

586 

591 

595 

600 

605 

609 

614 

619 

624 

628 

633 

638 

642 

647 

652 

656 

661 

666 

670 

675 

680 

685 

689 

694 

699 

703 

708 

713 

717 

722 

727 

731 

736 

741 

745 

750 

755 

759 

764 

769 

774 

778 

783 

788 

792 

797 

802 

806 

811 

816 

820 

825 

830 

834 

839 

844 

848 

853 

858 

862 

867 

872 

876 

881 

886 

890 

895 

900 

904 

909 

914 

918 

923 

928 

932 

937 

942 

946 

951 

956 

960 

965 

970 

974 

979 


988 

993 

997 

*002 

*007 

*011 

*016 

*021 

*025 

*030 

97 035 

039 

044 

049 

'053 

058 

063 

067 

072 

077 

081 

086 

090 

095 

100 

104 

109 

114 

118 

123 

128 

132 

137 

142 

146 

151 

155 

160 

165 

169 

174 

179 

183 

188 

192 

197 

202 

206 

211 

216 

220 

225 

230 

234 

239 

243 

248 

253 

257 

262 

267 

271 

276 

280 

285 

290 

294 

299 

304 

308 


940 

41 

42 

43 

44 

45 

46 

47 

48 

49 

960 

TT 


313 


359 

405 

451 

497 


3 


364 

410 

456 

502 


3221 3271 331 


368 373 377 
414 419 424 
460 465 470 


543 548 
589 

635 
681 
727 


772 


506 

552 


594 

598 

640 

644 

685 

690 

731 

736 

777 

782 

1 

EM 


511 

557 

603 

649 

695 

740 


786 


3 


516 

562 

607 

653 

699 

745 


791 


336 340 


382 387 
428 433 
474 479 

520 525 
566 571 
612 617 

658 663 
704 708 
749 754 


795 | 800 


5 


345 


391 

437 

483 

529 

575 

621 

667 

713 

759 


804 


350 


396 

442 

488 

534 

580 

626 

672 

717 

763 


809 


354 


400 

447 

493 

539 

585 

630 

676 

722 

768 


813 


2.0 

5 2.5 

6 3.0 

7 3.5 

8 4.0 

9 4.5 


7 2.8 

8 3.2 

9 3.6 
































































COMMON LOGARITHMS OF NUMBERS 


950-1000 


MIU 

KgtTBiE 

1 

2 

3 

4 

5 

6 

7 

8 

9 

960 

97 

772 

777 

782 

786 

791 

795 

800 

804 

809 

813 

51 


81S 

823 

827 

832 

836 

841 

845 

850 

855 

859 

52 


864 

868 

873 

877 

8S2 

886 

891 

896 

900 

905 

53 


909 

914 

918 

923 

928 

932 

937 

941 

946 

950 

54 


955 

959 

964 

90S 

973 

97S 

982 

987 

991 

996 

55 

98 

000 

005 

009 

014 

019 

023 

028 

032 

037 

041 

56 


046 

050 

055 

059 

064 

068 

073 

078 

0S2 

087 

57 


091 

096 

100 

105 

109 

114 

118 

123 

127 

132 

58 


137 

141 

146 

150 

155 

159 

164 

16S 

173 

177 

59 


182 

186 

191 

195 

200 

204 

209 

214 

218 

223 

960 


227 

232 

236 ( 

241 

245 

250 

254 

259 

263 

268 

61 


272 

277 

281 

286 

290 

295 

299 

304 

30S 

313 

62 


318 

322 

327 

331 

336 

340 

345 

349 

354 

35S 

63 


363 

C67 

372 

376 

381 

385 

390 

394 

399 

403 

64 


408 

412 

417 

421 

426 

430 

435 

439 

444 

44S 

65 


453 

457 

462 

466 

471 

475 

480 

4S4 

489 

493 

66 


498 

502 

507 

511 

516 

520 

525 

529 

534 

538 

67 


543 

547 

552 

556 

561 

565 

570 

574 

579 

583 

68 


588 

592 

597 

601 

605 

610 

614 

619 

623 

628 

69 


632 

637 

641 

646 

650 

655 

659 

664 

668 

673 

970 


677 

682 

686 

691 

695 

700 

704 

709 

713 

717 

71 


722 

726 

731 

735 

740 

744 

749 

753 

758 

762 

72 


767 

771 

776 

780 

7S4 

7S9 

793 

79S 

802 

807 

73 


811 

816 

820 

825 

829 

834 

838 

843 

847 

851 

74 


856 

860 

S65 

869 

874 

87S 

SS3 

887 

892 

896 

75 


900 

905 

909 1 

914 

918 

923 

927 

932 

936 

941 

76 


945 

949 

954 

958 

963 

967 

972 

976 

981 

985 

77 


989 

994 

998 

*003 

*007 

*012 

*016 

*021 

*025 

*029 

78 

99 

034 

038 

043 

047 

052 

056 

061 

065 

069 

074 

791 


078 

0S3 

087 

092 

096 

100 

105 

109 

114 

118 

980 


123 

127 

131 

136 

140 

145 

149 

154 

158 

162 

81 


167 

171 

176 

180 

185 

189 

193 

198 

202 

207 

82 


211 

216 

220 

224 

229 

233 

238 

242 

247 

251 

83 


255 

260 

264 

269 

273 

277 

2S2 

286 

291 

295 

84 


300 

304 

30S 

313 

317 

322 

326 

330 

335 

339 

85 


344 

348 

352 

357 

361 

366 

370 

374 

379 

383 

86 


388 

392 

396 

401 

405 

410 

414 

419 

423 

427 

87 


432 

436 

441 

445 

449 

454 

458 

463 

467 

471 

88 


476 

480 

484 

489 

493 

498 

502 

506 

511 

515 

89 


520 

524 

528 

533 

537 

542 

546 

550 

555 

559 

990 


564 

568 

572 

577 

581 

585 

590 

594 

599 

603 

91 


607 

612 

616 

621 

625 

629 

634 

638 

642 

647 

92 


651 

656 

660 

664 

669 

673 

677 

6S2 

686 

691 

93 


695 

699 

704 

708 

712 

717 

721 

726 

730 

734 

94 


739 

743 

747 

752 

756 

760 

765 

769 

774 

778 

95 


782 

787 

791 

795 

800 

804 

SOS 

813 

817 

822 

96 


826 

830 

835 

839 

843 

848 

852 

856 

861 

865 

97 


870 

874 

878 

8S3 

887 

891 

896 

900 

904 

909 

98 


913 

917 

922 

926 

930 

935 

939 

944 

948 

952 

99 


957 

961 

965 

970 

974 

978 

9S3 

987 

991 

996 

1000 
N | 


000 

0 

004 

1 

009 

2 

013 

3 

■a 

022 

5 


030 

7 

035 

8 

■a 













































































































Table II 

POWERS AND ROOTS 



^ ^ ^ ^ ^ ^ ^ CO CO CO COCOCO COCOCO CO to to to to to to to to to to t-L 

CDOOM ocn^ co to h * O CO 00 ^ a>cn^ CO to H -* o CO 00 **4 OOI^ co to ►—* O COOOM 0)01^ co to >— 4 o CO 00 OCn^ CO to ►— 


FUNDAMENTALS OF BUSINESS MATHEMATICS 


No. 


Square 

Cube 

Sq Root 

1 

1 

1.0000 

4 

8 

1.4142 

9 

27 

1.7321 

16 

64 

2.0000 

25 

125 

2.2361 

36 

216 

2.4495 

49 

343 

2.6458 

64 

512 

2.8284 

81 

729 

3.0000 

100 

1,000 

3.1623 

121 

1,331 

3.3166 

144 

1,728 

3.4641 

169 

2,197 

3.6056 

196 

2,744 

3.7417 

225 

3,375 

3.8730 

256 

4,096 

4.0000 

289 

4,913 

4.1231 

324 

5,832 

4.2426 

361 

6,859 

4.3589 

400 

8,000 

4.4721 

441 

9,261 

4.5826 

484 

10,648 

4.6904 

529 

12,167 

4.7958 

576 

13,824 

4.8990 

625 

15,625 

5.0000 

676 

17,576 

5.0990 

729 

19,683 

5.1962 

784 

21,952 

5.2915 

841 

24,389 

5.3852 

900 

27,000 

5.4772 

961 

29,791 

5.5678 

1,024 

32,768 

5.6569 

1,089 

35,937 

5.7446 

1,156 

39,304 

5.8310 

1,225 

42,875 

5.9161 

1,296 

46,656 

6.0000 

1,369 

50,653 

6.0828 

1,444 

54,872 

6.1644 

1,521 

59,319 

6.2450 

1,600 


6.3246 

1,681 

68,921 

6.4031 

1,764 

74,088 

6.4807 

1,849 

79,507 

6.5574 

1,936 

85,184 

6.6332 

2,025 

91,125 

6.7082 

2,116 

97,336 

6.7823 

2,209 

103,823 

6.8557 

2,304 

110,592 

6.9282 

2,401 

117,649 

CSFII* JivS 

2,500 

125,000 

7.0711 | 


Cu Root 


1.0000 
1.2599 
1.4422 
1.5874 
1.7100 
1.8171 

1.9129 

2.0000 

2.0801 


2.1544 


2.2240 
2.2894 
2.3513 

2.4101 
2.4662 
2.5198 

2.5713 
2.6207 
2.6684 


2.7144 


2.7589 
2.8020 
2.8439 

2.8845 

2.9240 

2.9625 

3.0000 
3.0366 
3.0723 


3.1072 


3.1414 
3.1748 
3.2075 
3.2396 
3.2711 
3.3019 
3.3322 
3.3620 
3.3912 


3.4200 


3.4482 
3.4760 
3.5034 
3.5303 
3.5569 
3.5830 

3.6088 
3.6342 
3.6593 


3.6840 












POWERS AND ROOTS 


379 


No. 

Square 

Cube 

Sq Root 

Cu Root 

60 

2,500 

125,000 

7.0711 

3.6840 

51 

2,601 

132,651 

7.1414 

3.7084 

52 

2,704 

140,608 

7.2111 

3.7325 

53 

2,809 

148,877 

7.2801 

3.7563 

54 

2,916 

157,464 

7.3485 

3.7798 

55 

3,025 

166,375 

7.4162 

3.8030 

56 

3,136 

175,616 

7.4833 

3.8259 

57 

3,249 

185,193 

7.5498 

3.8485 

58 

3,364 

195,112 

7.6158 

3.8709 

59 

3,481 

205,379 

7.6811 

3.8930 

60 

3,600 

216,000 

7.7460 

3.9149 

61 

3,721 

226,981 

7.8102 

3.9365 

62 

3,844 

238.328 

7.8740 

3.9579 

63 

3,969 

250,047 

7.9373 

3.9791 

64 

4,096 

262,144 

8.0000 

4.0000 

65 

4,225 

274,625 

8.0623 

4.0207 

66 

4,356 

287,496 

8.1240 

4.0412 

67 

4,489 

300,763 

8.1854 

4.0615 

68 

4,624 

314,432 

8.2462 

4.0817 

69 

4,761 

328,509 

8.3066 

4.1016 

70 

4,900 

343,000 

8.3666 

4.1213 


5,041 

357,911 

8.4261 

4.140& 


5,184 

373,248 

8.4853 

4.1602 


5,329 

389,017 

8.5440 

4.1793 

74 

5,476 

• 405,224 

8.6023 

4.1983 

75 

5,625 

421,875 

8.6603 

4.2172 

76 

5,776 

438,976 

8.7178 

4.2358 

77 

5,929 

456,533 

8.7750 

4.2543 

78 

6,084 

474,552 

8.8318 

4.2727 

79 

6,241 

493,039 

8.8882 

4.2908 

80 

6,400 

512,000 

8.9443 

4.3089 

81 

6,561 

531,441 

9.0000 

4.3267 

82 

6,724 

551,368 

9.0554 

4.3445 

83 

6,889 

571,787 

9.1104 

4.3621 

84 

7,056 

592,704 

9.1652 

4.3795 

85 

7,225 

614,125 

9.2195 

4.3968 

86 

7,396 

636,056 

9.2736 

4.4140 

87 

7,569 

658,503 

9.3274 

4.4310 

88 

7,744 

681,472 

9.3808 

4.4480 

89 

7,921 

704,969 

9.4340 

4.4647 

90 

8,100 

729,000 

9.4868 

4.4814 

91 

Aft 

8,281 

753,571 

9.5394 

4.4979 

92 

A A 

8,464 

778,688 

9,5917 

4.5144 

1 93 

8,649 

804,357 

9.6437 

4.5307 

94 

A P 

8,836 

830,584 

9.6954 

4.5468 

95 

AA 

9,025 

857,375 

9.7468 

4.5629 

96 

ton 

9,216 

884,736 

9.7980 

4.5789 

97 

no 

9,409 

912,673 

9.8489 

4.5947 

y© 

on 

9,604 

941,192 

9.8995 

4.6104 

yy 

1 A A 

9,801 

970,299 

9.9499 

4.6261 

100 

10,000 

1,000,000 

10.0000 

4.6416 

















































Table III 

COMPOUND AMOUNT: (1 + r)" 

Note: The table gives six-place values of the compound amount of 1 for 
values of n from 1 to 100, and certain values of r from ts% to 7%. In 
the formula, n is the number of conversion periods and r is the rate per 
period. The compound amount of P is found by multiplying the tabular 
value by P. To find the compound amount of SI20.50 for 2 years at 2% 
compounded quarterly, for example, we take n = 8 (2 times 4 periods 
per year) and r = \% (2% divided by 4). In the £% column opposite n 
equal to 8, we read 1.040707. The compound amount for SI20.50 for the 
stated time and rate is, therefore, 120.50 X 1.040707, or S125.41. 
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382 


FUNDAMENTALS OF BUSINESS MATHEMATICS 




1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

60 


h % 


1.004 167 
1.008 351 
1.012 552 

1.016 771 
1.021 008 
1.025 262 

1.029 534 
1.033 824 
1.038 131 


1.042 457 


1.046 800 
1.051 162 
1.055 542 
1.059 940 
1.064 356 
1.068 791 

1.073 244 
1.077 716 
1.082 207 


1.086 716 


1.091 244 
1.095 791 
1.100 357 
1.104 941 
1.109 545 
1.114 168 

1.118 811 
1.123 472 
1.128 154 


1.132 854 


1.137 574 
1.142 314 
1.147 074 

1.151 853 
1.156 653 
1.161 472 

1.166 312 
1.171 171 
1.176 051 


1.180 951 


1.185 872 
1.190 813 
1.195 775 

1.200 757 
1.205 760 
1.210 784 

1.215 829 
1.220 895 
1.225 982 


1.231 091 




1.005 000 
1.010 025 
1.015 075 

1.020 151 
1.025 251 
1.030 378 

1.035 529 
1.040 707 
1.045 911 


1.051 140 


1.056 396 
1.061 678 
1.066 986 

1.072 321 
1.077 683 
1.083 071 

1.088 487 
1.093 929 
1.099 399 


1.104 896 


1.110 420 
1.115 972 
1.121 552 

1.127 160 
1.132 796 
1.138 460 

1.144 152 
1.149 873 
1.155 622 


1.161 400 


1.167 207 
1.173 043 
1.178 908 

1.184 803 
1.190 727 
1.196 681 

1.202 664 
1.208 677 
1.214 721 


1.226 898 
1.233 033 
1.239 198 

1.245 394 
1.251 621 
1.257 879 

1.264 168 
1.270 489 
1.276 842 


1.283 226 


12 % 

1% 

1% 

1.005 833 
1.011 701 
1.017 602 

1.023 538 
1.029 509 
1.035 514 

1.041 555 
1.047 631 

1.053 742 

1.007 500 
1.015 056 
1.022 669 

1.030 339 
1.038 067 
1.045 852 

1.053 696 
1.061 599 
1.069 561 

1.010 000 
1.020 100 
1.030 301 

1.040 604 
1.051 010 
1.061 520 

1.072 135 

1.082 857 
1.093 685 

1.059 889 

1.077 583 

1.104 622 

1.066 071 
1.072 290 
1.078 545 

1.084 837 
1.091 165 
1.097 530 

1.103 932 
1.110 372 
1.116 849 

1.085 664 

1.093 807 
1.102 010 

1.110 276 
1.118 603 
1.126 992 

1.135 445 
1.143 960 
1.152 540 

1.115 668 
1.126 825 
1.138 093 
1.149 474 
1.160 969 
1.172 579 

1.184 304 
1.196 147 
1.208 109 

1.123 364 

1.161 184 


1.129 917 
1.136 508 
1.143 138 

1.149 806 
1.156 513 
1.163 260 

1.170 045 

1.176 870 
1.183 736 

1.169 893 
1.178 667 

1.187 507 

1.196 414 

1.205 387 
1.214 427 

1.223 535 
1.232 712 
1.241 957 

1.232 392 
1.244 716 
1.257 163 
1.269 735 
1.282 432 
1.295 256 

1.308 209 
1.321 291 

1.334 504 

1.190 641 

1.251 272 


1.197 586 
1.204 572 
1.211 599 

1.218 666 
1.225 775 
1.232 926 

1.240 118 

1.247 352 
1.254 628 

1.260 656 
1.270 111 
1.279 637 

1.289 234 
1.298 904 

1.308 645 
1.318 460 

1.328 349 
1.338 311 

1.361 ott 
1.374 941 

1.388 690 
1.402 577 
1.416 603 
1.430 769 

1.445 076 
1.459 527 
1.474 123 


1.488 864 

1.269 308 
1.276 712 
1.284 160 

1.291 651 
1.299 185 
1.306 764 
1.314 387 

1.322 054 

1.329 766 

1.358 461 
1.368 650 
1.378 915 

1.389 256 
1.399 676 
1.410 173 

1.420 750 
1.431 405 
1.442 141 

1.503 752 
1.518 790 
1.533 978 

1.549 318 
1.564 811 
1.580 459 

1.596 263 
1.612 226 

1.628 348 

1.337 523 

1.452 957 




















COMPOUND AMOUNT 


383 




91 

92 

93 

94 

95 

96 

97 

98 

99 

100 




1.236 220 
1.241 371 
1.246 541 
1.251 737 
1.256 953 
1.262 190 

1.267 449 
1.272 730 
1.278 034 


1.283 359 


1.288 706 
1.294 076 
1.299 468 

1.304 882 
1.310 319 
1.315 779 

i .321 261 
1.326 766 
1.332 295 



1.343 420 
1.349 018 
1.354 639 

1.360 283 
1.365 951 
1.371 642 
1.377 357 
1.383 096 
1.388 859 


1.394 646 


1.400 457 
1.406 293 
1.412 152 
1.418 036 

1.423 945 
1-429 878 
1.435 835 
1.441 818 
1.447 826 


1.459 916 
1.465 999 
1.472 107 

1-478 241 
1.484 400 
1.490 585 

1.496 796 
1.503 033 
1-509 296 


1.515 584 


1.289 642 
1.296 090 
1.302 571 

1.309 083 
1.315 629 
1.322 207 

1.328 818 
1.335 462 
1.342 139 


1 34S 850 


1.355 594 
1.362 372 
1.369 184 

1.376 030 
1.382 910 
1.389 825 
1.396 774 
1.403 758 
1.410 777 


1.417 831 


1.424 920 
1.432 044 
1.439 204 
1.446 401 
1.453 633 
1.460 901 
1.468 205 
1.475 546 
1.482 924 


1.490 339 


1.497 790 
1.505 279 
1.512 806 

1.520 370 
1.527 971 
1.535 611 
1.543 289 
1.551 006 
1.558 761 


1.566 555 


1.574 387 
1.582 259 
1.590 171 

1.598 122 
1.606 112 
1.614 143 

1.622 213 
1.630 324 
1.638 776 


1.646 668 


1.345 325 
1.353 173 
1.361 066 

1.369 006 

1.376 992 
1.385 024 

1.393 103 
1.401 230 
1 .409 404 


1.417 625 


1.425 895 
1.434 212 
1.442 579 

1.450 994 
1.459 458 
1.467 971 

1.476 535 
1.485 148 
1.493 811 


1.502 525 


1.511 290 
1.520 106 
1.528 973 
1.537 892 
1.546 863 
1.555 886 

1.564 962 
1.574 091 
1.583 273 


1.592 509 


1.601 799 
1.611 143 
1.620 541 

1.629 994 
1.639 502 
1.649 066 
1.658 686 
1.668 361 
1.678 093 


1.687 882 


1.697 728 
1.707 632 
1.717 593 
1.727 612 
1.737 690 
1.747 826 

1.758 022 
1.768 277 
1.778 592 


1.788 967 


1% 


1% l 

1 .463 

854 

1.661 

078 

1.474 

833 

1.677 

689 

1.485 

894 

1.694 

466 

1.497 

038 

1.711 

410 

1.508 

266 

1.728 

525 

1.519 

578 

1.745 

810 

1.530 975 

1.763 

268 

1.542 

457 

1.7S0 

901 

1.554 

026 

1.798 

710 

1.565 

681 

1.816 

697 

1.577 

424 

1.834 

864 

1.589 

254 

1.853 

212 

1.601 

174 

1.871 

744 

1.613 

183 

1.890 

462 

1.625 

281 

1.909 

366 

1.637 

471 

1.928 460 

1.649 

752 

1.947 

745 

1.662 

125 

1.967 

222 

1.674 

591 

1.986 

894 


1.687 151 


1.699 804 
1.712 553 
1.725 397 
1.738 337 
1.751 375 
1.764 510 
1.777 744 
1.791 077 
1.804 510 


1.818 044 


1.831 679 
1.845 417 
1.859 258 

1.873 202 
1.887 251 
1.901 405 

1.915 666 
1.930 033 
1.944 509 


1.959 092 


1.973 786 
1.988 589 
2.003 503 
2.018 530 
2.033 669 
2.048 921 

2.064 288 
2.079 770 
2.095 369 


2.111 084 


2.006 763 


2.026 831 
2.047 099 
2.067 570 

2.088 246 
2.109 128 
2.130 220 

2.151 522 
2.173 037 
2.194 768 


2.216 715 


2.238 882 
2.261 271 
2.283 884 
2.306 723 
2.329 790 
2.353 088 

2.376 619 
2.400 385 
2.424 389 


2.473 119 

2.497 850 
2.522 829 

2.54S 057 
2.573 538 
2.599 273 
2.625 266 
2.651 518 
2.678 033 































FUNDAMENTALS OF BUSINESS MATHEMATICS 


1 


8 


10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

60 


1 ^% 

1.011 

250 

1.022 

627 

1.034 

131 

1.045 

765 

1.057 

530 

1.069 

427 

1.081 

458 

1.093 

625 

1.105 

928 

1.118 

370 

1.130 

951 

1.143 

674 

1.156 

541 

1.169 

552 

1.182 

709 

1.196 

015 

1.209 

470 

1.223 

077 

1.236 

836 

1.250 

751 

1.264 

821 

1.279 

051 

1.293 

440 

1.307 

991 

1.322 

706 

1.337 

587 

1.352 

634 

1.367 

852 

1.383 

240 

1.398 

801 

1.414 

538 

1.430 

451 

1.446 

544 

1.462 

818 

1.479 

274 

1.495 

916 

1.512 

745 

1.529 

764 

1.546 

973 

1.564 

377 

1.581 

976 

1.599 

773 

1.617 

771 

1.635 

971 

1.654 

375 

1.672 

987 

1.691 

808 

1.710 

841 

1.730 

088 


* 4 % 

1.012 500 


(1 + r) n 

1 


1s% 


1 -,% 


1.118 292 1.143 390 1.168 987 


1.132271 1.160541 1.189444 


2 % 


1.015 000 1.017 500 1.020 000 
1.025156 1.030225 1.035306 1.040400 
1.037971 1.045678 1.053424 1.061208 
1.050 945 1.061 364 1.071 859 1.082 432 
1.064082 1.077284 1.090617 1.104081 
1.077383 1.093443 1.109702 1.126162 

1.090850 1.109845 1.129122 1.148686 
1.104486 1.126493 1.148882 1.171659 


1.195 093 
1.218 994 


1.243 374 
1.268 242 


1.146424 1.177949 1.210260 

1.160 755 1.195 618 1.231 439 

1.175264 1.213552 1.252990 1.293607 

1.189955 1.231756 1.274917 1.319479 

1.204829 1.250232 1.297228 1.345868 

1.219 890 1.268 986 1.319 929 1.372 786 

1.235138 1.288020 1.343028 1.400241 

1.250577 1.307341 1.366531 1.428246 

1.266210 1.326951 1.390445 1.456811 


1.282 037 1.346 855 1.414 778 1.485 947 


1.298063 1.367058 1.439537 1.515666 
1.314288 1.387564 1.464729 1.545980 
1.330717 1.408377 1.490361 1.576899 

1.347351 1.429503 1.516443 1.608437 
1.364193 1.450945 1.542981 1.640606 
1.381 245 1.472 710 1.569 983 1.673 418 

1.398 511 1.494 800 1.597 457 1.706 886 
1.415992 1.517222 1.625413 1.741024 
1.433692 1.539981 1.653858 1.775845 


1.451 613 1.563 080 1.682 800 1.811 362 


1.469 759 1.586 526 1.712 249 1.847 589 
1.488131 1.610324 1.742213 1.884541 
1.506 732 1.634 479 1.772 702 1.922 231 
1.525 566 1.658 996 1.803 725 1.960 676 
1.544 636 1.683 881 1.835 290 1.999 890 
1.563944 1.709140 1.867407 2.039887 

1.583493 1.734777 1.900087 2.080685 
1.603287 1.760798 1.933338 2.122299 
1623328 1.787210 1.967172 2.164745 


1.643 619 1.814 018 2.001 597 1 2.208 040 _ 


1.664 165 ' 1.841 229 _ 2.036 625 2.252 200 
1.684 967 1.868 847 2.072 266 2.297 244 

1.706029 1.896880 2.108531 2.343189 

1.727 354 1.925 333 2.145 430 2.390 053 

1.748946 1.954213 2.182975 2.437854 

1.770 808 1.983 526 2.221 177 2.486 611 

1 792 943 2.013 279 2.260 048 2.536 344 

ill 2.043 478 2.299 599 2.587 070 

1.838 047 2.074 130 2.339 842 2.638 812 ^ 


1 861 022 " 2 105 242 ~ 2.380 789 | 2.691 588 























COMPOUND AMOUNT 


385 


70 


80 


(1 + r)« 


2 % 


1.769234 1.884285 2.136821 2.422453 2.745 420 
1.789138 1.907839 2.168873 2.464846 2.800328 
1.809 266 1.931 687 2.201 406 2.507 980 2.856 335 

1.829620 1.955833 2.234428 2.551870 2.913461 
1.850 203 1.980 281 2.267 944 2.596 528 2.971 731 
1.871 018 2.005 034 2.301 963 2.641 967 3.031 165 
1.892067 2.030097 2.336493 2.688202 3.091789 
1.913353 2.055473 2.371540 2.735245 3.153624 
1.934878 2.081 167 2.407 113 2.783 112 3.216 697 


1.956 645 | 2.107 181 2.443 220 2.831 816 3.281 031 


1.978 657 2.133 521 2.479 868 2.881 373 3.346 651 
2.000 917 2.160 190 2.517 066 2.931 797 3.413 584 
2.023 428 2.187 193 2.554 822 2.983 104 3.481 856 

2.046 191 2.214 532 2.593 144 3.035 308 3.551 493 
2.069 211 2.242 214 2.632 042 3.088 426 3.622 523 
2.092 489 2.270 242 2.671 522 3.142 473 3.694 974 

2.116 030 2.298 620 2.711 595 3.197 466 3.768 873 
2.139 835 2.327 353 2.752 269 3.253 422 3.844 251 
2.163 908 2.356 444 2.793 553 3.310 357 3.921 136 


2.188 252 | 2.385 900 2.835 456 3.368 288 3 


999 558 


2 212 870 2.415 724 2.877 988 3.427 233 ~4.079 549 
2-237 765 2.445 920 2.921 158 3.487 210 4.161 140 
2.262 940 2.476 494 2.964 975 3.548 236 4.244 363 

2-288 398 2.507 450 3.009 450 3.610 330 4.329 250 
2.314 142 2.538 794 3.054 592 3.673 511 4 415 835 
2.340 177 2.570 529 3.100 411 3.737 797 4.504 152 

2 ?6f 504 2.602 660 3.146 917 3.803 209 4.594 235 

i* 393 2. 635 193 3 194 120 3.869 765 4.686 120 
2.420 049 2.668 133 3.242 032 3.937486 4779842 


2-447 275 2.701 485 3.290 663 _ 4.006 392 ~ 4.875 439 


l Hi 2.735 254 3.340 023 4.076 504 ~4.972 948 

o fSn H 9 ? 444 3 399 I 2 ? 4.147 843 5.072 407 


2.530 803 


2.804 062 3.440 975 


4.220 430 5.173 855 


H52 2 1 3 2 -§39 H3 3.492 590 4.294 287 5 


2.588 067 2.874 602 3.544 978 4 


2.617 182 


2.910 534 


277 332 
369 437 5.382 879 


3.598 153 4.445 903 5.490 536 


?-646 626 2.946 916 3.652 125 4.523 706 5 600 347 

iSs?? J-sjhs ??r 4 -eo 2 87 i ill 


2.736 958 


3.021 049 | 3.762 511 4.683 421 5 


826 601 


2.767 749 
2.798 886 
2.830 373 

2.862 215 
2.894 415 
2.926 977 
2.959 906 
2.993 205 
3.026 878 


5.943 133 


6.061 996 
6.183 236 
6.306 900 
6.433 038 
6.561 699 
6.692 933 

6.826 792 
6.963 328 
7.102 594 


3 060 930 1 3 .463 404 | 4.432 046 ~5.668 156~ ~~ 7 <?aa 
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(1 + r)» 


n 

3% 

4% 

5% 

6% 

7% 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 ' 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

1.030 000 
1.060 900 
1.092 727 

1.125 509 
1.159 274 
1.194 052 

1.229 874 

1.266 770 
1.304 773 

1.040 000 
1.081 600 
1.124 864 

1.169 859 
1.216 653 
1.265 319 

1.315 932 
1.368 569 
1.423 312 

1.050 000 
1.102 500 
1.157 625 

1.215 506 
1.276 282 

1.340 096 

1.407 100 
1.477 455 
1.551 328 

1.060 000 
1.123 600 
1.191 016 

1.262 477 
1.338 226 
1.418 519 

1.503 630 

1.593 848 

1.689 479 

1.070 000 
1.144 900 
1.225 043 

1.310 796 
1.402 552 
1.500 730 

1.605 781 
1.718 186 
1.838 459 

1.343 916 

1.480 244 

1.628 895 

1.790 848 

1.967 151 

1.384 234 
1.425 761 
1.468 534 

1.512 590 
1.557 967 
1.604 706 

1.652 848 

1.702 433 

1.753 506 

1.539 454 
1.601 032 
1.665 074 

1.731 676 

1.800 944 
1.872 981 

1.947 900 
2.025 817 
2.106 849 

1.710 339 
1.795 856 
1.885 649 

1.979 932 
2.078 928 
2.182 875 

2.292 018 
2.406 619 
2.526 950 

1.898 299 
2.012 196 
2.132 928 

2.260 904 
2.396 558 
2.540 352 

2.692 773 
2.854 339 
3.025 600 

2.104 852 
2.252 192 
2.409 845 

2.578 534 
2.759 032 
2.952 164 

3.158 815 
3.379 932 
3.616 528 

1.806 111 


2.653 298 

3.207 135 

3.869 684 

1.860 295 
1.916 103 
1.973 587 

2.032 794 
2.093 778 
2.156 591 

2.221 289 
2.287 928 
2.356 566 

2.278 768 
2.369 919 
2.464 716 

2.563 304 
2.665 836 
2.772 470 

2.883 369 
2.998 703 
3.118 651 

2.785 963 
2.925 261 
3.071 524 

3.225 100 
3.386 355 
3.555 673 
3.733 456 
3.920 129 
4.116 136 

3.399 564 
3.603 537 
3.819 750 
4.048 935 
4.291 871 
4.549 383 
4.822 346 
5.111 687 
5.418 388 

4.140 562 
4.430 402 
4.740 530 
5.072 367 
5.427 433 
5.807 353 
6.213 868 
6.648 838 
7.114 257 

2.427 262 

mwzxwimwi 


5.743 491 

7.612 255 

2.500 080 
2.575 083 
2.652 335 
2.731 905 
2.813 862 
2.898 278 

2.985 227 
3.074 783 
3.167 027 

3.373 133 
3.508 059 
3.648 381 

3.794 316 
3.946 089 
4.103 933 

4.268 090 
4.438 813 
4.616 366 

4.538 039 
4.764 941 
5.003 189 

5.253 348 
5.516 015 
5.791 816 

6.081 407 
6.385 477 
6.704 751 

6.088 101 
6.453 387 
6.840 590 

7.251 025 
7.686 087 
8.147 252 

8.636 087 
9.154 252 
9.703 507 

8.145 113 
8.715 271 
9.325 340 
9.978 114 
10.676 581 
11.423 942 
12.223 618 
13.079 271 
13.994 820 

3.262 038 


7.039 989 


14.974 458 

3.359 899 
3.460 696 
3.564 517 

3.671 452 
3.781 596 
3.895 044 

4.011 895 
4.132 252 
4.256 219 

4.993 061 
5.192 784 
5.400 495 

5.616 515 
5.841 176 
6.074 823 

6.317 816 
6.570 528 
6.833 349 

7.391 988 
7.761 588 
8.149 667 

8.557 150 
8.985 008 
9.434 258 

9.905 971 
10.401 270 
10.921 333 

10.902 861 
11.557 033 
12.250 455 

12.985 482 
13.764 611 
14.590 487 

15.465 917 
16.393 872 
17.377 504 

16.022 o7U 
17.144 257 
18.344 355 

19.628 460 
21.002 452 
22.472 623 

24.045 707 
25.728 907 
27.529 930 

4.383 906 

7.106 683 

11.467 400 1 18420 154 | 

29.457 UZD 




























COMPOUND AMOUNT 


38? 


(1 + r)« 


n 


51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 

81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

96 

97 

98 

99 

100 


3% 

4% 

| 5% 

1 

4 

.515 

423 

7 

. 390 

951 

12 

040 

770 

4 

.650 

886 

7 

.686 

589 

12 

.642 

808 

4 

.790 

412 

7 

. 994 

052 

13 

.274 

949 

4 

.934 

125 

8 

.313 

814 

13 

.938 

696 

5 

.082 

149 

S 

.646 

367 

14 

.635 

631 

5 

.234 

613 

8 

.992 

222 

15 

.367 

412 

5 

.391 

651 

9 

.351 

910 

16 

.135 

783 

5 

.553 

401 

9 

.725 

987 

16 

. 942 

572 

5 

.720 

003 

10 

.115 

026 

17 

.789 

701 

5 

.891 

603 

10 

.519 

627 

18 

. 679 

186 

6 

.068 

351 

10 

.940 

413 

19 

.613 

145 

6 

.250 

402 

11 

.378 

029 

20 

. 593 

802 

6 

.437 

914 

11 

.S33 

150 

21 

.623 

493 

6 

.631 

051 

12 

.306 

476 

22 

.704 

667 

6 

.829 

983 

12 

.798 

735 

23 

.839 

901 

7 

.034 

882 

13 

.310 

685 

25 

.031 

896 

7 

.245 

929 

13 

.843 

112 

26 

.283 

490 

7 

.463 

307 

14 

. 396 

836 

27 

.597 

665 

7 

.687 

206 

14 

.972 

710 

28 

.977 

548 

7 

.917 

822 

15 

.571 

618 

30 

.426 

426 

8 

.155 

357 

16 

.194 

483 

31 

.947 

747 

8 

.400 

017 

16 

.842 

262 

33 

.545 

134 

8 

.652 

018 

17 

.515 

953 

35 

.222 

391 

8 

.911 

578 

18 

.216 

591 

36 

.983 

510 

9 

.178 

926 

18 

.945 

255 

38 

.832 

686 

9 

.454 

293 

19 

.703 

065 

40 

.774 

320 

9 

.737 

922 

20 

.491 

187 

42 

.813 

036 

10 

.030 

060 

21 

.310 

835 

44 

.953 

68S 

10 

.330 

962 

22 

.163 

268 

47 

.201 

372 

m 

Kill 


23 

.049 

799 

49 

.561 

441 

10 

.960 

117 

23 

.971 

791 

52 

.039 

531 

11 

.288 

921 

24 

.930 

663 

54 

.641 

489 

11 

.627 

588 

25 

.927 

889 

57 

.373 

563 

11 

.976 

416 

26 

.965 

005 

60 

242 

241 

12 

.335 

709 

28 

.043 

605 

63. 

254 

353 

12 

.705 

780 

29 

.165 

349 

66. 

417 

071 

13 

.086 

953 

30 

.331 

963 

69. 

737 

925 

13 

.479 

562 

31 

.545 

242 

73. 

224 

821 

13 

.883 

949 

32 

807 

051 

76. 

886 

062 

14 

300 

467 

34 

119 

333 

80. 

730 

365 

14. 

.729 

481 

35. 

.484 

107 

84. 

766 

883 

15. 

171 

366 

36. 

903 

471 

89. 

005 

227 

15. 

.626 

507 

38. 

379 

610 

93. 

455 

489 

16 

095 

M mm 

302 

39. 

914 

794 

98. 

128 

263 

16 

578 

161 

41. 

511 

386 

103. 

034 

676 

17. 

075 

506 

43. 

171 

841 

108. 

186 

410 

17. 

t A 

587 

771 

44. 

898 

715 

113. 

595 

731 

18. 
t n 

115 

404 

46. 

694 

664 

119. 

275 

517 

18. 

6o8 

866 

48. 

562 

450 

125. 

239 

293 

19. 

218 

632 

E3 



131. 

501 

258 


6 C ’ 


/o 


7% 


19 

20 
21 

23 

24 
26 
27 
29 
31 


.525 364 
.696 885 
.938 698 

.255 020 
.650 322 
.129 341 

.697 101 
.358 927 
.120 463 


32.987 691 


34 

37 

39 

41 

44 

46 

49 

52 

55 


.966 952 
.064 969 
288 868 
.646 200 
.144 972 
.793 670 
.601 290 
.577 368 
.732 010 


59.075 930 


62 

66 

70 

74 

79 

83 

88 

94 

99 


.620 486 
.377 715 
.360 378 

.582 001 
.056 921 
.800 336 

.828 356 
.158 058 
.807 541 


105.795 993 


112 

118 

126 

133 

141 

150 

159 

168 

178 


143 753 
872 378 
004 721 

565 004 
578 904 
073 639 

078 057 
622 741 
740 105 


31.519 017 
33.725 348 
36.086 122 

35.612 151 
41 .315 001 
44.207 052 

47.301 545 

50.612 653 
54.155 539 


57.946 427 


62.002 677 
66.342 864 
70.986 865 

75.955 945 
81.272 861 
86.961 962 

93.049 299 
99.562 750 
106.532 142 


113.989 392 


121.968 650 
130.506 455 
139.641 907 

149.416 840 
159.876 019 
171.067 341 

183.042 055 
195.854 998 
209.564 848 


224.234 388 


1S9.464 511 


200 

212 

225 

239 

253 

268 

284 

301 

320 


832 382 
882 325 
655 264 

194 580 
546 255 
759 030 

884 572 
977 646 
096 305 


339 302 084 


239.930 795 
256.725 950 
274.696 767 

293.925 541 
314.500 3281 
336.515 351 

360.071 426 
385.276 426 
412.245 776 


441.102 980 


471.980 188 
505.018 802 
540.370 118 
578.196 026 
618.669 748 
661.976 630 

708.314 994 
757.897 044 
810.949 837 


867.716 326 













































Table IV 

PRESENT VALUE: (1 + r)~ n 

Note: The table gives six-place values of the present value of 1 for 
values of n from 1 to 100, and certain values of r from T 2 % to 7%. In 
the formula, n is the number of conversion periods and r is the rate per 
period. The present value of S is found by multiplying the tabular value 
by S. To find the present value of $125.41 due in 2 years if money is 
worth 2% compounded quarterly, we take n = 8 (2 times 4 periods per 
year) and r = £% (2% divided by 4). In the \% column opposite n 
equal to 8, we read 0.960885. The present value of S125.41 under the 
stated conditions of time and rate is, therefore, 125.41 X 0.960885, or 
$120.60. 
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(1 + r) 


n 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 


12 


% 


0.995 851 
0.991 718 
0.987 603 

0.983 506 
0.979 425 
0.975 361 

0.971 313 
0.967 283 
0.963 269 


0.959 272 


0.955 292 
0.951 328 
0.947 381 

0.943 450 
0.939 535 
0.935 637 

0.931 754 
0.927 888 
0.924 038 


0.920 204 


0.916 385 
0.912 583 
0.908 796 

0.905 025 
0.901 270 
0.897 530 

0.893 806 
0.890 097 
0.886 404 


0.882 726 


0.879 063 
0.875 416 
0.871 783 

0.868 166 
0.864 564 
0.860 976 

0.857 404 
0.853 846 
0.850 303 


0.846 775 


0.843 261 
0.839 762 
0.836 278 

0.832 808 
0.829 352 
0.825 911 

0.822 484 
0.819 071 
0.815 672 

0.812 288 


1 „ 

2% 

12 % 

1% 

0.995 025 
0.990 075 
0.985 149 

0.980 248 
0.975 371 
0.970 518 

0.965 690 
0.960 885 
0.956 105 

0.994 200 
0.984 435 
0.982 702 

0.977 003 
0.971 337 
0.965 704 

0.960 103 
0.954 535 
0.948 999 

0.992 556 
0.985 167 
0.977 833 

0.970 554 
0.963 329 
0.956 158 
0.949 040 
0.941 975 
0.934 963 

0.951 348 

0.943 495 

0.928 003 

0.946 615 
0.941 905 
0.937 219 

0.932 556 
0.927 917 
0.923 300 

0.918 707 
0.914 136 
0.909 588 

0.938 024 
0.932 583 
0.927 175 

0.921 798 
0.916 452 
0.911 137 

0.905 853 
0.900 599 
0.895 376 

0.921 095 
0.914 238 
0.907 432 

0.900 677 
0.893 973 
0.887 318 

0.880 712 
0.874 156 
0.867 649 

0.905 063 

0.890 183 

0.861 190 

0.900 560 
0.896 080 
0.891 622 

0.887 186 
0.882 772 
0.878 380 

0.874 010 
0.869 662 
0.865 335 

0.885 021 
0.879 888 
0.874 785 
0.869 712 
0.864 668 
0.859 653 

0.854 668 
0.849 711 
0.844 783 

0.854 779 
0.848 416 
0.842 100 

0.835 831 
0.829 609 
0.823 434 

0.817 304 
0.811 220 
0.805 181 

0.861 030 

0.839 884 

0.799 187 

0.856 746 
0.852 484 
0.848 242 
0.844 022 
0.839 823 
0.835 645 
0.831 487 
0.827 351 
0.823 235 

0.835 013 
0.830 170 
0.825 356 
0.820 569 
0.815 810 
0.811 079 

0.806 375 
0.801 699 
0.797 049 

0.793 238 
0.787 333 
0.781 472 

0.775 654 
0.769 880 
0.764 149 

0.758 461 
0.752 814 
0.747 210 

0.819 139 

0.792 427 

0.741 648 

0.815 064 
0.811 009 
0.806 974 

0.802 959 
0.798 964 
0.794 989 
0.791 034 
0.787 098 
0.783 182 

0.787 831 
0.783 262 
0.778 719 
0.774 203 
0.769 713 
0.765 249 

0.760 811 
0.756 399 
0.752 012 

0.736 127 
0.730 647 
0.725 208 

0.719 810 
0.714 451 
0.709 133 
0.703 854 
0.698 614 
0.693 414 

0.779 286 

0.747 651 0.688 252 1 


1 % 


0.990 099 
0.980 296 
0.970 590 

0.960 980 
0.951 466 
0.942 045 

0.932 718 
0.923 483 
0.914 340 


0.905 287 


0.896 324 
0.887 449 
0.878 663 
0.869 963 
0.861 349 
0.852 821 
0.844 377 
0.836 017 
0.827 740 


0.819 544 


0.811 430 
0.803 396 
0.795 442 
0.787 566 
0.779 768 
0.772 048 

0.764 404 
0.756 836 
0.749 342 


0.741 923 


0.734 577 
0.727 304 
0.720 103 

0.712 973 
0.705 914 
0.698 925 

0.692 005 
0.685 153 
0.678 370 


0.671 653 


0.665 003 
0.658 419 
0.651 900 

0.645 445 
0.639 055 
0.632 728 

0.626 463 
0.620 260 
0.614 119 

0.608 039 
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(1 +r) 


n 


51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 
81 
82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

96 

97 

98 

99 
100 


0.607 287 


±% i 

1 2 % 

1 % 

h* 

5 * 

1 % 

0.808 917 

0.775 409 

0.743 315 

0.683 128 

0.602 019 

0.805 561 

0.771 551 

0.739 004 

0.678 043 

0.596 058 

0.802 218 

0.767 713 

0.734 718 

0.672 995 

0.590 156 

0.798 890 

0.763 893 

0.730 457 

0.667 986 

0.584 313 

0.795 575 

0.760 093 

0.726 221 

0.663 013 

0.578 528 

0.792 274 

0.756 311 

0.722 009 

0.658 077 

0.572 800 

0.788 986 

0.752 548 

0.717 822 

0.653 178 

0.567 129 

0.785 712 

0.748 804 

0.713 659 

0.648 316 

0.561 514 

0.782 452 

0.745 079 

0.709 520 

0.643 490 

0.555 954 

0.779 205 

0.741 372 

0.705 405 

0.638 700 

0.550 450 

0.775 972 

0.737 6S4 

0.701 314 

0.633 945 

0.545 000 

0.772 752 

0.734 014 

0.697 247 

0.629 226 

0.539 604 

0.769 546 

0.730 362 

0.693 203 

0.624 542 

0.534 261 

0.766 353 

0.726 728 

0.689 183 

0.619 893 

0.528 971 

0.763 173 

0.723 113 

0.685 186 

0.615 278 

0.523 734 

0.760 006 

0.719 515 

0.681 212 

0.610 698 

0.518 548 

0.756 853 

0.715 935 

0.677 262 

0.606 152 

0.513 414 

0.753 712 

0.712 374 

0.673 334 

0.601 639 

0.508 331 

0.750 585 

0.708 829 

0.669 429 

0.597 161 

0.503 298 

0.747 470 

0.705 303 

0.665 546 

0.592 715 

0.498 315 

0.744 369 

0.701 794 

0.661 687 

0.588 303 

0.493 381 

0.741 280 

0.698 302 

0.657 849 

0.583 924 

0.488 496 

0.738 204 

0.694 828 

0.654 034 

0.579 577 

0.483 659 

0.735 141 

0.691 371 

0.650 241 

0.575 262 

0.478 871 

0.732 091 

0.687 932 

0.646 470 

0.570 980 

0.474 129 

0.729 053 

0.684 509 

0.642 721 

0.566 730 

0.469 435 

0.726 028 

0.681 104 

0.638 993 

0.562 511 

0.464 787 

0.723 015 

0.677 715 

0.635 287 

0.558 323 

0.460 185 

0.720 015 

0.674 343 

0.631 603 

0.554 167 

0.455 629 

0.717 028 

0.670 988 

0.627 940 

0.550 042 

0.451 118 

0.714 052 

0.667 650 

0.624 298 

0.545 947 

0.446 651 

0.711 090 

0.664 329 

0.620 678 

0.541 883 

0.442 229 

0.708 139 

0.661 023 

0.617 078 

0.537 849 

0.437 851 

0.705 201 

0.657 735 

0.613 499 

0.533 845 

0.433 515 

0.702 275 

0.654 462 

0.609 941 

0.529 871 

0.429 223 

0.699 361 

0.651 206 

0.606 404 

0.525 927 

0.424 974 

0.696 459 

0.647 967 

0.602 887 

0.522 012 

0.420 766 

0.693 569 

0.644 743 

0.599 391 

0.518 126 

0.416 600 

0.690 691 

0.641 535 

0.595 914 

0.514 269 

0.412 475 i 


0.638 344 

0.592 458 

0.510 440 

0.408 3S2 

0.684 971 

0.635 168 

0.589 022 

0.506 641 

0.404 348 

0.682 129 

0.632 008 

0.585 606 

0.502 869 

0.400 344 

0.679 298 

0.628 863 

0.5S2 210 

0.499 126 

0.396 380 

0.676 480 

0.625 735 

0.578 834 

0.495 410 

0.392 456 

0.673 673 

0.622 622 

0.575 477 

0.491 722 

0.388 570 

0.670 877 

0.619 524 

0.572 139 

0.488 062 

0.384 723 

0.668 094 

0.616 442 

0.568 821 

0.484 428 

0.380 914 

0.665 321 

0.613 375 

0.565 522 

0.480 822 

0.377 142 

0.662 561 

0.610 323 

0.562 242 

0.477 243 

0.373 408 
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FUNDAMENTALS OF BUSINESS MATHEMATICS 


(1 +r) 


1 

2 

3 

4 

5 

6 

7 


1f% 

ij% 

1j% 

0.988 875 
0.977 874 
0.966 995 

0.956 238 
0.945 600 
0.935 080 

0.924 677 
0.914 391 
0.904 218 

0.987 654 
0.975 461 
0.963 418 

0.951 524 
0.939 777 
0.928 175 

0.916 716 
0.905 398 
0.894 221 

0.985 222 
0.970 662 
0.956 317 

0.942 184 
0.928 260 
0.914 542 

0.901 027 
0.887 711 
0.874 592 

0.894 159 

0.883 181 

0.861 667 

0.884 211 
0.874 375 
0.864 647 

0.855 028 
0.845 516 
0.836 110 

0.826 808 
0.817 610 
0.808 515 

0.872 277 
0.861 509 
0.850 873 
0.840 368 
0.829 993 
0.819 746 

0.809 626 
0.799 631 
0.789 759 

0.848 933 
0.836 387 
0.824 027 

0.811 849 
0.799 852 
0.788 031 

0.776 385 
0.764 912 
0.753 607 

0.799 520 

0.780 009 

0.742 470 

0.790 625 
0.781 830 
0.773 132 

0.764 531 
0.756 026 
0.747 615 

0.739 298 
0.731 073 
0.722 940 

0.770 379 
0.760 868 
0.751 475 
0.742 197 
0.733 034 
0.723 984 

0.715 046 
0.706 219 
0.697 500 

0.731 498 
0.720 688 
0.710 037 

0.699 544 
0.689 206 
0.679 021 

0.668 986 
0.659 099 
0.649 359 

0.714 898 

0.688 889 

0.639 762 

0.706 945 
0.699 080 
0.691 303 

0.683 612 
0.676 007 
0.668 487 

0.661 050 
0.653 696 
0.646 424 

0.680 384 
0.671 984 
0.663 688 

0.655 494 
0.647 402 
0.639 409 

0.631 515 
0.623 719 
0.616 019 

0.630 308 
0.620 993 
0.611 816 

0.602 774 
0.593 866 
0.585 090 

0.576 443 
0.567 924 
0.559 531 

0.639 232 

0.608 413 

0.551 262 

0.632 121 
0.625 089 
0.618 135 

0.611 258 
0.604 458 
0.597 733 

0.591 084 
0.584 508 
0.578 005 

0.600 902 
0.593 484 
0.586 157 

0.578 920 
0.571 773 
0.564 714 

0.557 742 
0.550 856 
0.544 056 

0.543 116 
0.535 089 
0.527 182 

0.519 391 
0.511 715 
0.504 153 

0.496 702 
0.489 362 
0.482 130 


0.537 339 

0.475 005 


1 - 4 % 


0.982 801 
0.965 898 
0.949 285 

0.932 959 
0.916 913 
0.901 143 

0.885 644 
0.870 412 
0.855 441 


0.840 729 


0.826 269 
0.812 058 
0.798 091 

0.784 365 
0.770 875 
0.757 616 

0.744 586 
0.731 780 
0.719 194 


0.706 825 


0.694 668 
0.682 720 
0.670 978 

0.659 438 
0.648 096 
0.636 950 
0.625 995 
0.615 228 
0.604 647 


0.594 248 


0.584 027 
0.573 982 
0.564 111 

0.554 408 
0.544 873 
0.535 502 
0.526 292 
0.517 240 
0.508 344 


0.499 601 


0.491 008 
0.482 563 
0.474 264 

0.466 107 
0.458 090 
0.450 212 

0.442 469 
0.434 858 
0.427 379 


0.420 029 


2% 


0.980 392 
0.961 169 
0.942 322 
0.923 845 
0.905 731 
0.887 971 

0.870 560 
0.853 490 
0.836 755 


0.820 348 


0.804 263 
0.788 493 
0.773 033 

0.757 875 
0.743 015 
0.728 446 

0.714 163 
0.700 159 
0.686 431 


0.672 971 


0.659 776 
0.646 839 
0.634 156 

0.621 721 
0.609 531 
0.597 579 
0.585 862 
0.574 375 
0.563 112 


0.552 071 


0.541 246 
0.530 633 
0.520 229 

0.510 028 
0.500 028 
0.490 223 

0.480 611 
0.471 187 
0.461 948 


0.452 890 


0.444 010 
0.435 304 
0.426 769 

0.418 401 
0.410 197 
0.402 154 

0.394 268 
0.386 538 
0.378 958 
0.371 528 
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ii% 


0.565 216 
0.558 928 
0.552 710 

0.546 562 
0.540 481 
0.534 468 

0.528 523 
0.522 643 
0.516 829 


0.511 079 


0.505 393 
0.499 771 
0.494 211 

0.488 713 
0.483 276 
0.477 900 
0.472 583 
0.467 326 
0.462 127 


0.456 986 


0.451 902 
0.446 874 
0.441 903 
0.436 987 
0.432 126 
0.427 318 

0.422 564 
0.417 863 
0.413 215 


0.408 618 


0.404 072 
0.399 577 
0.395 131 

0.390 736 
0.386 389 
0.382 090 

0.377 840 
0.373 636 
0.369 480 


0.365 369 


0.361 304 
0.357 285 
0.353 310 

0.349 380 
0.345 493 
0.341 649 
0.337 849 
0.334 090 
0.330 373 


Il% 


i|% 

2% 

0.530 

705 

0.467 

985 

0.412 

805 

0.364 

243 

0.524 

153 

0.461 

069 

0.405 

705 

0.357 

101 

0.517 

682 

0.454 

255 

0.398 

727 

0.350 

099 

0.511 

291 

0.447 

542 

0.391 

869 

0.343 

234 

0.504 

979 

0.440 

928 

0.385 

130 

0.336 

504 

0.498 

745 

0.434 

412 

0.378 

506 

0.329 

906 

0.492 

587 

0.427 

992 

0.371 

996 

0.323 

437 

0.486 

506 

0.421 

667 

0.365 

598 

0.317 

095 

0.480 

500 

0.415 

435 

0.359 

310 

0.310 

878 

0.474 

568 

0.409 

296 

0.353 

130 

0.304 

782 

0.468 

709 

0.403 

247 

0.347 

057 

0.298 

806 

0.462 

922 

0.397 

288 

0.341 

088 

0.292 

947 

0.457 

207 

0.391 

417 

0.335 

221 

0.287 

203 

0.451 

563 

0.385 

632 

0.329 

456 

0.281 

572 

0.445 

988 

0.379 

933 

0.323 

790 

0.276 

051 

0.440 

482 

0.374 

318 

0.318 

221 

0.270 

638 

0.435 

044 

0.368 

787 

0.312 

748 

0.265 

331 

0.429 

673 

0.363 

337 

0.307 

369 

0.260 

129 

0.424 

368 

0.357 

967 

0.302 

082 

0.255 

028 

0.419 

129 

0.352 

677 

0.296 

887 

0.250 

028 

0.413 

955 

0.347 

465 

0.291 

781 

0.245 

125 

0.408 

844 

0.342 

330 

0.286 

762 

0.240 

319 

0.403 

797 

0.337 

271 

0.281 

830 

0.235 

607 

0.398 

811 

0.332 

287 

0.276 

983 

0.230 

987 

0.393 

888 

0.327 

376 

0.272 

219 

0.226 

458 

0.389 

025 

0.322 

538 

0.267 

537 

0.222 

017 

0.384 

222 

0.317 

771 

0.262 

936 

0.217 

664 

0.379 

479 

0.313 

075 

0.258 

414 

0.213 

396 

0.374 

794 

0.308 

448 

0.253 

969 

0.209 

212 

0.370 

167 

0.303 

890 

0.249 

601 

0.205 

110 

0.365 

597 

0.299 

399 

0.245 

308 

0.201 

088 

0.361 

083 

0.294 

975 

0.241 

089 

0.197 

145 

0.356 

625 

0.290 

615 

0.236 

943 

0.193 

279 

0.352 

223 

0.286 

321 

0.232 

868 

0.189 

490 

0.347 

874 

0.282 

089 

0.228 

862 

0.185 

774 

0.343 

580 

0.277 

920 

0.224 

926 

0.182 

132 

0.339 

338 

0.273 

813 

0.221 

058 

0.178 

560 

0.335 

148 

0.269 

767 

0.217 

256 

0.175 

059 

0.331 

Oil 

0.265 

780 

0.213 

519 

0.171 

627 

0.326 

924 

0.261 

852 

0.209 

847 

MI£**f* 


0.322 888 
0.318 902 
0.314 965 

0.311 076 
0.307 236 
0.303 443 

0.299 697 
0.295 997 
0.292 342 


0.288 733 


0.257 982 
0.254 170 
0.250 414 
0.246 713 
0.243 067 
0.239 475 
0.235 936 
0.232 449 
0.229 014 


0.225 629 


0.206 238 
0.202 691 
0.199 204 

0.195 778 
0.192 411 
0.189 102 

0.185 850 
0.182 653 
0.179 512 


0.176 424 


0.164 962 
0.161 728 
0.158 556 

0.155 448 
0.152 400 
0.149 411 
0.146 482 
0.143 609 
0.140 794 
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3% 

4% 

5% 

0.970 874 
0.942 596 
0.915 142 

0.888 487 
0.862 609 
0.837 484 

0.813 092 
0.789 409 
0.766 417 

0.961 538 
0.924 556 
0.888 996 
0.854 804 
0.821 927 
0.790 315 

0.759 918 
0.730 690 
0.702 587 

0.952 381 
0.907 029 
0.863 838 

0.822 702 
0.783 526 
0.746 215 

0.710 681 
0.676 839 
0.644 609 

0.744 094 

0.675 564 

0.613 913 

0.722 421 
0.701 380 
0.680 951 
0.661 118 
0.641 862 
0.623 167 

0.605 016 
0.587 395 
0.570 286 

0.649 581 
0.624 597 
0.600 574 

0.577 475 
0.555 265 
0.533 908 

0.513 373 
0.493 628 
0.474 642 

0.584 679 
0.556 837 
0.530 321 

0.505 068 
0.481 017 
0.458 112 

0.436 297 
0.415 521 
0.395 734 

0.553 676 

0.456 387 

0.376 889 

0.537 549 
0.521 893 
0.506 692 

0.491 934 
0.477 606 
0.463 695 

0.450 189 
0.437 077 
0.424 346 

0.438 834 
0.421 955 
0.405 726 
0.390 121 
0.375 117 
0.360 689 

0.346 817 
0.333 477 
0.320 651 

0.358 942 
0.341 850 
0.325 571 

0.310 068 
0.295 303 
0.281 241 

0.267 848 
0.255 094 
0.242 946 

0.411 987 

0.308 319 

0.231 377 

0.399 987 
0.388 337 
0.377 026 
0.366 045 
0.355 383 
0.345 032 

0.334 983 
0.325 226 
0.315 754 

0.296 460 
0.285 058 
0.274 094 

0.263 552 
0.253 415 
0.243 669 

0.234 297 
0.225 285 
0.216 621 

0 90K 98Q 

0.220 359 
0.209 866 
0.199 873 
0.190 355 
0.181 291 
0.172 657 

0.164 436 
0.156 605 
0.149 148 

0 142 046 

U.oUD 00/ 

0.297 628 
0.288 959 
0.280 543 

0.272 372 
0.264 439 
0.256 737 
0.249 259 
0.241 999 
0.234 950 

0.200 278 
0.192 575 
0.185 168 

0.178 046 
0.171 198 
0.164 614 

0.158 283 
0.152 195 
0.146 341 

0.135 282 
0.128 840 
0.122 704 

0.116 861 
0.111 297 
0.105 997 
0.100 949 
0.096 142 
0.091 564 

0.228 107 

0.140 713 

0.087 204 


6 % 


0.943 396 
0.889 996 
0.839 619 
0.792 094 
0.747 258 
0.704 961 

0.665 057 
0.627 412 
0.591 898 


0.558 395 


0.526 788 
0.496 969 
0.468 839 
0.442 301 
0.417 265 
0.393 646 

0.371 364 
0.350 344 
0.330 513 


0.311 805 


0.294 155 
0.277 505 
0.261 797 

0.246 979 
0.232 999 
0.219 810 

0.207 368 
0.195 630 
0.184 557 


0.164 255 
0.154 957 
0.146 186 
0.137 912 
0.130 105 
0.122 741 

0.115 793 
0.109 239 
0.103 056 


0.097 222 


0.091 719 
0.086 527 
0.081 630 

0.077 009 
0.072 650 
0.068 538 
0.064 658 
0.060 998 
0.057 546 


0.054 288 


1% 

•> 

) 

0.934 

579 

0.873 

439 

0.816 

298 

0.762 

895 

0.712 

986 

0.666 

342 

0.622 

750 

0.582 

009 

0.543 

934 

0.508 

349 

0.475 

093 

0.444 

012 

0.414 

964 

0.387 

817 

0.362 

446 

0.338 

735 

0.316 

574 

0.295 

864 

0.276 

508 

0.258 

419 

0.241 

513 

0.225 

713 

0.210 

947 

0.197 

147 

0.184 

249 

0.172 

195 

0.160 

930 

0.150 

402 

0.140 

563 

0.131 

367 

0.122 

773 

0.114 

741 

0.107 

235 

0.100 

219 

0.093 

663 

0.087 

535 

0.081 

809 

0.076 

457 

0.071 

455 

0.066 

780 

0.062 

412 

0.058 

329 

0.054 

513 

0.050 

946 

0.047 

613 

0.044 

499 

0.041 

587 

0.038 

867 

0.036 

324 

0.033 

945 
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n 3% 

"51 0.221 463 

52 0.215 013 

53 0.208 750 

54 0.202 670 

55 0.196 767 

56 0.191 036 

57 0.185 472 

58 0.180 070 

59 0.174 825 

60 0.169 733 

61 0.164 789 

62 0.159 990 

63 0.155 330 

64 0.150 806 

65 0.146 413 

66 0.142 149 

67 0.138 009 

68 0.133 989 

69 0.130 086 

70 0.126 297 

71 0.122 619 

72 0.119 047 

73 0.115 580 

74 0.112 214 

75 0.108 945 

76 0.105 772 

77 0.102 691 

78 0.099 700 

79 0.096 796 

80 0.093 977 

81 0.091 240 

82 0.088 582 

83 0.086 002 

84 0.083 497 

85 0.081 065 

86 0.078 704 

87 0 076 412 

88 0.074 186 

89 0.072 026 

90 0.069 928 

91 0.067 891 

92 0.065 914 

93 0.063 994 

94 0.062 130 

95 0.060 320 

96 0.058 563 

97 0.056 858 

98 0.055 202 

99 0.053 594 

100 0.052 033 


4 % 


0.135 

301 

0.130 

097 

0.125 

093 

0.120 

2S2 

0.115 

656 

0.111 

207 

0.106 

930 

0.102 

817 

0.098 

863 

0.095 

060 

0.091 

404 

0.087 

889 

0.084 

508 

0.081 

258 

0.078 

133 

0.075 

128 

0.072 

238 

0.069 

460 

0.066 

788 

0.064 

219 

0.061 

749 

0.059 

374 

0.057 

091 

0.054 

895 

0.052 

784 

0.050 

754 

0.048 

801 

0.046 

924 

0.045 

120 

0.043 

384 

0.041 

716 

0.040 

111 

0.038 

569 

0.037 

085 

0.035 

659 

0.034 

287 

0.032 

969 

0.031 

701 

0.030 

481 

0.029 

309 

0.028 

182 

0.027 

098 

0.026 

056 

0.025 

053 

0.024 

090 

0.023 

163 

0.022 

272 

0.021 

416 

0.020 

592 

0.019 

800 


(1 + r)-" . 


5 % 

0.083 051 
0.079 096 
0.075 330 

0.071 743 
0.068 326 
0.065 073 

0.061 974 
0.059 023 
0.056 212 

0.053 536 
0.050 986 
0.048 558 
0.046 246 

0.044 044 
0.041 946 
0.039 949 

0.038 047 
0.036 235 
0.034 509 

0.032 866 

0.031 301 
0.029 811 
0.028 391 

0.027 039 
0.025 752 
0.024 525 

0.023 357 
0.022 245 
0.021 186 

0.020 177 
0.019 216 
0.018 301 
0.017 430 
0.016 600 
0.015 809 
0.015 056 

0.014 339 
0.013 657 
0 013 006 
0.012 387 

0.011 797 
0.011 235 
0.010 700 
0.010 191 
0.009 705 
0.009 243 
0.008 803 
0.008 3S4 
0.007 985 
0.007 604 


6% 

0.051 

215 

0.048 

316 

0.045 582 

0.043 

001 

0.040 

567 

0.038 

271 

0.036 

105 

0.034 

061 

0.032 

133 

0.030 

314 

0.028 

598 

0.026 980 

0.025 

453 

0.024 

012 

0.022 

653 

0.021 

370 

0.020 

161 

0.019 

020 

0.017 

943 

0.016 

927 

0.015 

969 

0.015 

065 

0.014 

213 

0.013 

408 

0.012 

649 

0.011 

933 

0.011 

258 

0.010 

620 

0.010 019 

0.009 

452 

0.008 917 

0.008 412 

0.007 936 

0.007 

487 I 

0.007 063 

0.006 

663 

0.006 

286 

0.005 

930 

0.005 

595 

0.005 

278 

0.004 

979 

0.004 

697 

0.004 

432 

0.004 

1S1 

0.003 

944 

0.003 

721 

0.003 

510 

0.003 

312 

0.003 

124 

0.002 

947 


7 % 

0.031 727 
0.029 651 
0.027 711 

0.025 899 
0.024 204 
0.022 621 
0.021 141 
0.019 758 
0.018 465 

0.017 257 

0.016 128 
0.015 073 
0.014 087 

0.013 166 
0.012 304 
0.011 499 

0.010 747 
0.010 044 
0.009 387 

0.008 773 
0.008 199 
0.007 662 
0.007 161 

0.006 693 
0.006 255 
0.005 846 

0.005 463 
0.005 106 
0.004 772 

0.004 460 

0.004 168 
0.003 895 
0.003 640 

0.003 402 
0.003 180 
0.002 972 

0 002 777 
0.002 596 
0.002 426 
0.002 267 

0.002 119 
0.001 980 
0.001 851 

0.001 730 
0.001 616 
0.001 511 
0.001 412 
0.001 319 
0.001 233 

0.001 152 
















Table V 

AMOUNT OF ANNUITY; r)n ~ 1 

r 

Note: The table gives six-place values of the amount of an annuity 
of 1 per period for values of n from 1 to 100, and certain values of r from 
tt% to 7%. In the formula, n is the number of periods and r is the rate 
per period. The amount of an annuity of R dollars per period is found by 
multiplying the tabular value by R. For example, to find the amount of 
an annuity of $500 per year for 8 years at 4%, we read in the 4% column 
opposite an n of 8 the amount 9.214226 and multiply by 500 to obtain 
$4,607.11. 
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FUNDAMENTALS OF BUSINESS MATHEMATICS 


(1 + r)" - 1 
r 


n 

Ti % 

\ % 

i5* 

1% 

i% 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

60 

1.000 000 
2.004 167 
3.012 517 

4.025 070 
5.041 841 
6.062 848 

7.088 110 
8.117 644 
9.151 467 

1.000 000 
2.005 000 
3.015 025 
4.030 100 
5.050 251 
6.075 502 

7.105 879 
8.141 409 
9.182 116 

1.000 000 
2.005 833 
3.017 534 

4.035 136 
5.058 675 
6.088 184 

7.123 698 
8.165 253 
9.212 883 

1.000 000 
2.007 500 
3.022 556 

4.045 225 
5.075 565 
6.113 631 

7.159 484 
8.213 180 
9.274 779 

1.000 000 
2.010 000 
3.030 100 

4.060 401 
5.101 005 
6.152 015 

7.213 535 
8.285 671 
9.368 527 

10.189 599 

10.228 026 

10.266 625 

10.344 339 

10.462 213 

11.232 055 
12.278 855 
13.330 017 
14.385 559 
15.445 499 
16.509 855 

17.578 646 
18.651 891 
19.729 607 

11.279 167 
12.335 562 
13.397 240 
14.464 226 
15.536 548 
16.614 230 

17.697 301 
18.785 788 
19.879 717 

11.326 514 
12.392 585 
13.464 875 

14.543 420 
15.628 257 
16.719 422 

17.816 952 
18.920 884 
20.031 256 

11.421 922 
12.507 586 
13.601 393 
14.703 404 
15.813 679 
16.932 282 

18.059 274 
19.194 718 
20.338 679 

11.566 835 
12.682 503 

13.809 328 

14.947 421 
16.096 896 
17.257 864 

18.430 443 
19.614 748 

20.810 895 

20.811 814 

20.979 115 

21.148 105 

wwmwwm 

22.019 004 

21.898 529 
22.989 773 
24.085 564 
25.185 921 
26.290 862 
27.400 407 

28.514 575 
29.633 386 
30.756 859 

22.084 011 
23.194 431 
24.310 403 

25.431 955 
26.559 115 
27.691 911 

28.830 370 
29.974 522 
31.124 395 

22.271 469 
23.401 386 
24.537 894 

25.681 032 
26.830 838 
27.987 351 

29.150 610 
30.320 656 
31.497 526 

22.652 403 
23.822 296 
25.000 963 

26.188 471 
27.384 884 
28.590 271 

29.804 698 
31.028 233 
32.260 945 

23.239 194 
24.471 586 
25.716 302 

26.973 465 
28.243 200 
29.525 631 

30.820 888 
32.129 097 
33.450 388 


32.280 017 



34.784 892 

33.017 866 
34.155 441 
35.297 755 
36.444 829 
37.596 683 
38.753 336 
39.914 808 
41.081 119 
42.252 291 

33.441 417 
34.608 624 
35.781 667 

36.960 575 
38.145 378 
39.336 105 

40.532 785 
41.735 449 
42.944 127 

33.871 902 
35.069 488 
36.274 060 

37.485 659 
38.704 325 
39.930 101 

41.163 026 
42.403 144 
43.650 496 

a a on^ 194 

34.754 174 
36.014 830 
37.284 941 

1 38.564 578 
39.853 813 
41.152 716 
42.461 361 
43.779 822 
45.108 170 
46 446 482 

36.132 74U 
37.494 068 
38.869 009 
40.257 699 
41.660 276 
43.076 878 

44.507 647 
45 952 724 
47.412 251 
48.886 373 

43.428 342 

44.609 293 
45.795 165 
46.985 979 

48.181 754 
49.382 511 
50.588 271 

51.799 056 
53.014 885 
54.235 781 

44.158 847 

45.379 642 
46.606 540 
47.839 572 

49.078 770 
50.324 164 
51 575 785 
52.833 664 
54.097 832 
55.368 321 

44.yuO 16* 

46.167 070 
47.436 378 
48.713 090 

49.997 250 
51.288 900 
52.588 086 
53.894 850 
55.209 236 
56 531 290 

47.794 830 
49.153 291 
50.521 941 

51.900 856 
53.290 112 
54.689 788 
56.099 961 
57.520 711 
58.952 116 

_ 507375 - 237 _ 
51.878 989 
53.397 779 
54.931 759 
56.481 075 
58.045 885 

59.626 344 
61.222 608 
62.834 834 

57.861 056_ 

ac\ QQ4 9S7 

64.463 187: 

55.461 763 

56.645 163 
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(1 + I9" - 1 


r 


n 

fi % 


12 0 

3* 

1% 

51 

56.692 

854 

57.928 

389 

59.198 

579 

01.847 

214 

06.107 

814 

52 

57.929 

074 

59.218 031 

00.543 

904 

63.311 

5 068 

67.708 

892 

53 

59.170 445 

60.514 

121 

61.897 

077 

64.785 

'901 

69.446 

5S1 

54 

60.416 989 

61.816T692 

63.258 

143 

66.271 

796 

71.141 

047 

55 

61.668 

726 

63.125 

775 

64.627 

149 

67.768 

834 

72.S52 

457 

56 

62.925 

679 

64.441 

404 

66.004 

140 

69.277 

100 

74.580 

982 

57 

64.187 869 

65.763 

611 

67.3S9 

165 

70.796 

679 

70.320 

792 

58 

65.455 

319 

67.092 

429 

68.782 

20S 

72.327 

654 

78.090 

060 

59 

66.728 0491 

68.427 891 

70.183 

498 

73.870 

111 

79.870 

960 

60 

68.006 

083 

69.770 031 

71.592 

902 

75.424 

137 

81.609 

670 

61 

69.289 

442 

71.118 

881 

73.010 

527 

70.989 

818 

83.486 

307 

62 

70.578 

148 

72.474 

475 

74.436 

422 

78.507 

242 

85.321 

230 

63 

71.872 

223 

73.836 847 

75.870 6341 

80.156 

496 

87.174 

443 

64 

73.171 

691 

75.206 

032 

77.313 

213 

81.757 

670 

89.046 

187 

65 

74.476 

573 

76.582 062 

78.764 

207 

83.370 

852 

90.930 

649 

66 

75.786 

892 

77.964 

972 

80.223 

664 

84.996 

131 

92.846 

015 

67 

77.102 

671 

79.354 

797 

81.691 

630 

86.633 

005 

94.774 

475 

68 

78.423 

932 

80.751 

571 

83.168 

170 

88.283 

357 

96.722 

220 

69 

79.750 

698 

82.155 

329 

84.053 

318 

89.945 

482 

98.689 

442 

70 

81.082 

993 

83.566 

105 

86.147 

129 

91.020 

073 

100.070 

337 

71 

82.420 

838 

84.983 

930 

87.049 

054 

93.307 

223 

102.083 

100 

72 

83.764 

259 

86.408 856 

89.100 

944 

95.007 

028 

104.709 

931 

73 

85.113 

276 

87.840 

900 

90.681 

049 

96.719 

580 

100.757 

031 

74 

86.467 

915 

89.280 

104 

92.210 

022 

98.444 

977 

108.824 

601 

75 

87.828 

198 

90.726 

505 

93.747 

914 

100.183 

314 

110.912 

847 

76 

89.194 

149 

92.180 

138 

95.294 

777 

101.934 

689 

113.021 

975 

77 

90.565 

791 

93.641 

038 

96.850 

663 

103.099 

199 

115.152 

195 

78 

91.943 

149 

95.109 

243 

98.415 

625 

105.476 

943 

117.303 

717 

79 

93.326 

245 

96.584 

790 

99.989 

716 

107.208 

021 

119.476 

754 

80 

94.715 

104 

98 007 

714 

101.572 

989 

109.072 

531 

121.071 

522 

81 

AA 

96.109 

751 

99.558 

052 

103.105 

498 

110.890 

575 

123.888 

237 

82 

A A 

97.510 208 

101.055 

842 

104.707 

297 

112.722 

254 

120.127 

119 

83 

98.916 500 

102.561 

122 

106.378 

440 

114.507 

671 

128.388 

390 

84 

O P 

100.328 653 

104.073 

927 

107.998 

981 

116.426 

92S 

130.672 

274 

8o 

oo 

101.746 689 

105.594 

2y7 

109.028 

975 

118.300 

130 

132.978 

997 

86 

103.170 633 

107.122 

268 

111.208 

477 

120.187 381 

135.30S 

787 

87 

OO 

104.600 511 

108.657 

880 

112.917 

543 

122.088 787 

137.661 

875 

88 

OA 

1U6.036 346 

110.201 

169 

114.576 

229 

124.004 

453 

140.038 

494 

89 

AA 

107.478 

164 

111.752 

175 

116.244 

590 

125.934 

486 

142.438 

879 

90 

A 1 

108.925 990 

113.310 

930 

117.922 

084 

127.878 

995 

144.803 

207 

91 

no 

110.379 

848 

114.877 

490 

119.610 

500 

129.838 

0S7 

147.311 

900 

92 

no 

111.839 

764 

116.451 

878 

121.308 294 

131.811 

873 

149.785 

019 

9 6 

H6 .305 763 

118.034 

137 

123.015 

926 

133.800 462 

152.282 

869 

94 

OK 

114.777 871 

119.624 

308 

124.733 

519 

135.803 

965 

154.805 

698 

95 

OR 

lib. 256 

1 4 M to . . 

112 

121.222 

430 

126.461 

131 

137.822 

495 

157.353 

755 

90 

AM 

11/.740 512 

122.828 542 

128.198 821 

139.856 

164 

159.927 

293 

97 

Oft 

119.231 

4AA 

098 

124.442 

684 

129.946 

647 

141.905 

085 

162.526 

565 

9o 

OQ 

1W.727 894 

126.064 898 

131.704 

670 

143.969 

373 

165.151 

831 

99 

100 

122.230 927 

127.695 

222 

133.472 

947 

146.049 

143 

167.803 

349 

123.740 222 

129.333 

6981 

135.251 

539 

148.144 

512 

170.481 

383 




































400 


FUNDAMENTALS OF BUSINESS MATHEMATICS 


(1 + r)» - 1 



10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 




1.000 000 
2.011 250 
3.033 877 

4.068 008 
5.113 773 
6.171 303 

7.240 730 
8.322 188 
9.415 813 


10.521 741 


11.640 110 
12.771 061 
13.914 736 

15.071 277 
16.240 828 
17.423 538 

18.619 553 
19.829 023 
21.052 099 


22.288 935 


23.539 686 
24.804 507 
26.083 558 

27.376 998 
28.684 989 
30.007 695 

31.345 282 
32.697 916 
34.065 768 


35.449 008 


36.847 809 
38.262 347 
39.692 798 

41.139 342 
42.602 160 
44.081 434 

45.577 350 
47.090 095 
48.619 859 


50.166 


51.731 

53.313 

54.912 

56.530 

58.166 

59.821 

61.494 
63.185 
64.896 


66.626 


832 


209 

185 

959 

730 

700 

076 

063 

871 

712 


800 


1 \% 


1.000 000 
2.012 500 
3.037 656 
4.075 627 
5.126 572 
6.190 654 

7.268 038 
8.358 888 
9.463 374 


1' 2 % 


1.000 000 
2.015 000 
3.045 225 

4.090 903 
5.152 267 
6.229 551 
7.322 994 
8.432 839 
9.559 332 


4 3„ 

1 ,% 


1.000 000 
2.017 500 
3.052 806 

4.106 230 
5.178 089 
6.268 706 

7.378 408 
8.507 530 
9.656 412 


2 % 


1.000 000 
2.020 000 
3.060 400 
4.121 608 
5.204 040 
6.308 121 
7.434 283 
8.582 969 


10.581 666 

10.702 722 

■nx^Ei 

10.949 721 

11.713 937 
12.860 361 
14.021 116 

15.196 380 
16.386 335 
17.591 164 

18.811 053 
20.046 192 
21.296 769 

11.863 262 
13.041 211 
14.236 830 
15.450 382 
16.682 138 
17.932 370 
19.201 355 
20.489 376 
21.796 716 

12.014 844 
13.225 104 
14.456 543 

15.709 533 
16.984 449 
18.281 677 

19.601 607 
20.944 635 
22.311 166 

12.168 715 

13.412 090 
14.680 332 

15.973 938 
17.293 417 
18.639 285 

20.012 071 

21.412 312 
22.840 559 

22.562 979 


23.701 611 

24.297 370 

23.845 016 
25.143 078 
26.457 367 

27.788 084 
29.135 435 
30.499 628 

31.880 873 
33.279 384 
34.695 377 

24.470 522 
25.837 580 
27.225 144 
28.633 521 
30.063 024 
31.513 969 

32.986 678 
34.481 479 
35.998 701 

25.116 389 
26.555 926 
28.020 655 

29.511 016 
31.027 459 
32.570 440 
34.140 422 
35.737 880 
37.363 293 

25.783 317 
27.298 984 
28.844 963 
30.421 862 
32.030 300 
33.670 906 

35.344 324 
37.051 210 
38.792 235 


36.129 069 


37.580 682 
39.050 441 
40.538 571 

42.045 303 
43.570 870 
45.115 505 

46.679 449 
48.262 942 
49.866 229 


51.489 557 


53.133 177 
54.797 341 
56.482 308 

58.188 337 
59.915 691 
61.664 637 

63.435 445 
65.228 388 
67.043 743 
68.881 790 


37.538 681 


40.568 079 


39.017 150 


39.101 762 40.699 950 42.379 441 
40.688288 42.412200 44.227030 
42.298 612 44.154 413 46.111 570 

43.933 092 45.927 115 48.033 802 
45.592 088 47.730 840 49.994 478 
47.275969 49.566129 51.994367 


48.985 109 
50.719 885 
52.480 684 


54.267 894 


56.081 912 
57.923 141 
59.791 988 

61.688 868 
63.614 201 
65.568 414 

67.551 940 
69.565 219 
71.608 698 
73.682 828 


51.433537 54.034255 
53.333 624 56.114 940 
55.266 962 58.237 238 


57.234 134 


59.235 731 
61.272 357 
63.344 623 

65.453 154 
67.598 584 
69.781 559 

72.002 736 
74.262 784 
76.562 383 

78.902 225 


60.401 983 


62.610 023 
64.862 223 
67.159 468 
69.502 657 
71.892 710 
74.330 564 

76.817 176 
79.353 519 
81.940 590 
84.579 401 





















amount of annuity 


401 





61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 

81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

96 

97 

98 

99 

100 


§ % 


68.376 352 
70.145 585 
71.934 723 
73.743 989 
75.573 609 
77.423 812 
79.294 830 
81.186 897 
83.100 249 


85.035 127 


86.991 772 

88.970 430 

90.971 347 

92.994 775 
95.040 966 
97.110 177 
99.202 666 
101.318 696 
103.458 532 


105.622 440 


107.810 692 
110.023 563 
112.261 328 
114.524 268 
116.812 666 
119.126 808 

121.466 985 
123.833 488 
126.226 615 


128.646 665 


131.093 940 
133.568 746 
136.071 395 
138.602 198 
141.161 473 
143.749 539 
146.366 722 
149.013 347 
151.689 747 


154.396 257 


157.133 215 
159.900 964 
162.699 849 

165.530 223 
168.392 438 
171.286 853 

174.213 830 
177.173 735 
180.166 940 
183.193 818 




il % 

i j /© 


70. 

742 

812 

75 

788 

070 

72. 

627 

097 

77 

924 

892 

74. 

534 

936 

80 

093 

765 

76. 

466 

623 

82 

295 

171 

78. 

422 

456 

84 

529 

599 

80. 

402 

736 

86 

.797 

543 

82. 

407 

771 

89 

.099 

506 

84. 

437 

868 

91 

.435 

999 

86. 

493 

341 

93 

.807 

539 

88 

574 

508 

96 

.214 

652 

90 

681 

6S9 

98 

.657 

871 

92 

.815 

210 

101 

.137 

740 

94 

.975 

400 

103 

.654 

806 

97 

.162 

593 

106 

.209 

628 

99 

.377 

125 

108 

.802 

772 

101 

.619 

339 

111 

.434 

814 

103 

.889 

581 

114 

.106 

336 

106 

.188 

201 

116 

.817 

931 

108 

.515 

553 

119 

.570 

200 

110 

.871 

998 

122 

.363 

753 

113 

.257 

898 

125 

. 199 

209 

115 

.673 

621 

128 

.077 

197 

118 

.119 

542 

130 

.998 

355 

120 

.596 

036 

133 

.963 

331 

123 

.103 

486 

136 

.972 

781 

125 

.642 

280 

140 

.027 

372 

128 

.212 

809 

143 

.127 

783 

130 

.815 

469 

146 

.274 

700 

133 

.450 

662 

149 

.468 

820 


136.118 795 


138.820 280 
141.555 534 
144.324 978 

147.129 040 
149.968 153 
152.842 755 

155.753 2S9 
158.700 206 
161.683 958 


164.705 008 


167.763 820 
170.860 868 
173.996 629 
177.171 587 
180.386 232 
183.641 059 

186.936 573 
190.273 280 
193.651 696 
197.072 342 


152.710 852 



i \% 

2% 

81.283 

014 

87.270 

989 

83.705 

466 

90.016 

409 

86.170 

312 

92.816 

737 

! 88.678 292 

95.673 

072 

91.230 

163 

98.586 

534 

93.826 690 

101.558 

264 

96.46S 

658 

104.589 

430 

99.156 

859 

107.681 

218 

101.892 

104 

110.834 

843 

104.675 

216 

114.051 

539 

107.507 

032 

117.332 

570 

110.388 405 

120.679 

222 

113.320 202 

124.092 

806 

116.303 

306 

127.574 

662 

119.338 

614 

131.126 

155 

122.427 039 

134.748 

679 

i 125.569 

513 

138.443 

652 

128.766 

979 

142.212 

525 

132.020 

401 

146.056 

776 

; 135 330 

758 

149.977 

911 

138.699 

047 

153 977 

469 

’ 142.126 2S0 

158 057 

019 

i 145.613 

490 

162.218 

159 

149.161 

726 

166.462 

522 

152.772 

056 

170.791 

773 

! 156.445 

567 

175.207 

608 

1 160.183 

364 

179.711 

760 

l 163.986 

573 

184.305 

996 

l 167.856 

338 

188.992 

115 

! 171.793 

824 

193.771 

958 

. 175.800 

216 

198.647 

397 

! 179.876 

720 

203.620 

345 

184.024 

563 

20S.692 

752 

i 188.244 

992 

213.866 

607 

i 192.539 

280 

219.143 

939 

1 196.908 

717 

224.526 818 

r 201.354 

620 

230.017 

354 

i 205.878 

326 

235.617 

701 

) 210.481 

196 

241.330 

055 

) 215.164 

617 

247.156 

656 


191.748 849 219.929 99S 253.099 789 
195.625 082 224.77S 773 259.161 785 
199.559 458 229.712 401 265.345 021 


203.552 850 
207.606 142 
211.720 235 

215.896 038 
220.134 479 
224.436 496 
228.803 043 


234.732 369 271.651 921 
239.840 185 278.084 960 
245.037 388 284.646 659 

250.325 542 291.339 592 
255.706 239 298.166 384 
261.181 099 305.129 712 
266 751 7681312.232 306 
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(1 + r)» - 1 


n 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

J4- 

45 

46 

47 

48 

49 

60 


3% 


2.030 00C 
3.090 900 


6.468 41C 


11.463 879 


17.086 324 
18.598 914 
20.156 881 

21.761 588 
23.414 435 


26.870 374 


28.676 486 
30.536 780 
32.452 884 

34.426 470 
36.459 264 
38.553 042 

40.709 634 
42.930 923 
45.218 850 


47.575 416 


50.002 678 
52.502 759 
55.077 841 

57.730 177 
60.462 082 
63.275 944 

66.174 223 
69.159 449 
72.234 233 


75.401 260 


78.663 
82.023 
85.483 

89.048 

92.719 

96.501 

100.396 

104.408 

108.540 


298 

196 

892 

409 

861 

457 

501 

396 

64o 


4% 

5% 

6% 

7% 

1.000 000 
2.040 000 
3.121 600 
4.246 464 
5.416 323 
6.632 975 
! 7.898 294 

i 9.214 226 

i 10.582 795 

1.000 000 
2.050 000 
3.152 500 

4.310 125 
5.525 631 
6.801 913 

8.142 008 
9.549 109 
11.026 564 

1.000 000 
2.060 000 
3.183 600 

4.374 616 
5.637 093 
6.975 319 
8.393 838 
9.897 468 
11.491 316 

1.000 000 
2.070 000 
3.214 900 

4.439 943 
5.750 739 
7.153 291 
8.654 021 
10.259 803 
11.977 989 

12.006 107 

12.577 893 

13.180 795 

13.816 448 

i 13.486 351 
15.025 805 
16.626 838 
18.291 911 
20.023 588 
21.824 531 

23.697 512 
25.645 413 
27.671 229 

14.206 787 
15.917 127 
17.712 983 

19.598 632 
21.578 564 
23.657 492 
25.840 366 
28.132 385 
30.539 004 

14.971 643 
16.869 941 
18.882 138 
21.015 066 
23.275 970 
25.672 528 
28.212 880 
30.905 653 
33.759 992 

15.783 599 

17.888 451 
20.140 643 

22.550 488 
25.129 022 

27.888 054 
30.840 217 
33.999 033 
37.378 965 

29.778 079 

33.065 954 

36.785 591 

40.995 492 

31.969 202 
34.247 970 
36.617 889 

39.082 604 
41.645 908 
44.311 745 

47.084 214 
49.967 583 
52.966 286 

35.719 252 
38.505 214 
41.430 475 
44.501 999 
47.727 099 
51.113 454 

54.669 127 
58.402 583 
62.322 712 

39.992 727 
43.392 290 
46.995 828 

50.815 577 
54.864 512 
59.156 383 

63.705 766 
68.528 112 
73.639 798 

44.865 177 
49.005 739 
53.436 141 
58.176 671 
63.249 038 
68.676 470 

74.483 823 
80.697 691 
87.346 529 

56.084 938 

66.438 848 

79.058 186 

94.460 786 

59.328 335 

62.701 469 
66.209 527 
69.857 909 
73.652 225 
77.598 314 

81.702 246 
85.970 336 
90.409 150 

70.760 790 
75.298 829 
80.063 771 

85.066 959 
90.320 307 
95.836 323 

101.628 139 
107.709 546 
114.095 023 

84.801 677 
90.889 778 
97.343 165 

104.183 755 
111.434 780 
119.120 867 
127.268 119 
135.904 206 
145.058 458 

102.073 041 
110.218 154 
118.933 425 
128.258 765 
138.236 878 
148.913 460 
160.337 402 
172.561 020 
185.640 292 

95.025 516 

120.799 774 

154.761 966 

199.635 112 

99.826 536 
104.819 598 
110.012 382 

115.412 877 
121.029 392 
126.870 568 

132.945 390 
139.263 206 
145.833 734 

1KO OQA 

127.839 763 
135.231 751 
142.993 3SO 

151.143 006 
159.700 156 
168.685 164 
178.119 422 
188.025 393 
198.426 663 
900 A A 7 996 

165.047 684 
175.950 545 

187.507 577 

199.758 032 
212.743 514 

226.508 125 
241.098 612 
256.564 529 
272.958 401 

290.335 905 

214.609 570 
230.632 240 
247.776 496 

266.120 851 
285.749 311 
306.751 763 

329.224 386 
353.270 093 
378.999 000 
406.528 929 



























AMOUNT OF ANNUITY 
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117.180 773 
121.690 197 
126.347 082 
131.137 495 
136.071 620 
141.153 76S 
146.3SS 381 
151 7S0 033 
157.333 434 


163 053 437 


168.945 040 
175.013 391 

151.263 793 

187.701 707 
194.332 75S 
201.162 741 
208.197 623 

68 215.443 551 

69 222.906 858 

70 230.594 064 

71 238.511 8S6 

72 246.667 242 

73 255.067 259 

74 263.719 277 

7* 272.630 856 

281.809 781 

291.264 075 
301.001 997 
311.032 057 


321.363 019 


332.003 909 
342.964 026 
354.252 947 

365.880 536 
377.856 952 
390.192 660 
402.898 440 
415.985 393 
429.464 955 


443.348 904 


457.649 371 
472.378 852 
487.550 217 

503.176 724 
519.272 026 
535.850 186 

552.925 692 
570.513 463 
588.628 867 


91 

92 

93 

94 

95 

96 

97 

98 

99 
100 


159.773 767 
167.164 718 
174.851 306 

182.845 359 
191.159 173 
199.805 540 

20S.797 762 
218.149 672 
227.875 659 


237.990 685 


248.510 313 
259.450 725 
270.828 754 
2S2.661 904 
294.968 380 
307.767 116 
321.077 800 
334.920 912 
349.317 749 


364.290 459 


379.862 077 
396.056 560 
412.898 823 
430.414 776 
448.631 367 
467.576 621 
4S7.279 686 
507.770 873 
529.081 708 


551.244 977 


574.294 776 
598.266 567 
623.197 230 
649.125 119 
676.090 123 
704.133 728 

733.299 07S 
763.631 041 
795.176 2S2 


827.983 334 


862.102 667 
S97.586 774 
934.490 245 

972.869 854 
1012.784 648 
1054.296 034 

1097.467 876 
1142.366 591 
1189.061 254 


220.815 396 
232.856 165 
245.498 974 

258.773 922 
272.712 618 
287.34S 249 
302.715 662 
318.851 445 
335.794 017 


353.5S3 718 


372.262 904 
391.876 049 
412.469 851 

434.093 344 
456.798 011 
480.637 912 

505.669 807 
531.953 29S 
559.550 963 


588.528 511 


6IS.954 936 
650.902 683 
684.447 817 
719.670 208 
756.653 718 
795.486 404 
836.260 725 
879.073 761 
924.027 449 


971.228 821 


1020.790 262 
1072.829 776 
1127.471 264 
1184.844 828 
1245.087 069 
1308.341 422 

1374.75S 493 
1444.496 418 
1517.721 239 


1594.607 301 


6 


308.756 
328.281 
348.978 

370.917 
394.172 
4 IS.822 

444.951 
472.648 
502.007 


533.12S 


566.115 
601.082 
638.147 

677.436 
719.082 
763.227 

810.021 
859.622 
912.200 


967.932 


1027.008 

1089.628 

1156.006 

1226.366 

1300.948 

1380.005 

1463.805 

1552.634 

1646.792 


1746.599 


1852.395 
1964.539 
20S3.412 
2209.416 
2342.981 
2484.560 
2634.634 
793.712 
962.335 


141.075 


330.539 
531.372 
3744.254 

969.909 


059 

422 

30S 

006 

027 

34S 

689 

790 

71S 


1S1 


872 

824 

793 

661 

861 

S32 

502 

792 

160 


170 


100 

5S6 

301 

679 

680 
601 

937 

293 

350 


891 


885 

638 

016 

737 

741 

646 

285 

342 

082 


187 


69 
OS 
405 

66 


Ter 
• /o 


435.985 
467.504 
501.230 

537.316 
575.928 
617.243 

661.450 
70S.752 
759.364 


813.520 


871.466 
933.469 
999.812 

1070.799 

1146.755 

1228.028 

1314.989 
1408.039 
1507 602 


1614.134 


1728 123 
1850.092 
1980.598 
2120.240 
2269.657 
2429.533 
2600.600 
2783.642 
2979.497 


3189.062 


3413.297 
3653.227 
3909.953 
41S4.650 
447S.576 
4793.076 

5129.591 
5489.663 
5S74.939 


6287.1S5 


67 

72 


955 
971 1 
319 

442 

593 

594 

646 

191 

844 


383 


810 

487 

351 

216 

161 

022 

983 

282 

032 


174 


566 

216 

671 

578 

419 

438 

779 

833 

831 


6S0 


067 

862 

812 

579 

120 

448 

799 

225 

651 


427 



5638.368 059 U 2381.661 794 


















































Table VI 

PRESENT VALUE OF ANNUITY: 1 ~ (1 ^+ r > 

Note: The table gives six-place values of the present value of an annuity 
of 1 per period for values of n from 1 to 100, and certain values of r from 
-fc% to 7%. In the formula, n is the number of periods and r is the rate 
per period. The present value of R dollars per period is found by multi¬ 
plying the tabular value by R. For example, to find the present value 
of an annuity of $500 a year for 6 years at 4%, we read in the 4% column 
opposite an n of 6 the value 5.242137 and multiply by 500 to obtain 
$2,621.07. 
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1 - (1 + r)~" 

r 



5 „ 

1 ~ 

7 

3 


n 

12% 

2% 

12 % 

4 % 

1% 

i 

0.995 851 

0.995 025 

0.994 200 

0.992 556 

0.990 099 

2 

1.987 569 

1.985 099 

1.982 635 

1.977 723 

1.970 395 

3 

2.975 173 

2.970 248 

2.965 337 

2.955 556 

2.940 985 

4 

3.958 678 

3.950 496 

3.942 340 

3.926 110 

3.901 966 

5 

4.938 103 

4.925 866 

4.913 677 

4.889 440 

4.853 431 

6 

5.913 463 

5.896 384 

5.879 381 

5.845 598 

5.795 476 

7 

6.884 777 

6.862 074 

6.839 484 

6.794 638 

6.728 195 

8 

7.852 060 

7.822 959 

7.794 019 

7.736 613 

7.651 678 

9 

8.815 329 

8.779 064 

8.743 018 

8.671 576 

8.566 018 

10 

9.774 602 

9.730 412 

9.686 513 

9.599 580 

9.471 305 

11 

10.729 894 

10.677 027 

10.624 537 

10.520 675 

10.367 628 

12 

11.681 222 

11.618 932 

11.557 120 

11.434 913 

11.255 077 

13 

12.628 603 

12.556 151 

12.484 295 

12.342 345 

12.133 740 

14 

13.572 053 

13.488 708 

13.406 093 

13.243 022 

13.003 703 

15 

14.511 588 

14.416 625 

14.322 545 

14.136 995 

13.865 053 

16 

15.447 224 

15.339 925 

15.233 682 

15.024 313 

14.717 874 

17 

16.378 978 

16.258 631 

16.139 534 

15.905 025 

15.562 251 

18 

17.306 867 

17.172 768 

17.040 133 

16.779 181 

16.398 269 

19 

18.230 904 

18.082 356 

17.935 510 

17.646 830 

17.226 008 

20 

19.151 108 

18.987 419 

18.825 693 

18.508 020 

18.045 553 

21 

20.067 494 

19.887 979 

19.710 714 

19.362 799 

18.856 983 

22 

20.980 077 

20.784 059 

20.590 602 

20.211 215 

19.660 379 

23 

21.888 873 

21.675 681 

21.465 387 

21.053 315 

20.455 821 

24 

22.793 898 

22.562 866 

22.335 099 

21.889 146 

21.243 387 

25 

23.695 169 

23.445 638 

23.199 767 

22.718 755 

'22.023 156 

26 

24.592 699 

24.324 018 

24.059 421 

23.542 189 

22.795 204 

27 

25.486 505 

25.198 028 

24.914 089 

24.359 493 

(23.559 608 

28 

26.376 603 

26.067 689 

25.763 800 

25.170 713 

24.316 443 

29 

27.263 007 

26.933 024 

26.608 583 

25.975 893 

25.065 785 

30 

28.145 733 

27.794 054 

27.448 467 

26.775 080 

25.807 708 

31 

29.024 796 

28.650 800 

28.283 480 

27.568 318 

26.542 285 

32 

29.900 212 

29.503 284 

29.113 650 

28.355 650 

27.269 589 

33 

30.771 995 

30.351 526 

29.939 006 

29.137 122 

27.989 693 

34 

31.640 161 

31.195 548 

30.759 575 

29.912 776 

28.702 666 

35 

32.504 725 

32.035 371 

31.575 385 

30.682 656 

29.408 580 

36 

33.365 701 

32.871 016 

32.386 464 

31.446 805 

30.107 505 

37 

34.223 105 

33.702 504 

33.192 840 

32.205 266 

30.799 510 

38 

35.076 951 

34.529 854 

33.994 538 

32.958 080 

31.484 663 

39 

35.927 254 

35.353 089 

34.791 587 

33.705 290 

32.163 033 

40 

36.774 029 

36.172 228 

35.584 014 


32.834 686 

41 

37.617 290 

36.987 291 

36.371 845 

35.183 065 

33.499 689 

42 

38.457 053 

37.798 300 

37.155 107 

35.913 713 

34.158 108 

43 

39.293 330 

38.605 274 

37.933 826 

36.638 921 

34.810 008 

44 

40.126 138 

39.408 232 

38.708 029 

37.358 730 

35.455 454 

4 5 

40.955 490 

40.207 196 

39.477 742 

38.073 181 

36.094 508 

4<i 

41.781 401 

41.002 185 

40.242 991 

38.782 314 

36.727 236 

47 

42.603 885 

41.793 219 

41.003 803 

39.486 168 

37.353 699 

48 

43.422 956 

42.580 318 

41.760 201 

40.184 782 

37.973 959 

O A'TA 

49 

44.238 628 

43.363 500 

42.512 213 

40.878 195 

38.588 079 

50 


mzmzymcim 
































PRESENT VALUE OF ANNUITY 


407 


1 - (1 + r)“* 


r 


n 



12 % 

4 % 

1% 

= i 

45 

S59 

834 

44 

918 

195 

44. 

003 

179 

42 

249 

o7o 

39 

. 798 

1,50 

Dl 

CO 

46 

665 

394 

45. 

689 

747 

44. 

742 

1S3 

42 

927 

618 

40 

.394 

194 

53 

47 

467 

613 

46. 

457 

459 

45. 

476 

901 

43 

600 

614 

40 

984 

3ol 


48 

266 

502 

47. 

221 

353 

46. 

207 

358 

44 

268 

599 

41 

.568 

664 

Ot 

49 

062 

077 

47. 

981 

445 

46. 

933 

579 

44 

931 

612 

42 

. 147 

192 

oo 

56 

49 

S54 

350 

48. 

737 

757 

47. 

655 

58S 

45 

589 

689 

42 

719 

992 

57 

50 

643 

337 

49. 

490 

305 

4S. 

373 

410 

46 

242 

86S 

43 

.287 

121 

58 

51 

429 

049 

50. 

239 

109 

49 

087 

069 

46 

891 

1S4 

43 

.848 

(>3d 

59 

52. 

211 

501 

50. 

984 

1S9 

49 

796 

5SS 

47 

534 

674 

44 

404 

589 

60 




51. 

725 

561 

50. 

501 

994 

48 

173 

374 

44 

955 

038 

61 

53 

766 

67 S 

52. 

463 

245 

51. 

203 

308 

48 

807 

319 

45 

. 500 

038 

62 

54 

539 

431 

53. 

197 

258 

51 . 

900 

554 

49 

436 

545 

46 

. 039 

642 

63 

55 

308 

977 

53. 

927 

620 

52 

. 593 

757 

50 

061 

086 

46 

.573 

903 

64 

56 

075 

330 

54. 

654 

348 

53 

282 

940 

50 

6S0 

979 

47 

.102 

874 

65 

56 

S38 

502 

55. 

377 

461 

53. 

968 

126 

51 

. 296 

257 

47 

.626 

60S 

66 

57 

598 

509 

56 

096 

976 

54 

649 

338 

51 

906 

955 

48 

.145 

156 

67 

5S 

.355 

361 

56 

812 

912 

55 

326 

600 

52 

.513 

107 

4S 

.658 

571 

68 

59 

109 

074 

57 

525 

285 

55 

. 999 

934 

53 

.114 

746 

49 

.166 

901 

69 

59 

S59 

65S 

5S 

234 

115 

56 

669 

362 

53 

711 

907 

49 

.670 

199 

70 

60 

607 

129 

58 

939 

418 

57 

334 

909 

54 

.304 

622 

50 

168 

514 

71 

61 

.351 

497 

59 

641 

212 

57 

. 996 

595 

54 

.892 

925 

50 

.661 

895 

72 

62 

.092 

777 

60 

.339 

514 

58 

.654 

444 

55 

.476 

849 

51 

.150 

391 

73 

62 

.830 

982 

61 

.034 

342 

59 

30S 

478 

56 

.056 

426 

51 

.634 

051 

74 

63 

.566 

123 

61 

.725 

714 

59 

.958 

719 

56 

.631 

6S8 

52 

.112 

922 

75 

64 

.298 

214 

62 

.413 

645 

60 

.605 

1S9 

57 

.202 

66S 

52 

.587 

051 

76 

65 

.027 

267 

63 

. 098 

155 

61 

.247 

909 

57 

.769 

397 

53 

.056 

486 

77 

65 

.753 

295 

63 

779 

258 

61 

.8S6 

902 

58 

.331 

908 

53 

.521 

274 

78 

66 

.476 

310 

64 

.456 

973 

62 

.522 

190 

5S 

. 890 

231 

53 

.981 

459 

79 

67 

.196 

325 

65 

131 

317 

63 

.153 

792 

59 

.444 

398 

54 

.437 

OSS 

80 

67 

.913 

353 

65 

. 802 

305 

63 

. 7S1 

732 

59 

. 994 

440 

54 

.888 

206 

81 

68 

.627 

406 

66 

.469 

956 

64 

.406 

030 

60 

.540 

387 

55 

.334 

858 

82 

69 

.338 

495 

67 

.134 

284 

65 

.026 

70S 

61 

.082 

270 

55 

.777 

0S7 

83 

70 

.046 

634 

67 

.795 

30S 

65 

.643 

7S6 

61 

.620 

119 

56 

.214 

937 

84 

70 

.751 

835 

68 

.453 

042 

66 

.257 

2S5 

62 

.153 

965 

56 

.64S 

453 

85 

71 

.454 

109 

69 

.107 

505 

66 

.867 

226 

62 

.683 

836 

57 

.077 

676 

86 

72 

.153 

470 

69 

.758 

711 

67 

.473 

630 

63 

.209 

763 

57 

.502 

650 

87 

72 

.849 

929 

70 

.406 

67S 

68 

.076 

517 

63 

.731 

774 

57 

.923 

415 

88 

73 

.543 

497 

71 

.051 

421 

68 

.675 

90S 

64 

.249 

900 

58 

.340 

015 

89 

74 

234 

188 

71 

.692 

956 

69 

.271 

822 

64 

.764 

169 

5S 

.752 

490 

90 

74 

. 922 

013 

72 

331 

300 

69 

.864 

280 

65 

.274 

609 

59 

.160 

8S1 

91 

75 

.606 

984 

72 

.966 

467 

70 

.453 

303 

65 

.781 

250 

59 

.565 

229 

92 

76 

.289 

113 

73 

. 598 

475 

71 

.038 

909 

66 

. 2S4 

119 

59 

.965 

573 

93 

76 

96S 

411 

74 

.227 

338 

71 

.621 

119 

66 

.783 

245 

60 

.361 

954 

94 

77 

.644 

891 

74 

.853 

073 

72 

.199 

953 

67 

.278 

655 

60 

.754 

410 

95 

78 

.318 

563 

75 

.475 

694 

72 

.775 

430 

67 

.770 

377 

61 

.142 

9S0 

96 

78 

.989 

441 

76 

. 095 

218 

73 

.347 

569 

68 

.258 

439 

61 

.527 

703 

97 

79 

.657 

534 

76 

.711 

660 

73 

.916 

390 

68 

742 

867 

61 

.90S 

617 

98 

80 

.322 

856 

77 

.325 

035 

74 

.481 

912 

69 

.223 

689 

62 

.285 

759 

99 

80 

.985 

416 

77 

.935 

358 

75 

.044 

154 

69 

.700 

932 : 

62 

.659 

168 

100 

81 

.645 

228 

78 

.542 

645 

75 

.603 

136 

70 

.174 

623 

63 

.028 

879 








































408 FUNDAMENTALS OF BUSINESS MATHEMATICS 


1 - (1 + r)-» 


r 


n 



1*% 

i|% 

2% | 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

60 

0.988 875 
1.966 749 
2.933 745 

3.889 982 
4.835 582 
5.770 662 

6.695 339 
7.609 730 
8.513 948 

0.987 654 
1.963 115 
2.926 534 

3.878 058 
4.817 835 
5.746 010 

6.662 726 
7.568 124 
8.462 345 

0.985 222 
1.955 883 
2.912 200 

3.854 385 
4.782 645 
5.697 187 

6.598 214 
7.485 925 
8.360 517 

0.982 801 
1.948 699 
2.897 984 

3.830 943 
4.747 855 
5.648 998 

6.534 641 
7.405 053 
8.260 494 

0.980 392 
1.941 561 
2.883 883 

3.807 729 
4.713 460 
5.601 431 

6.471 991 
7.325 481 
8.162 237 

9.408 107 

9.345 526 

9.222 185 

9.101 223 

8.982 585 

10.292 318 
11.166 693 
12.031 340 

12.886 369 
13.731 885 
14.567 995 

15.394 804 
16.212 414 
17.020 928 

10.217 803 
11.079 312 
11.930 185 

12.770 553 
13.600 546 
14.420 292 

15.229 918 
16.029 549 
16.819 308 

10.071 118 

10.907 505 
11.731 532 

12.543 382 
13.343 233 
14.131 264 

14.907 649 
15.672 561 
16.426 168 

9.927 492 
10.739 550 
11.537 641 

12.322 006 
13.092 880 
13.850 497 

14.595 083 
15.326 863 
16.046 057 

9.786 848 
10.575 341 
11.348 374 

12.106 249 
12.849 264 
13.577 709 
14.291 872 
14.992 031 
15.678 462 

17.820 448 

17.599 316 

17.168 639 

16.752 881 

16.351 433 

18.611 074 
19.392 904 
20.166 036 

20.930 567 
21.686 593 
22.434 208 

23.173 506 
23.904 579 
24.627 520 

18.369 695 
19.130 563 
19.882 037 

20.624 235 
21.357 269 
22.081 253 

22.796 299 
23.502 518 
24.200 018 

17.900 137 
18 620 824 
19.330 861 

20.030 405 
20.719 611 
21.398 632 

22.067 617 
22.726 717 
23.376 076 

17.447 549 
18.130 269 
18.801 248 
19.460 686 
20.108 782 
20.745 732 

21.371 726 
21.986 955 
22.591 602 

17.011 209 
17.658 048 
18.292 204 

18.913 926 
19.523 456 
20.121 036 

20.706 898 
21.281 272 
21.844 385 

25.342 418 

■ElEERKHIil 


23.185 849 


26.049 362 
26.748 442 
27.439 745 

28.123 357 
28.799 365 
29.467 851 

30.128 901 
30.782 597 
31.429 020 

25.569 290 
26.241 274 
26.904 962 

27.560 456 
28.207 858 
28.847 267 

29.478 783 
30.102 501 
30.718 520 

24.646 146 
25.267 139 
25.878 954 

26.481 728 
27.075 595 
27.660 684 

28.237 127 
28.805 052 
29.364 583 

23.769 877 
24.343 859 
24.907 970 

25.462 378 
26.007 251 
26.542 753 

27.069 045 
27.586 285 
28.094 629 

22.937 702 
23.468 335 
23.988 564 
24.498 592 
24.998 619 
25.488 842 

25.969 453 
26.440 641 
26.902 589 

32.068 253 



28.594 230 


32.700 373 
33.325 462 
33.943 596 

34.554 854 
35.159 312 
35.757 045 

36.348 129 
36.932 637 
37.510 642 

31.927 835 
32.521 319 
33.107 475 

33.686 395 
34.258 168 
34.822 882 

35.380 624 
35.931 481 
36.475 537 

30.458 961 
30.994 050 
31.521 232 
32.040 622 

32.552 337 
33.056 490 

33.553 192 
34.042 554 
34.524 683 

29.085 238 
29.567 801 
30.042 065 

30.508 172 
30.966 263 
31.416 474 

31.858 943 
32.293 801 
32.721 181 

27.799 
28.234 794 
28.661 562 

29.079 963 
29.490 160 
29.892 314 
30.286 582 
30.673 120 
31.052 078 


kvgllWMil 

IfcgK&iiMikU 


31423 60b 
























PRESENT VALUE OF ANNUITY 


409 


1 - (1 + r)"» 


1i% 


1^% 


2% 

IK 647 

433 

37. 

543 

581 

35. 

467 

673 

33. 

oo4 

014 

6 1 

/0/ 

04 V 

qq 906 

362 

38. 

067 

734 

35. 

928 

742 

33. 

959 

719 

32 

144 

9o0 

39.759 

072 

38. 

585 

417 

36. 

382 

997 

34. 

358 

446 

32 

49o 

049 

40 305 

634 

39. 

096 

708 

36. 

S30 

539 

34. 

750 

316 

32 

838 

2S3 

mm rv 

40 846 

115 

39. 

601 

6S7 

37. 

271 

467 

35. 

135 

445 

33 

174 

788 

41.380 

584 

40. 

100 

431 

37. 

705 

879 

35. 

513 

951 

33 

504 

694 

41 909 

106 

40. 

593 

019 

38. 

133 

871 

35. 

885 

947 

33 

.828 

131 

42 431 

749 

41. 

079 

524 

38. 

555 

538 

36. 

251 

545 

34 

. 145 

226 

42.948 

577 

41. 

560 

024 

38 

970 

973 

36. 

610 

855 

34 

456 

104 

43.459 

656 

EH 


E2Z1 

39 

380 

269 

36. 

963 

986 

34 

760 

887 

43 965 

050 

42. 

503 

301 

39. 

783 

516 

37. 

311 

042 

35 

. 059 

693 

44.464 

820 

42. 

966 

223 

40. 

180 

804 

37. 

652 

130 

35 

.352 

640 

44.959 

031 

43. 

423 

430 

40. 

572 

221 

37. 

987 

351 

35 

.639 

843 

45 447 

744 

43. 

874 

992 

40 

957 

853 

38. 

316 

807 

35 

.921 

415 

45 931 

020 

44. 

320 

980 

41. 

337 

786 

38. 

640 

597 

36 

. 197 

466 

46.408 

920 

44. 

761 

462 

41. 

712 

105 

38. 

958 

817 

36 

.468 

103 

46.881 

503 

45. 

196 

506 

42. 

.080 

891 

39 

271 

565 

36 

733 

435 

47.348 

829 

45. 

626 

178 

42. 

.444 

228 

39. 

.578 

934 

36 

. 993 

564 

47.810 

955 

46. 

050 

547 

42 

802 

195 

39 

.881 

016 

37 

.248 

592 

EElFgftl 

ETTB 

46. 

469 

676 


ffEU 


40 

.177 

903 

37 

.498 

619 

48.719 

843 

46. 

883 

630 

43 

.502 

337 

40 

.469 

683 

37 

.743 

744 

49.166 

717 

47 

.292 

474 

43 

.844 

667 

40 

.756 

445 

37 

. 984 

063 

49.608 

620 

47 

.696 

271 

44 

.181 

938 

41 

.038 

276 

38 

.219 

670 

50.045 

607 

48 

.095 

082 

44 

.514 

224 

41 

.315 

259 

38 

.450 

657 

50.477 

733 

48 

.488 

970 

44 

.841 

600 

41 

.587 

478 

38 

.677 

114 

50.905 

051 

48 

.877 

995 

45 

.164 

138 

41 

.855 

015 

38 

.899 

132 

51.327 

615 

49 

.262 

218 

45 

.481 

910 

42 

.117 

951 

39 

.116 

796 

51.745 

478 

49 

.641 

696 

45 

. 794 

985 

42 

.376 

364 

39 

.330 

192 

52.158 

693 

50 

.016 

490 

46 

.103 

433 

42 

.630 

334 

39 

.539 

404 

52.567 

311 

50 

.386 

657 

46 

.407 

323 

42 

. 879 

935 

39 

744 

514 

52.971 

383 

50 

.752 

254 

46 

.706 

723 

43 

.125 

243 

39 

. 945 

602 

53.370 

960 

51 

.113 

337 

47 

.001 

697 

43 

.366 

332 

40 

.142 

747 

53.766 

091 

51 

.469 

963 

47 

.292 

313 

43 

.603 

275 

40 

.336 

026 

54.156 

827 

51 

.822 

185 

47 

.578 

633 

43 

.836 

142 

40 

.525 

516 

54.543 

216 

52 

.170 

060 

47 

.860 

722 

44 

.065 

005 

40 

.711 

290 

54.925 

306 

52 

.513 

639 

48 

.138 

643 

44 

.289 

931 

40 

. 893 

422 

55.303 

145 

52 

.852 

977 

48 

.412 

456 

44 

.510 

989 

41 

.071 

982 

55.676 

782 

53 

.188 

125 

48 

.682 

222 

44 

.728 

244 

41 

.247 

041 

56.046 

261 

53 

.519 

136 

48 

.948 

002 

44 

.941 

764 

41 

.418 

668 

56.411 

630 

12 



49 

.209 

855 

45 

.151 

610 

41 

.586 

929 

56.772 

935 

54 

.168 

948 

49 

.467 

837 

45 

.357 

848 

41 

.751 

891 

57.130 

220 

54 

.487 

850 

49 

.722 

007 

45 

.560 

539 

41 

.913 

619 

57.483 

530 

54 

.802 

815 

49 

.972 

421 

45 

.759 

743 

42 

.072 

175 

57.832 

910 

55 

.113 

892 

50 

.219 

134 

45 

.955 

521 

42 

.227 

623 

58.178 

403 

55 

.421 

127 

50 

.462 

201 

46 

.147 

933 

42 

.380 

023 

58.520 

052 

55 

.724 

570 

50 

.701 

675 

46 

.337 

035 

42 

.529 

434 

58.857 

901 

56 

.024 

267 

50 

.937 

611 

46 

.522 

884 

42 

.675 

916 

59.191 

991 

56 

.320 

264 

51 

.170 

060 

46 

.705 

537 

42 

.819 

525 

59.522 

364 

56 

.612 

606 

51 

.399 

074 

46 

.885 

049 

42 

.960 

319 

59.849 

063 

56 

.901 

339 

51 

.624 

704 

47 

.061 

473 

43 

.098 

352 

























410 


FUNDAMENTALS OF BUSINESS MATHEMATICS 



n 

3% 

4% 

i 

0.970 874 

0.961 538 

2 

1.913 470 

1.886 095 

3 

2.828 611 

2.775 091 

4 

3.717 098 

3.629 895 

5 

4.579 707 

4.451 822 

6 

5.417 191 

5.242 137 

7 

6.230 283 

6.002 055 

8 

7.019 692 

6.732 745 

9 

7.786 109 

7.435 332 

10 

8.530 203 

8.110 896 

11 

9.252 624 

8.760 477 

12 

9.954 004 

9.385 074 

13 

10.634 955 

9.985 648 

14 

11.296 073 

10.563 123 

15 

11.937 935 

11.118 387 

16 

12.561 102 

11.652 296 

17 

13.166 118 

12.165 669 

18 

13.753 513 

12.659 297 

19 

14.323 799 

13.133 939 

20 

14.877 475 

13.590 326 

21 

15.415 024 

14.029 160 

22 

15.936 917 

14.451 115 

23 

16.443 608 

14.856 842 

24 

16.935 542 

15.246 963 

25 

17.413 148 

15.622 080 

26 

17.876 842 

15.982 769 

27 

18.327 031 

16.329 586 

28 

18.764 108 

16.663 063 

29 

19.188 455 

16.983 715 

30 

19.600 441 

17.292 033 

31 

20.000 428 

17.588 494 

32 

20.388 766 

17.873 551 

33 

20.765 792 

18.147 646 

34 

21.131 837 

18.411 198 

35 

21.487 220 

18.664 613 

36 

21.832 252 

18.908 282 

37 

22.167 235 

19.142 579 

38 

22.492 462 

19.367 864 

39 

22.808 215 

19.584 485 

40 

23.114 772 

19.792 774 

41 

23.412 400 

19.993 052 

42 

23.701 359 

20.185 627 

43 

23.981 902 

20.370 795 

44 

24.254 274 

20.548 841 

45 

24.518 713 

20.720 040 

46 

24.775 449 

20.884 654 

47 

25.024 708 

21.042 936 

48 

25.266 707 

21.195 131 

49 

25.501 657 

21.341 472 

60 

25.729 764 

21.482 185 


5% 


0.952 381 
1.859 410 
2.723 248 

3.545 951 
4.329 477 
5.075 692 

5.786 373 
6.463 213 
7.107 822 


7.721 735 


8.306 414 
8.863 252 
9.393 573 

9.898 641 
10.379 658 
10.837 770 

11.274 066 
11.689 587 
12.085 321 


12.462 210 


12.821 153 
13.163 003 
13.488 574 
13.798 642 
14.093 945 
14.375 185 

14.643 034 
14.898 127 
15.141 074 


15.372 451 


15.592 811 
15.802 677 
16.002 549 

16.192 904 
16.374 194 
16.546 852 

16.711 287 
16.867 893 
17.017 041 


17.294 368 
17.423 208 
17.545 912 
17.662 773 
17.774 070 
17.880 066 

17.981 016 
18.077 158 
18.168 722 


18.255 925 


6% 


0.943 396 
1.833 393 
2.673 012 

3.465 106 
4.212 364 
4.917 324 

5.582 381 
6.209 794 
6.801 692 


7.360 087 


7.886 875 
8.383 844 
8.852 683 
9.294 984 
9.712 249 
10.105 895 

10.477 260 
10.827 603 
11.158 116 


11.469 921 


11.764 077 
12.041 582 
12.303 379 

12.550 358 
12.783 356 
13.003 166 

13.210 534 
13.406 164 
13.590 721 


13.764 831 


13.929 086 
14.084 043 
14.230 230 

14.368 141 
14.498 246 
14.620 987 

14.736 780 
14.846 019 
14.949 075 


15.046 297 


15.138 016 
15.224 543 
15.306 173 

15.383 182 
15.455 832 
15.524 370 

15.589 028 
15.650 027 
15.707 572 
15.761 861 



0.934 579 
1.808 018 
2.624 316 

3.387 211 
4.100 197 
4.766 540 

5.389 289 
5.971 299 
6.515 232 


7.023 582 


7.498 674 
7.942 686 
8.357 651 
8.745 468 
9.107 914 
9.446 649 

9.763 223 
10.059 087 
10.335 595 


10.594 014 


10.835 527 
11.061 240 
11.272 187 

11.469 334 
11.653 583 
11.825 779 

11.986 709 
12.137 111 
12.277 674 


12.409 041 


12.531 814 
12.646 555 
12.753 790 

12.854 009 
12.947 672 
13.035 208 

13.117 017 
13.193 473 
13.264 928 


13.331 709 


13.394 120 
13.452 449 
13.506 962 

13.557 908 
13.605 522 
13.650 020 

13.691 608 
13.730 474 
13.766 799 
13.800 746 


































PRESENT VALUE OF ANNUITY 
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51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 

81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

96 

97 

98 

99 

100 



3% 



4% 



5% 



6% 


7% 


951 

227 

21. 

617 

485 

18. 

338 

977 

15. 

813 

076 

13. 


4/3 

9fi 

166 

240 

21 

747 

582 

18. 

4 IS 

073 

15. 

861 

393 

13. 

8G2 

121 

26. 

374 

990 

21 

872 

675 

IS. 

493 

403 

15. 

906 

974 

13. 

889 

S3t> 

26 

577 

660 

21 

992 

957 

18. 

565 

146 

15. 

949 

976 

13. 

915 

735 

9fi 

774 

428 

22 

108 

612 

18. 

633 

472 

15. 

990 

543 

13. 

939 

939 

U . 

26. 

965 

464 

22 

219 

819 

18. 

698 

545 

16. 

028 

814 

13. 

962 

o()0 

97 

150 

936 

22 

326 

749 

18. 

760 

519 

16. 

064 

919 

13. 

983 

701 

w 1 ■ 

97 

331 

005 

22 

429 

567 

IS. 

S19 

542 

16. 

098 

980 

14. 

003 

4oS 

27 

505 

831 

22 

528 

430 

18. 

875 

754 

16. 

131 

113 

14 

021 

924 


18 

929 

290 

16. 

161 

428 

14 

039 

181 

STS 

840 

353 

22 

714 

894 

18. 

980 

276 

16 

190 

026 

14 

055 

309 

28 

000 

343 

22 

802 

783 

19. 

028 

S34 

16 

217 

006 

14. 

070 

383 

28 

155 

673 

22 

887 

291 

19 

.075 

080 

16 

242 

458 

14 

084 

470 

28 

306 

478 

22 

968 

549 

19 

.119 

124 

16. 

266 

470 

14 

097 

635 

28 

452 

892 

23 

046 

682 

19 

.161 

070 

16. 

289 

123 

14 

109 

940 

28 

595 

040 

23 

121 

810 

19 

.201 

019 

16 

.310 

493 

14 

. 121 

439 

28 

733 

0-19 

23 

.194 

048 

19 

.239 

066 

16. 

330 

654 

14 

.132 

186 

28 

867 

038 

23 

.263 

507 

19 

.275 

301 

16. 

349 

673 

14 

.142 

230 

28 

997 

124 

23 

330 

296 

19 

309 

810 

16 

367 

617 

14 

.151 

617 

29 

123 

421 


19 

.342 

677 

16 

384 

544 

14 

.160 

389 

29 

.246 

040 

23 

.456 

264 

19 

.373 

978 

16. 

400 

513 

14 

.168 

588 

29 

.365 

088 

23 

.515 

639 

19 

.403 

788 

16 

415 

578 

14 

.176 

251 

29 

.480 

667 

23 

.572 

730 

19 

.432 

179 

16 

.429 

791 

14 

.183 

412 

29 

.592 

881 

23 

.627 

625 

19 

.459 

218 

16 

443 

199 

14 

.190 

104 

29 

.701 

826 

23 

.680 

408 

19 

.484 

970 

16 

.455 

848 

14 

.196 

359 

29 

.807 

598 

23 

.731 

162 

19 

.509 

495 

16 

.467 

781 

14 

.202 

205 

29 

.910 

290 

23 

.779 

963 

19 

.532 

853 

16 

.479 

039 

14 

.207 

668 

30 

.009 

990 

23 

.826 

8S8 

19 

.555 

098 

16 

.489 

659 

14 

.212 

774 

30 

.106 

786 

23 

.872 

008 

19 

.576 

2S4 

16 

. 499 

679 

14 

.217 

546 

30 

.200 

763 

23 

.915 

392 

19 

596 

460 

16 

.509 

131 

14 

. 222 

005 

30 

. 292 

003 

23 

.957 

108 

19 

.615 

677 

16 

.518 

048 

14 

.226 

173 

30 

.380 

586 

23 

.997 

219 

19 

.633 

978 

16 

.526 

460 

14 

.230 

069 

30 

.466 

588 

24 

.035 

787 

19 

.651 

407 

16 

.534 

396 

14 

.233 

709 

30 

.550 

086 

24 

.072 

872 

19 

.668 

007 

16 

.541 

883 

14 

.237 

111 

30 

.631 

151 

24 

.108 

531 

19 

.683 

816 

16 

.548 

947 

14 

.240 

291 

30 

.709 

855 

24 

.142 

818 

19 

.698 

873 

16 

.555 

610 

14 

.243 

262 

30 

.786 

267 

24 

.175 

787 

19 

.713 

212 

16 

.561 

896 

14 

.246 

0-10 

30 

.860 

454 

24 

.207 

487 

19 

.726 

869 

16 

.567 

827 

14 

.248 

635 

30 

.932 

479 

24 

.237 

969 

19 

.739 

875 

16 

.573 

421 

14 

.251 

061 

31 

.002 

407 

24 

.267 

278 

19 

.752 

262 

16 

.578 

699 

14 

.253 

328 

31 

.070 

298 

24 

.295 

459 

19 

.764 

059 

16 

.583 

679 

14 

.255 

447 

31 

.136 

212 

24 

.322 

557 

19 

.775 

294 

16 

.588 

376 

14 

.257 

427 

31 

.200 

206 

24 

.348 

612 

19 

.785 

994 

16 

.592 

808 

14 

.250 

277 

31 

.262 

336 

24 

.373 

666 

19 

.796 

185 

16 

.596 

988 

14 

.261 

007 

31 

.322 

656 

24 

.397 

756 

19 

S05 

891 

16 

.600 

932 

14 

.262 

623 

31 

.381 

219 

24 

.420 

919 

19 

.815 

134 

16 

.604 

653 

14 

.264 

134 

31 

.438 

077 

24 

.443 

191 

19 

.823 

937 

16 

60S 

163 

14 

.265 

546 

31 

.493 

279 

24 

.464 

607 

19 

.832 

321 

16 

.611 

475 

14 

.266 

865 

31 

.546 

872 

24 

.485 

199 

19 

.840 

306 

16 

.614 

599 

14 

.268 

098 

31 

.598 

905 

24 

.504 

999 

19 

.847 

910 

16 

.617 

546 

14 

.269 

251 












































Table VII 

TABLE OF MORTALITY 


Note: This table has been adapted from the 1941 Commissioners 
Standard Ordinary (CSO) Mortality Table. In the form given, the table 
may be thought of as a probability distribution of the number of deaths 
according to age. For example, in the fourth column we read 0.00243 as 
the probability of dying between ages 20 and 21. The sum of the prob¬ 
abilities in this column through 0.00243, or 0.07467, is the probability of 
dying before reaching the age of 21 years. 
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FUNDAMENTALS OF BUSINESS MATHEMATICS 


MORTALITY TABLE 
(Adapted from 1941 CSO Table) 


Age 

X 

Number 

living 

I r 

No. of 
deaths 

d z 

Yearly 
probability 
of dying 

<h 

Age 

X 

Number 

living 

U 

No. of 
deaths 

d z 

Yearly 
probability 
of dying 

<h 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

1,023,102 

23,102 

0.02258 

60 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

| 80 

81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

96 

97 

98 

99 

810,900 

9,990 

0.01232 

1,000,000 

994,230 

990,114 

986,767 

983,817 

981,102 

978,541 

976,124 

973,869 

5,770 

4,116 

3,347 

2,950 

2,715 

2,561 

2,417 

2,255 

2,065 

0.00577 

0.00414 

0.00338 

0.00299 
0.00276 
0.00261 

0.00247 
0.00231 
0.00212 

800,910 

790,282 

778,981 

766,961 

754,191 

740,631 

726,241 

710,990 

694,843 

10,628 

11,301 

12,020 

12,770 

13,560 

14,390 

15,251 

16,147 

17,072 

0.01327 

0.01430 

0.01543 

0.01665 

0.01798 

0.01943 

0.02100 

0.02271 

0.02457 

971,804 

1,914 

0.00197 

677,771 

18,022 

0.02659 

969,890 

968,038 

966,179 

964,266 

962,270 

960,201 

958,098 

955,942 

953,743 

1,852 

1,859 

1,913 

1,996 

2,069 

2,103 

2,156 

2,199 

2,260 

0.00191 

0.00192 

0.00198 

0.00207 
0.00215 
0.00219 

0.00225 

0.00230 

0.00237 

659,749 

640,761 

620,782 

599,824 

577,882 

554,975 

531,133 

506,403 

480,850 

18,988 

19,979 

20,958 

21,942 

22,907 

23,842 

24,730 

25,553 

26,302 

0.02878 
0.03118 
0.03376 
0.03658 
0.03964 

0.04296 
0.04656 
0.05046 
0.05470 

951,483 

2,312 

0.00243 

454,548 

26,955 

0.05930 

949,171 

946,789 

944,337 

941,806 

939,197 

936,492 

933,692 

930,788 

927,763 

2,382 

2,452 

2,531 

2,609 

2,705 

2,800 

2,904 

3,025 

3,154 

0.00251 

0.00259 
0.00268 
0.00277 

0.00288 

0.00299 
0.00311 

0.00325 

0.00340 

427,593 

400,112 

372,240 

344,136 

315,982 

287,973 

260,322 

233,251 

206,989 

27,481 

27,872 

28,104 

28,154 

28,009 

27,651 

27,071 

26,262 

25,224 

0.06427 

0.06966 

0.07550 
0.08181 

0.08864 
0.09602 
0.10399 
0.11259 
0.12186 

924,609 

3,292 

0.00356 

181,765 

23,966 

0.13185 

921,317 

917,880 

914,282 

910,515 

906,554 

902,393 

898,007 

893,382 

888.504 

3,437 

3,598 

3,767 

3,961 

4.161 
4,386 
4,625 
4,878 

5.162 

0.00373 

0.00392 
0.00412 
0.00435 

0.00459 
0.00486 
0.00515 
0.00546 
0.00581 

157,799 

135,297 

114,440 

95,378 

78,221 

63,036 

49,838 

38,593 

29,215 

22,502 

20,857 

19,062 

17,157 

15,185 

13,198 

11,245 

9,378 

7,638 

0.14260 

0.15416 

0.16657 

0.17988 

0.19413 

0.20937 

0.22563 

0.24300 
0.26144 

883,342 

5,459 

0.00618 

21,577 

6,063 


15,514 

10,833 

7,327 

4,787 

3,011 

1,818 

1,005 

454 

125 

4,681 

3,506 

2,540 

1,776 

1,193 

813 

551 

329 

125 

0.30173 

0.32364 

0.34666 

0.37100 

0.39621 

0.44719 

0.54826 

0.72467 
1.00000 

877,883 

872,098 

865,967 

859,464 

852,554 

845,214 

837,413 

829,114 

820,292 

5,785 

6,131 

6,503 

6,910 

7,340 

7,801 

8,299 

8,822 

9,392 

0.00659 

0.00703 
0.00751 

0.00804 
0.00861 
0.00923 
0.00991 
0.01064 
0.01145 
























Table VIII 

TABLE OF THE NORMAL CURVE 

Note: The table gives the percentage of the area under the normal 
curve from the ordinate at / = 0 to the ordinate for the value of t given 
in the column at the left. Values of the ordinate are given in the third 
column. Because the normal curve is symmetrical with respect to the 
ordinate at t = 0, tabular values are the same for positive and negative t. 
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416 FUNDAMENTALS OF BUSINESS MATHEMATICS 


t 

Area 

Ordi¬ 

nate 

t 

.60 

Area 


m 

Area 


t 

Area 

(ggn 

.00 

.01 

.02 

.03 

.04 

.05 

.06 

.07 

.08 

.09 

.10 

,11 ! 

12 

• i3 : 

.14 

.15 

.16 

.17 

.18 

.19 

.20 

.21 

.22 

.23 

.24 

.25 

.26 

.27 

.28 

.29 

.30 

.31 

.32 

.33 

.34 

.35 

.36 

.37 

.38 

.39 

.40 

.41 

.42 

.43 

.44 

.45 

.46 

.47 

.48 

.49 

.60 

.0000 

. 3989 

.1915 

.3521 

WjK 

.3413 


1.60 

.4332 

.1295 

.0040 

.0080 

.0120 

.0160 

.0199 

.0239 

.0279 

.0319 

.0359 

.3989 

.3989 

.3988 

.3986 

.3984 

.3982 

.3980 

.3977 

.3973 

.51 

.52 

.53 

.54 

.55 

.56 

.57 

.58 

.59 

.1950 

.1985 

.2019 

.2054 

.2088 

.2123 

.2157 

.2190 

.2224 

.3503 

.3485 

.3467 

.3448 

.3429 

.3411 

.3391 

.3372 

.3352 

1.01 

1.02 

1.03 

1.04 

1.05 

1.06 

1.07 

1.08 

1.09 

.3438 

.3461 

.3485 

.3508 

.3531 

.3554 

.3577 

.3599 

.3621 

. 2396 
.2371 
.2347 

.2323 

.2299 

.2275 

.2251 

.2227 

.2203 

1.51 

1.52 

1.53 

1.54 

1.55 

1.56 

1.57 

1.58 

1.59 

.4345 

.4357 

.4370 

.4382 

.4394 

.4406 

.4418 

.4430 

.4441 

.1276 

.1257 

.1238 

.1219 

.1200 

.1182 

.1163 

.1145 

.1127 

.0398 

.3970 


.2258 

.3332 

1.10 

.3643 

.2179 

as 

.4452 

.1109 

.0438 

.0478 

.0517 

.0557 

.0596 

.0636 

.0675 

.0714 

.0754 

.3965 

.3961 

.3956 

.3951 

.3945 

.3939 

.3932 

.3925 

.3918 

.61 

.62 

.63 

.64 

.65 

.66 

.67 

.68 

.69 

.2291 

.2324 

.2357 

.2389 

.2422 

.2454 

.2486 

.2518 

.2549 

.3312 

.3292 

.3271 

.3251 

.3230 

.3209 

.3187 

.3166 

.3144 

1.11 

1.12 

1.13 

1.14 

1.15 

1.16 

1.17 

1.18 
1.19 

.3665 

.3686 

.3708 

.3729 

.3749 

.3770 

.3790 

.3810 

.3830 

.2155 

.2131 

.2107 

.2083 

.2059 

.2036 

.2012 

.1989 

.1965 

1.61 

1.62 

1.63 

1.64 

1.65 

1.66 

1.67 

1.68 
1.69 

.4463 

.4474 

.4485 

.4495 

.4505 

.4515 

.4525 

.4535 

.4545 

.1092 

.1074 

.1057 

.1040 

.1023 

.1006 

.0989 

.0973 

.0957 

.0793 

.3910 

.70 

.2580 

.3123 

1.20 

.3849 

.1942 

1.70 

.4554 

.0941 

.0832 

.0871 

.0910 

.0948 

.0987 

.1026 

.1064 

.1103 

.1141 

.3902 

.3894 

.3885 

.3876 

.3867 

.3857 

.3847 

.3836 

.3825 

.71 

.72 

.73 

.74 

.75 

.76 

.77 

.78 

.79 

.2612 

.2642 

.2673 

.2704 

.2734 

.2764 

.2794 

.2823 

.2852 

.3101 

.3079 

.3056 

.3034 1 

.3011 

.2989 

.2966 

.2943 

.2920 

1.21 

1.22 

1.23 

1.24 

1.25 

1.26 

1.27 

1.28 
1.29 

.3869 

.3888 

.3907 

.3925 

.3944 

.3962 

.3980 

.3997 

.4015 

.1919 
. 1895 
.1872 

.1849 

.1827 

.1804 

.1781 

.1759 

.1736 

1.71 

1.72 

1.73 

1.74 

1.75 

1.76 

1.77 

1.78 

1.79 

.4564 

.4573 

.4582 

.4591 

.4599 

.4608 

.4616 

.4625 

.4633 

.0925 

.0909 

.0893 

.0878 

.0863 

.0848 

.0833 

.0818 

.0804 

.1179 

.3814 


.2881 

.2897 

1.30 

.4032 

.1714 

1.80 

.4641 

. 0790 

.1217 

.1255 

.1293 

.1331 

.1368 

.1406 

.1443 

.1480 

.1517 

.3802 

.3790 

.3778 

.3765 

.3752 

.3739 

.3726 

.3712 

.3697 

.81 

.82 

.83 

.84 

.85 

.86 

.87 

.88 

.89 

.2910 

.2939 

.2967 

.2996 

.3023 

.3051 

.3079 

.3106 

.3133 

.2874 

.2850 

.2827 

.2803 

.2780 

.2756 

.2732 

.2709 

.2685 

1.31 

1.32 

1.33 

1.34 

1.35 

1.36 

1.37 

1.38 

1.39 

. 4049 
.4066 
.4082 

.4099 

.4115 

.4131 

.4147 

.4162 

.4177 

. 1692 
.1669 
.1647 

.1626 

.1604 

.1582 

.1561 

.1540 

.1518 

1.81 

1.82 

1.83 

1.84 

1.85 

1.86 

1.87 

1.88 
1.89 

.4649 

.4656 

.4664 

.4671 

.4678 

.4686 

.4693 

.4700 

.4706 

.0775 

.0761 

.0748 

.0734 

.0721 

.0707 

.0694 

.0681 

.0669 

/> a r A 

.1554 

.3683 

.90 

.3159 

.2661 

1.40 

.4192 

.1497 

m 

.4713 


.1591 

.1628 

.1664 

.1700 

.1736 

.1772 

.1808 

.1844 

.1879 

.3668 

.3653 

.3637 

.3621 

.3605 

.3589 

.3572 

.3555 

.3538 

.91 

.92 

.93 

.94 

.95 

.96 

.97 

.98 

.99 

.3186 

.3212 

.3238 

.3264 

.3289 

.3315 

.3340 

.3365 

.3389 

.2637 

.2613 

.2589 

.2565 

.2541 

.2516 

.2492 

.2468 

.2444 

1.41 

1.42 

1.43 

1.44 

1.45 

1.46 

1.47 

1.48 

1.49 

.4207 

.4222 

.4236 

.4251 

.4265 

.4279 

.4292 

.4306 

.4319 

.1476 

.1456 

.1435 

.1415 

.1394 

.1374 

.1354 

.1334 

.1315 

1.91 

1.92 

1.93 

1.94 

1.95 

1.96 

1.97 

1.98 

1.99 

.4719 

.4726 

.4732 

.4738 

.4744 

.4750 

.4756 

.4762 

.4767 

. 1 ) 0-14 

.0632 

.0620 

.0608 

.0596 

.0584 

.0573 

.0562 

.0551 

f\r a r 

.1915 

.3521 

1.00 

.3413 

.2420 

lOE 

.4332 

.1295 






















































































TABLE OF THE NORMAL CURVE 
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2 . 

2 . 
2.02 
2.03 

2.04 

2.05 

2.06 

2 . 
2.08 
2.09 

2 . 



.4778 

.4783 

.4788 

.4793 

.4798 

.4803 

.4808 

.4812 

.4817 


0529 

0519 

0508 

0498 

048S 

0478 

0468 

0459 

0449 


.60 


2.51 

2.52 

2.53 

2.54 

2.55 

2.56 

2.57 

2.58 




Area 


. 493S 



.48211 .044012.60 


.4826 

.4830 

.4834 

.4838 

.4842 

.4846 

.4850 

.4854 

.4857 


.4861 


.4865 

.4868 

.4871 

.4875 

.4878 

.4881 

.4884 

.4887 

.4890 


.4893 


. 4896 
.4898 
.4901 

.4904 

.4906 

.4909 

.4911 

.4913 

.4916 


.4918 
41 .4920 
2.42 .4922 
43 .4925 

.4927 
.4929 
.4931 

.4932 
.4934 
.4936 


.4938 



.0431 

.0422 

.0413 

.040-1 

.0396 

.0387 

.0379 

.0371 

.0363 


.0355 


.0347 
. 0339 
.0332 

.0325 

.0317 

.0310 

.0303 

.0297 

.0290 


.0283 


.0277 

.0271 

.0264 

.0258 

.0252 

.0246 

.0241 

.0235 

.0229 


.0224 


.0219 

.0213 

.0208 

.0203 

.0198 

.0194 

.0189 

.0184 

.0180 


.0175 



D 
.66 

.67 

.68 

.69 


.70 


.8 


.81 

.82 

.83 

.84 

.85 

.86 

.87 

.88 

.89 


9 


.4946 

.4948 

.4949 
. 4951 
. 4952 


. 4953 


. 4955 
. 4956 
. 4957 

. 4959 
. 4960 
.4961 

. 4962 
.4963 
.49641 


4979 

4980 

4980 

4981 


4981 


. 4982 
4983 
.4983 

.4984 

.4984 

.4985 

.4985 

.4986 

.4986 


.4987 


Ordi¬ 

nate 


.0175 


.0171 

.0167 

.0163 

.0159 

.0155 

.0151 

.0147 

.0143 

.0139 


.0136 


.0132 

.0129 

.0126 

.0122 

.0119 

.0116 

.0113 

.0110 

.0107 


.0101 


.0101 
. 0099 
.0096 
.0094' 
. 0091 
.0089 

.0086 

.0084 

.0081 


.0079 


.0077 

.0075 

.0073 

.0071 

.0069 

.0067 

.0065 

.0063 

.0061 


.0060 


.0058 

.0056 

.0055 

.0053 

.0051 

.0050 

.0049 

.0047 

.0046 


.0044 


t I Area 


Ordi¬ 

nate 



Area 


Ordi¬ 

nate 


.00 


01 

.02 

.03 

.04 

.05 

.06 

.07 

.08 

.09 


.10 


.11 

.121 

.13 

.14 

.15 

.16 

.17 

.18 

.19 


.20 


. 4987 


.4987 
. 4987 
. 4988 

.4988 
. 4989 
. 4989 

. 4989 
. 4990 
. 4990 
. 4990 

. 4991 
. 4991 
. 4991 

. 4992 
.4992 
.4992 
.4992 
.4993 
. 4993 

. 4993 
. 4993 
.4994 
.4994 

. 4994 
.4994 
. 4994 

. 4995 
.4995 
.4995 

.4995 

.4995 

.4996 

.4996 

.4996 
. 4996 
.4996 

. 4996 
.4996 
.4997 

. 4997 


.4997 

.4997 

.4997 

.4997 

.4997 

.4997 

.4997 

.4998 

.4998 


.4998 



.60 


. 0041 

.0039 3.5 
.0038 3.55 
. 0037 3.56 
. 0036 3.57 
. 0035 3.58 
0034 3.59 


.00338.60 


.0032 3.61 
.0031 3.62 
.0030 3.63 

.0029 
.0028, 

. 0027(3.6 
.0026 
.0025 
.0025 


00248.70 


.0023 3.71 
.0022 3.72 
.0022 3.73 

.0021 3.74 
.0020 3.75 
.0020 3.76 

.00193.77 
.00183.78 
.0018 3.79 


.00178.80 


.00173.81 

.00163.82 

.00163.83 

.00153.84 
.00153.85 
.0014 3.86 

.0014 3.87 
.00133.88 
.00133.89 


.00128.90 


.00123.9 
.00123.92 
.0011 3.93 

.0011 3.94 
.00103.95 
.00103.96 

.00103.97 
.0009 3.98 
.0009 3.99 


.0009 


8 

4998 

4998 

4998 

4998 

4998 

4998 

4998 

4998 

4998 


8 


4999 

4999 

4999 

4999 

4999 

4999 

4999 

4999 

4999 


. 4999 


.4999; 
.4999 
. 4999 

. 4999 
. 4999 
.4999 

.4999 
. 4999 
.4999 


. 4999 


. 4999 
.4999 
. 4999 

.4999 

.4999 

.4999 

.5000 

.5000 

.5000 


.5000 


.5000 

.5000 

.5000 

.5000 

.5000 

.5000 

.5000 

.5000 

.5000 


. 0008 
.0008 
.0008 

.0008 

.0007 

.0007 

.0007 

.0007 

.0006 


.0006 


.0006 

.0006 

.0006 

.0005 

.0005 

.0005 

.0005 

.0005 

.0004 


.0004 


.0004 

.0004 

.0004 

.0004 

.0004 

.0003 

.0003 

.0003 

.0003 


.0003 

.0003 

.0003 

.0003 

.0003 

.0002 

.0002 

.0002 

.0002 

.0002 

.0002 


.0002 

.0002 

.0002 

.0002 

.0002 

.0002 

.0002 

.0001 

.0001 


.0001 






















































































Answers 


Note: Answers are given for the odd-numbered problems having only one 
part and for alternate parts of all problems, odd and even, having more than 
one part. In a few instances, no answers are given, and in some, all answers 
are given, depending upon the nature of the problems and the instructional 

intent. 

Section I. Page 2 
Problems: 

1. (a) 316.98 (c) 3,342 (e) 460,846,197.19 

4. (a) 3,260 (c) 2,842.128 

5. Total sales, §3,824.23 

6. (a) 1,536 (6) 1,649 (c) 1,719 (d) 10.08S (e) 14,228 (/) 25,816 

(, g ) 7,142 (h) 18,681 (*) 12,915 (j) 11,042 (k) 7,464.92 (/) 18,907.6 
(m) 3,407.43 (n) 17.37 (o) 2,797.63 


Section 2. Page 5 
Problems: 

1. (a) 267 ( b ) 32,100 (c) 4,515.81 (d) 1,ISO,927 (e) 41.91 

2. (a) 35 (6) 12 (c) 38 ( d ) 44 (e) 235 (/) 198 (?) 2,686 

(h) 255,908 (t) 58.74 (j) 1.73 ( k ) 244.29 (/) 87.69 

3. (a) SI.25 (6) S2.70 (c) $3.35 (d) §3.55 (e) §0.13 (/) SI.84 

(?) §0.28 (h) S2.72 (*) §2.68 (j) $4.87 (*) SI.09 (/) S3.42 

4. (a) §7.41 (6) S5.83 (c) §3.34 (d) §1.77 (e) S6.22 (/) $4.18 

(g) S2.65 (h) §0.56 (t) §8.73 (j) S7.67 (fc) §6.52 (/) $5.44 

5. Total net profit, S487.38 

7. (a) 214,244 (6) 307,603 (c) 149,469 (d) 318.07 (e) 156,500,106 

(/) 1,200,464 ( 0 ) 316,210 (h) 157,740 (*) 256,401 (j) 3,278,790 

(fc) 291,745.03 (Z) 27,579.79 (m) 44,727 (n) 1,563.499 (o) 420.4829 


Section 3. Page 8 
Problems: 

1. (a) 6,000 (6) 35,244 (c) SI,192 (d) 1,515 (e) 1,176 (/) 600 
(?) 3,264.9 (h) 75,235 (»') S850 (j) 1,280 (fc) 3,620 (Z) 24,500 

(m) 5,790 (n) 675 (o) 25,500 (p) 9,300 (?) 21,420 (r) 163,650 

(s) 10,692 (t) 69,894 (u) 960,454 (v) 997,931 (i o) 17,753,582 

2. (a) 768 (6) 1,325 (c) 6,764 (d) 1,755 (e) 5,80S (J) 2,793 
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3. Total pay roll, $40,857.41 

4. (a) 11,302,936 (b) 412,137 (c) 10,970,624 (d) 608,124 

(e) 10,477,120 (/) 6,329,112 (g) 3,317,072 (h) 30,765,795 (*) 4,198,968 
(j) 62,916 

5. 616; 2,387; 5,379; 38.06; 11.66; 29,403 

6. By 25: 1,100; $11,250; $115; 25.875; $3,755; 0.175 
By 50: 2,200; $22,500; $230; 51.75; $7,510; 0.35 

By 99: 4,356; $44,550; $455.40; 102.465; $14,869.80; 0.693 
By 101: 4,444; $45,450; $464.60; 104.535; $15,170.20; 0.707 

Section 4. Page 9 
Problems: 

1. (a) 259, remainder, 296 (c) 196, remainder, 310 
(e) 75, remainder, 595 

3. (a) 279, remainder, 13 ( b ) 6,660, remainder, 114 
(c) 1,089, remainder, 34 (d) 1,043, remainder, 44 ( e) 961, remainder, 18 

(/) 798, remainder, 12 ( g) 1,000, remainder, 356 ( h ) 1,200, remainder, 168 
(i) 427, remainder, 39 (j) 2,338, remainder, 40 

Section 5. Page 11 
Problems: 

1. (a) 2, 2, 2, 3, 7 (c) 3, 11, 11 
«) 2, 19, 19 

3. 7, 5; 3, 7; 7, 11; 11, 11; 7, 7 
5. 5 

7. 5, 7, 11, 13 

Section 6. Page 13 
Problems: 

1. (a) 18 (c) 8 (e) 4 3. 25 

Section 7. Page 15 
Problems: 

1. (a) 216 (c) 7,260 (e) 11,220 

2. (a) 90 (c) 1,134 (e) 2,520 

3. 50 = LCM of 5, 10, and 25 

Section 9. Page 17 
Problems: 

1. (a) li (c) 12ft 

2. (a) | (c) 1 (e) wt (ff) TS 

3. (a) £ (c) 1^ (e) | (0) 32* 


(e) 2, 2, 2, 2, 7, 7 (?) 5, 5, 5, 3, 3 

9. 6,075, 9,636, 8,124, 1,872 
11. 5,004, 9,009, 6,264 
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4. (a) 2 (c) 2-re (e) re (g) 5y (i) 40re 

5. (a) 7 (c) re (e) -gV (0) 8 ^ (*) 6 } re 
7. 27 min, 3 min, 1 hr, 19 min 

9. $154f, SlOOf, $57i 

Section 10. Page 19 
Problems: 

1. (a) | (6) re (c) T (<*) 5 («) T5 (/) A (ff) f (*) A 

(t) § O') I (fc) -nr (0 * ("0 I («) I (o) 5 ( p) 12 

2. (a) 3* (c) 96 

3. (a) 8 f (0 208-rre («) 29^ 0) 134f (t) 264| (A) 6 (m) 18 

(o) TTB- 

5. $43.75, S156.25, S106.25 

Section 11. Page 21 
Problems: 

1 . (a) 2 (c) -nr (e) 48 ( g) -§4 (i) 

2 . (a) £ (c) li («) 1 ^ 0 ) 1 (*) 20 (*) 1 (m) 4^ (o) l£ 

(9) 20 

3. (a) re (c) l T Vjy (e) Itt 0) iV (*) rarff (*) 2 

5. i 7. i 9. 16ff 

Section 12. Page 23 
Problems: 

1. (a) Twenty-five hundredths (c) two thousandths 

(e) two hundred three thousandths (g) ninety-two ten-thousandths 

(i) two hundred forty three thousand six hundred seventy-five millionths 

(k) two hundred ninety-five and sixty-five hundredths 

(m) one thousand one and one thousand one ten-thousandths 

(o) seven hundred and seven hundredths 

2 . (a) -j (c) yre («) t 0 ) £ (*) T (£) ? 

Section 13. Page 23 
Problems: 

1. 387.596 3. Net profit, $29,373.66 

2. (a) 71.875 (c) $26.38 5. Balance, $465.45 

Section 14. Page 25 
Problems: 

1. (a) 0.009 (c) 0.48 (e) 27.95 (g) 37.50 (i) 64.6875 

2. (a) $1.95 (c) $7.04 (e) $3.91 (g) S0.83 

3. (a) S183 ( 6 ) $606.66 


5. Total cost, $9,809.25 
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Section 15. Page 28 
Problems: 

1. (a) 25.08 (c) 53.533 (e) 0.003 

2. (a) 11.29 (c) 1.60 (e) 3.22 (?) 0.02 (t) 0.68295 

3. $18.75 5. $5.50 

4. (a) 700 (c) 256 (e) 34 7. 320 lb, 3,888f lb, 416 cakes, 150 lb 

Section 18. Page 34 

Problems: 

1. 2.67 ft, 3 3. 537.8803424, 537.88 

2. (a) $674.35 (c) $5,864.04 4. (a) 16.676 (c) 0.051 

5. 1.26 

7. (a) 2 (c) 3 (e) 1 (g) 3 (t) 5 (*) 3 (m) 4 (o) 2 (?) 3 

(«) 7 (u) 7 

8. (a) 7.3 (c) 0.108 (e) 112,200 

9. (a) 14 (c) 0.0036 (e) 20 

10. (a) 166.46 (c) 84.0 

U. (a) 111.41 (c) 0.0022 

Section 19(a). Page 36 
Problems: 

1. 632.58, excess 6 

2. (a) 316.98, excess 0 (6) 709.95, excess 3 (c) 3,342, excess 3 
( d ) 270,692.08, excess 7 (e) 460,846,197.19, excess 1 

Chapter I. Page 38 

Exercises: 


1* (a) if (c) fr ( e ) f (9) 5 ts (*) f 

2. (a) if (c) 15ff (e) lffff 

3. (a) (c) 7-§-§- (e) 2y^ (?) 31A 

4. (a) 5^ (c) 26f (e) 259f (?) lA (*) m (*) 22 

5. ff- in. 7. $71.28 

8. (a) 66 ft/sec (c) 469^- ft/sec 

9. (a) 17A mph (6) 60 mph (c) 109yV niph 


10. (a) 0.017 (c) 0.016 

11. No, 633 in., 553 in. 

13. 11 pieces, 1.21 in. 

15. (a) 86 (c) 11 (e) 22 

16. (a) 48 (c) 918 

17. 0.264 lb/in. 

18. (a) $11.25 (c) $78.75 

19. $19,395 
21. 64 lots 
23. $24.48 
25. $60,000 


27. A 
29. $12.64 
31. 23 A in. 

33. 24 qt 
35. SI.94 
37. -f 
39. 15 

41. 0.027 

42. (a) 81 (c) 78 

43. 53,210 1b 

45. $79,125, $23,925 
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47 . (a) 11.29°C (6) -3.76°C (c) -31.48°C 

48. (a) 3.1429 (c) 6.75 (e) 0.18 

49. 1,000 man-hr 
51. $0.1056 per sq ft 
53. 1,322 
55. $4.02 

Chapter I. Page 42 

Self-Test: 

1. $17,099.40, $3,032.35 2. 2 

3. (a) 5 (6) 1 (c) 5 ( d) 4, 5, 6, or 7 (e) 5 

4. $16,825.53; excess 3 7. 100.52 

5. 17,640, LCM 8. A 

6. 18 9. S45.36 

10. Management, $5,882.40; advertising, $11,223.00; sales, $15,091.20; 
collections, $2,254.00; total pay roll, $34,450.60 


57. $70.38 
59. 550 cu in. 
61. S229.75 


Section 20. Page 48 
Problems: 

1. (a) a + 6 + c (c) abc 

2. (a) Prt (c) (x + y)/2 

3. X/12J* 

5. 20y miles 

7. x + £x = 90 


(e) (a/6) — c ( g) abc + 6c 


9. 6 = 2a 
11. w — 15 = z 
13. C = S/12 


15. 4y, 5y 

17. y/t, ( Ty)/t , (4y)A, (fc + £)(y/«) 


Section 23. Page 52 


Problems: 



1. -8 

21. 

0 

3. -3 

23. 

-1 

5. -108 

25. 

-11.98 

7. 136 

27. 

-0.9 

9. -0.114 

29. 

—9^ 

11. l£ 

31. 

-1 

13. -12^| 

33. 

7 

15. -10fi 

35. 

0 

17. 99f£ 

37. 

$27.09 

19. -99 

39. 

-0.01 
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Section 24. Page 54 
Problems: 

1. -2 
3. -59 
5. 220 
7. 51.95 
9. -0.6294 
11. -T 

13. 

15. A 
17. -17^ 

Section 25. Page 55 

Problems: 

1. 19x 
3. x 

5. — 20u; 

7. 13xz 
9. -2 cd 
11. 18M X 
13. —5.7x 

Section 26. Page 59 
Problems: 

1. 6 r - 4 
3. 20 + 2 i 
5. 3P - 6 r - 5 
7. 6 P - 8 
9. 4 - 2a 
11 . 10 . 2 < - 2 
13. 2y — 6 x — 9 
15. y — x 
17. 4a 2 - 5a6 - 6 2 
19. 8 p — 12 m + n 
21. 15 
23. 9r + 9 n 
25. 4 a + L 

Section 27. Page 61 
Problems: 

1. x 8 

3. a 4- tO 2 
5. 6a 3 6'» 


19. - 967 - 5 - 
21 . 6,810.18 
23. -2,222.22 
25. 305ft 
27. - 6 ltt 
29. 10 
31. 4 

• 33. -10t 
35. 1.1 


15. 0 

17. 2x - 2y + 15 
19. ^Ir-y 3 -f 

21 . Avd. x 

23. 6.9r - 11.4* 

25. -ytP + 

27 . ^p + & + tr 


27. 8 x -f 3 
29. 9 - 12a - 36 
31. -r - 3 

33. 2x 2 - (4x - Zy + 2) 

35. K - (-P + Prt - D) 

37. 10 - (-1 - 1 - 1) 

39. 1 - (—3P + 4 Q - R) 

41. y* - y - (-6 y 2 + 4x - 7) 
43. (P + S) - (4r - 3n + 6?) 
45. (2x + y) — ( — 5 + z - 3w) 
47. —a — (6 + c + cl) 

49. —(—7 + x - y) 


7. (1.02)® 
9. a 6 6 3 c 4 
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Page 62 
1. x s 

3. (1 + r) s 
5. a*6 J c* 


Page 62 

I. x* 

3. x«y 9 

5. (1.06)® 

7. 16j/* 

Page 63 

1. 54 
3. x 14 
5. 54 rH* 

7. 8x® 

9. x J 
11. 27 yz 
13. (1 + r) 5 

15. P*r*t 

17. 2X3* 

19. 2 17 

21. 3 X 2 7 X u 7 v 
Section 28. Page 65 

Problems: 

1. 144 
3. -64 

- 5 1 

o. —T2" 

7. -33 
9. -2a 1 

II. 14c 1 
13. 362®x 
15. PRH 
17. —10a 4 y 
19. 811/ 

Section 29. Page 66 

Problems: 

1. a(l + b) 

3. 3(a - 46 + 3c) 

5. 4ax(l — 2x) 

7. xy*(3xy2 5 — 4) 

9. 23/iV(l - 4ilf + 10AT*) 


7. L'-R* 

9. (86 3 )/9 


9. a 3 c 4 
11. (1.05)” 

13. 343P 4 
15. 27r 3 (l + r) 5 


23. ae(a + e)® 
25. S 3 <PP 
27. 2 17 
29. a6 3 c 
31. w *° 


33. 2 3 p*q* 
35. (a + e) s 


37. 


xV 


x* 4- y 


>3 


39. i 3 + J 
41. X - 1 


21. 2x + 2y 
23. 2a 1 - 2ab 
25. — 2x — 2y + 6 
27. ax + cx — 4x 
29. </P - tPP 
31. A - 
33. x 1 - x 5 
35. 2x 2 y 4- 2xy» 

P 4 

17. ^ - v + 1 
9 4 


11. 4x 5 y 1 (x 1 y 3 - 3) 
13. 0.04r 1 P(i - r) 
15. x(a 4- b) 

17. P(1 - rt) 
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Section 30. Page 67 
Problems: 


1. -4 

11. 

(1.08) 4 

3. -|r 

13. 

— 56 

5. -ft; 2 

15. 

—6.138 

7. 66c 2 

17. 

-1 

9. — (^-)m 3 n 2 




Section 31. Page 71 
Problems: 

1. (a) £ (c) -3 (e) | (|g ) £ (i) 100 

2. (a) 4^- (c) 0.854 (e) 156.06 (g) ^ (i) 212.18 (&) 45 ( m ) 22 

(o) t 

3. z = £; a = 1 11. 0.045 

e S(1 - r) 

5. a = -- 13. $7.50 

1 — r n 

m , 2A, 2A 

7 •h=—;b=— 15. A: $875; B: $125 

0 /l 

9. 108.16 17. 135 by 405 rods 


Section 32. Page 74 


Problems: 



5. A, $10; B, $15 


n 1600 

•• TJT 

9. 0.2, 0.24, 0.5, 0.06 
11. 3.125 


Section 33. Page 76 

Problems: 

1. (a) 14 (c) 17 
3. 12-j days 
5. $164.33 
7. $95.83 


9. $176.70 
11. $80, $120 
13. $5,000, $5,000, $10,000 
15. $4 


Chapter II. Page 77 
Exercises: 

1. (a) 10a (c) 5 a + 26 (e) 2a 2 + 2ab - 26* 

2. (a) 7a (c) 8ay ( e ) 4p — 3q + r 

3. (a) 4a + 36 - 4c - 1 (c) 7/2-65-1 (e) 2x + y + 9 

4. (a) 15a 2 6 (c) 2P/Crf (e) 8CDx 2 

5. (a) 26 (c) 3z/a (e) 5.1AT 

6. (a) 4 (c) -2 (e) -2 

7. P = //(nz), » = / /(Pi), i = ZY(Pn); HO 
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9. P = 5/(1 + t) n ; 1,000 

11. a = (2 S — nL)/n, n = (2S)/(a + L), L — (2S na)/n 
13. (a) x — 5 (c) (x + iV)/2 (e) x — 20 
15. 200 lb 

17. (a) £ days ( 6 ) A days ( c ) i da >’ s 1/A " days 
(e) l/(m + n) days 

19. 11 ft 8 in. 21. $4.46 23. 75 

Chapter II. Page 79 


Self-Test: 


1 . 

(qH)/( 300 

9. 

(mp + 6 ? + er)/(m + b + c) 

2 . 

x - 7 

10 . 

A' = (Pj - 

Cg)/(j - g) 



11 . 

D I+i 

+ Z )*+2 + Dx+l 

3. 

C = S - P - E 

Dr = - 

a, - 1 

4. 

— r/15 

12 . 

SI.27 


5. 

(150r0/(150 + r) 

13. 

2.21 


6 . 

x */8 

14. 

511 lb 


7. 

0.0122*^* - 0.00482tx* 

15. 

40 


8. 

4 




16. 

(a) -3 ( 6 ) 72 (c) 55,296 

(d) TT 


17. 

.4, $35; B, $58 

19. 

$667.12 


18. 

2 ^ sq in. 

20 . 

$2,400, $6,000, $9,600 


Section 38. Page 95 
Problems: 

1. 14.45, 14.6 7. 68.20 

3. 7.42, 5.25 9. 5.5 

5. 79.96 $1,116, 78.4^ 35.5^ 

Section 39. Page 100 
Problems: 

1. (a) 7.7 (6) 7.625 

3. 177.2 (for intervals 72.5-92.5, etc.; exact mean 174.9 
5. $151.28 

Section 40. Page 101 


Problems: 

1. 15 
3. 82 


5. 81.5 
7. $5,400 
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Section 41. Page 103 
Problems: 

1. 5.75 7. SI.67 

3. 55.8 9. 123.6 

5. 6.5 


Section 42. Page 107 

Problems: 

1. 20-25, 49.5-59.5 

Section 44. Page 110 
Problems: 

1. 0.094 
3. Marksman B 
5. 1.375 

Section 45. Page 115 
Problems: 

1. 4.58 
3. 17.5 
5. 5.52 

Section 46. Page 118 

Problems: 

1. SI.58, SI.74, SO.08 
3. 2.2, 4.8, 6.2, 8.5 

Section 47. Page 120 
Problems: 


3. 58.6, 60, 60 


7. 2.65 
9. 5.4 

11. (a) 97.4; (6) 31.0 


7. 5.5 
9. 49 

11. Mean, 2.5; S.D., 0.55 


5. 37.3, 43.7, 65.2 


1. 79, 84, 81, 80, 91, 99, 100, 108, 118, 124 
3. 73, 75, 74, 79, 86. 95, 100, 105, 112, 121 


Chapter III. Page 121 
Exercises: 

1. Mean, S1.028; median, $1,021; modal group, S1-S1.03; Q i, $0,962; Qz, 
S1.09 


3. 8.4, 8 
5. 85.9 


9. 2.9, 29 
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Chapter III. Page 124 

Self-Test: 

1. 80; 8.6 

2. 18 

3. 137.5 

4. $0,582; $0,141 

5. 227.625 

Section 48(1). Page 128 
Problems: 

1. (a) 6% (c) 12(«) 1&|% (?) 4.5% ( i) 125% (k) 550% 

(m) ll£% (o) 66j% ( q) 100% (s) 1,000% (u) 7.638% (it-) 02.357% 

2. (a) 0.25,25% (c) 0.3333,33^% (e) 0.2,20% ( g ) 0.1667, 16f% 

(*) 0.1111, ll£% ( k ) 0.0909, 9.09% (m) 0.625, 62^% (o) 0.875, S7.5% 

(q) 0.36, 36% (s) 1.9553, 195.53% (u) 2.625, 262.5% (it;) 7.75, 775% 

Section 48(2). Page 129 
Problems: 

1. (a) 0.03, -r^r (c) 0.0833, ^ (e) 0.625, f (g) 0.95, (») 2.25, £ 

(k) 0.005, ("0 4.35, U (o) 10, 10 ( 7 ) 0.005, ^ (*) 0.004, ^Vrr 

2. (a) 0.75, 75% (c) T V, 2.5% (e) 0.7143, 71.43% ( g) 4.875, 487.5% 

(») 2.6, (A:) -HP, 9,950% 

Section 49(1). Page 130 
Problems: 

3. (a) $18 (r) $600 (e) 17.50 (t/) 3.4 days (t) $21.60 

(fc) SI,662.50 (rn) $818.86 

5. $3,520 

Section 49(2). Page 132 
Problems: 

1. (a) 50% (c) 20% (<*) 6% (g) 3.5% (*) 12.5% (k) 200% 

(m) 33.86% (o) 2.9% 

2. (a) 10% (c) 18.75% (e) 40% (g) 2% (i) 4.5% (fc) 21.43% 

(in) 8.33% (o) 133.33% 


6 . 1,675 

7. 145 

8. 10 

9. Mode 

10. Md = B + (n/C)L 


3. 51% 

5. 16.75% 
7. 12% 


9. 11.54% 
11. 4i-% 
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Section 49(3). Page 133 
Problems: 


1. 100 
3. 40 
5. 35 

7. $65 

Section 50. Page 135 
Problems: 

1. $23.25, $441.75 
3. 2.78% 

5. $36,240 

Section 51. Page 138 
Problems: 

1. (a) $100.80 (c) $463.23 (e) $2,625 ( g ) $353.46 
3. $44.10; 20% 5. (c) 

7. $653.56, $660.23 

11. (a) 35.2% (c) 56.8% (e) r[6 - (llr)/100 + (6r l )/10,000]% 

13. Loss, $33.46 15. $29.18 

Section 52. Page 141 
Problems: 

1. $31.60 4. (a) 12^ (c) 4 

3. (a) $35 (c) $122.50 5. (a) $7,500 (c) $22,857.14 

7. $763.34 

8. (a) 3^ (c) 5* (e) none ( g) 2* ( i) $66 (k) 25 1 (m) 40* 
(o) none 

9. (a) $4 (c) $0.80 (e) S2.95 ( g ) $1.96 (i) $0.43 (A) $1.42 
(?n) $392.99 (o) $30.69 


9. $500 
11. $80,000 

13. $203,000,000, $227,000,000 
15. $4,050 


7. $2,743.10; $1,987.75; $5,554.00 
9. $550, 56^% 


Section 53. Page 144 
Problems: 

1. (a) S6.12 (c) $62.94 (e) $7.93 

13. 42.22% 

15. 60% 

17. $69.23; $24.23 
19. 23.79% 

21. (a) 1.54 (c) 1.18 


3. $39.22 
5. $7.40; $11; $36 
7. $11; S19; $80 
9. $0.74; $2.94; $2.94 
11. $3; $10; $13.33 
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Chapter IV. Page 146 
Exercises: 

1. (a) 0.0125 (c) 13-j% (e) r /100 

3. 3l|% 

5. Second, S95 

6. (a) 20% (c) 33-5% (e) 33*% 

7. (a) S324.90 (c) SI,411.34 

9. (a) 8.74% (c) 14.29% 


11. 80.32%, 12.05%, 6.02%, 

1.61% 

13. $7,189.00 

25. $1,200 

15. $2,740 

27. $0.36, S0.77, $2.94 

17. SI,172 

29. SI.94 

19. S88 

31. $64.29 

21. $4,772.73 

33. $239.40, $1.81, 47.01% 

23. $143,286.27 

35. 293 

Chapter IV. Page 150 


Self-Test: 


1. 920 

11. $145.80 

2. 39.1% 

12. 14.5% 

3. 62.5% 

13. 90 

4. 20% 

14. 0.0235 

5. S350 

15. A 

6. 37.5% 

16. 15% 

„ ( 100D - C\ M 

7 - V D ) % 

17. 200% 

8. $47.62 

18. A7100 

9. 133|% 

19. 36,500% 

10. S7 

20. 27.1% 

Section 54. Page 154 


Problems: 


1. (a) $105.30, $885.30 

(c) 0.04, $2,040 (e) S648, 9 yr 

3. 3 yr ago 

9. 100% 

5. 24% 

11. $0.29, $100.29 

7. SI,500 

13. 5.28% 

Section 56. Page 158 


Problems: 



1. (a) 194, 190 (c) 200, 196 (e) 397, 390 ( g ) 367, 361 

2. (a) SI.45, SI.43 (c) $0.83, S0.82 (e) $7.38, S7.28 

(?) $57.99, $57.19 


3. $90.42 


5. S162.50 


7. $5.08, $5 
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9. Exact interest for approximate time, $1 

11. S91.33 13. S150 

Section 57. Page 160 
Problems: 

1. (a) S320 (c) S82.13 (e) S124.83 (g) S223.30 (*) S900 

3. S738.92 7. S186.73 

5. Second; $0.50 9 . S48.828.12 

Section 58. Page 162 
Problems: 

1. (a) $28.30 (c) $43.81 (e) S31.92 ( g ) S4 (i) $1.52 

2. (a) SI.68 (c) S5.44 (e) S2.02 

3. S7.46 

Section 60. Page 165 

Problems: 

1. S1.01, S301.24 
3. S7.22, S955.44 
5. S1.01, SI50.30 
7. S314.58, S50,018.75 
9. S37.78, $4,999.72 
11. S29.18, S2,596.82 

Page 167 

1. SI.75, -SI98.25 
3. S7.91, $442.09 

Section 61. Page 170 
Problems: 

1. 4.98% 

3. (a) 2.99% (6) 2.97% 

5. (a) $17.00 ( b) $16.67 

Section 62. Page 174 

Problems: 

1 . 21 . 2 % 

3. 43.9% 

5. 10.6% 

Section 63. Page 176 

Problems: 

1. S594.03, S593.04 
3. S26.68, $26.67 


13. S6.56, S679.67 
15. SO.75, S150 
17. S5.02, $999.98 
19. 2.98% 

21 . 120 days 
23. S3.38 


5. SO.41 


7. Bank discount; $4.69 
9. $4,050.63 


7. 18.9% 

9. 1.03%; 1.01% 
11. 21.5% 


5. [P(l + rt) - Pi)[r(T - 
7. PrH(T -t),t =0,1 = 


t) +1] 
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Chapter V. Page 177 

Exercises: 

1. $168 

3. 5.45 yr 
5. $83.57 

9. $396.50, $405.17 
11. 16% 

13. $348.98 

15. SI,408.33, $1,308.33, $1,283.33 
17. $128.74 
19. $404.04 

Chapter V. Page 180 
Self-Test: 

1. $11.84 

2 . 1 . 02 % 

3. 2*yr 

4. 217 

5. 104 

6. 44 

7. 8, 9. 215, 102, 44 

Section 6-1. Page 182 

Problems: 

1. 9x + 3y 
3. 8x *y — 7y 
5. 6x 3 - 6 y* 

7. 15 - 7x 3 y 
9. 6y 3 - 10y 3 + y + 114 
11. 3a 
13. -lOi 

Section 65. Page 183 

Problems: 

1. a 1 - 6* 

3. x* + 3 xy + 2y* 

5. 4r s + 4rd + d* 

7. F* + F - 12 
9. C* 4- C - 6 
11. a* 4* 2aL -f- L 3 


21. Dec. 21, 1962 
23. $1,480; 4.05% 

25. S30,132.81 

27. $10,050.25 

28. (a) $1.32 (c) $0.26 (e) $2.50 

29. $305.88 
31. $11.52 
33. $307.50 
35. 19.2% 


10. $7.92 

11. $485.44 

12. 23.6% 

13. 14. $508, S508.03 
15, 16. S10; $990 
17, 18. $1,616, S4.04 
19, 20. $999.90, $997.40 


15. 2a +b 

17. 2x — 13y 4- 5u> 

19. 7»/* - x 1 - 7 
21. 19 — 6< 4- 4r - Orl* 
23. §R — -JP — tVQ 
25. -3a - 4b - 7c 
27. lOx 4- xy - 3 + 2y 


13. 18c 5 4- cd — 4d 5 
15. 20a< 4- 3a 5 6 - 26 5 
17. i* - 2t*r - 8ir* 4- 16r 5 
19. x* - y J 

21. c 3 4- 3c 5 d - cd - 3d 5 
23. a 3 4- 3a 5 6 4- 3a6 5 4- b 3 


25. ax 3 — 3x 4 4- 2yx 3 4* ay* — 3xy* 4- 2 y* 

27. m 5 - n 6 33. 1 4- 2x 4- x 5 - 2y - 2xy - 3y* 

29. a 3 4- 2a6 + b* - a*b* 35. P 3 4- 3 P*S + 3 PS* 4- S * 

31. 6a 4 — 7a 3 4- a 3 4- 5a — 2 

37. 0.245p« 4* 0.35p 3 - 0.463p 3 4- 0.588p - 0.588 
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Section 66. Page 185 
Problems: 

1. 3a6(c — 9) 

3 - (x + y)(x - y) 

5. (x + 3) 2 

7. ( ab + 5 mn)(ab — 5mn) 

9. (2a + l)(a + 2) 

11. (82 — 3w;) 2 

13. 2(5 F + 6N) (5F - 6N) 

15. 3c(a 2 -f- 6 2 )(a + 6) (a — 6) 


Section 67. Page 188 
Problems: 


12 + 24r 
(1 + r) 2 



2aby — 3 ax 



8 0 
5“g- 


w 




14x 3 -f 105x -f 27 
63x 2 

0.96P - 0.04 

P + 1 


17. (15a - 14p)(2a + 3p) 
19. (p + q + l)(p + q _ i) 
21. cd(c — d) 

23. 2r/(z 2 — Tzy + 4) 

25. (2.03 + r)(r - 0.03) 

27. <»- 2 (ylrf<2 + 1) 

29. 9p(4 ? 2 + 1)J 


11 . 


4P - 2 SRP + 5 S*R 


13. 


6 R*S 

37pq — 2 p 1 — 3g 2 

15 16y 3 - 8 xy i + xhj - 4y 2 
(x -f 3y) (x - 4y) 2 
5 A; + 2t 


— 6xy 


17. 


19. 


( 2 »)(* - 2 ) 
~ 1 ) 
d 2 /* - 1 


Section 68. Page 189 


Problems: 




a 6 bc 3 

5mrs 

2 n 



102<ia 5 

cu> 



x 

y 



a 2 

36 


11. (x + j/)(2x - 3) 





3x 2 - llx + 6 
x - 2 
i + r 


19. p(q + p — 2) 

21 -(TT^ 

23. 200 (C + P) 


25. — 4dH* 

-k 

27 . __ 

3»t(A: + ?«) 
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Section 69. Page 191 
Problems: 

1. (a) a/ 50 (c) -\Zl6x (e) \/xy ( g) 1 + i (») ^(5r) 3 

(fc) -yWexV) 1 (w) 1-t V^ 1 (o) ^(18pV) 7 ^(1.04) 3 

2. (a) 3a6* (c) -9m? (e) (1 + r)* (y) (7 3 a)* (*) (tfS)^* 

(fc) (a 1 - X s ) 1 (m) (S J )* (o) (d ,l 9 5 )i 

3. (a) a* (c) 3s (e) 2 fa) xly^z* (t) r»»S* (&) 2a(l - a)* 

(m) (1 + r)* (o) (1.04)* (g) (s) -1,562.4 


Section 70. Page 193 
Problems: 

1. 68 

3. (1 + *)• 

5. 2 


7. 1 

9. (1.08)® 
11 . 1 


Section 71. Page 194 


Problems: 


1. 9, 64/27, 1/729, 1/1.44 


2 - (o) (iFej » o 

(fc) Q (1 ^ (m) 5* (o) 


(1 4- r) ls 
v 100 

° (1 + r)® 


(«) (a + 6) 5 


(1 + RV l 


(i) -T 
x 7 z 


3. (x/y)» 

17. # - S 

5 — 

* c*6* 

19. 1.06 

7 1 ' 

3 *RS* 

21. -f 

9 * x®yl 

23. -400 

11. 07t)ifc2 _1 

25. -0.05/(1.05)= 

13. r ~ S 

27. -1 


(u + r)(u + 2r) 
(ru)* 
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Section 72. Page 196 


Problems: 


1 . 

361 

25. 

2 V2 

3. 

20,736 

27. 

2^ 

5. 

804,357 

29. 

7ir 2 y/2x■ 

7. 

50.653 

31. 

4 S 2 ^/2St 2 

9. 

3.125 X 10~ 7 

33. 

0.5p 3 s 5 y/ 3 pq 

11. 

14,400 

35. 

V6_ 

13. 

23 

37. 

y/ 10 xy 

15. 

0.71 

39. 

z 3 y/Zy 

17. 

113,969.25 

41. 

10P y/sT 

19. 

0.77 

43. 

q 2 \/0^2? 

21. 

12.12 

45. 

(1.05) 2 p y/v 

23. 

20.12 



Pag 

e 198 




1. (a) 27 (c) i (e) 9 ( g) 0.0609 (*) 7 

2. (a) 583.2 (c) 406 (e) 189 (9) 0 (i) 1.03 (k) 0.31 

Section 73. Page 201 

Problems: 

1. 18.854 

3. 19.939 
5. 1.040 
7. 0.254 

Chapter VI. Page 205 
Exercises: 

1. (a) 5 L x — 4L x+ i + 6L i+2 (c) 4 an — nL + 15 

(e) 4xy — 2 x 2 2 / + 3xi/* 

2. (a) 3x — 2/ (c) -fziyi + 7^22 /j + -§* 32/3 (e) 1 


9. 0.060 
11. 30.6 
13. 1.4 
15. 2 


3. 9x 2 - 4 
5. .ft 3 - £ 3 

7. 2P 3 - 38P 2 - 44P + 80 


9. 4 (7a +5) (a - 1) 
11. a 2 6 2 (c + d)(c - d) 
13. x - 7 


15. (a) 12x 2 - 3x 

16. (a) P(1 + ni) 
(g) C( 1 - r) 2 

N 2x + 32/ 

17. (a) - 7T~ 


( c ) r » _ r - 20 (e) 27s 3 - 12s 

(c) (d - 3)(d + 2) (c) 3m(m - 4)(m + 2) 



P + C 


-2 


2 + 4P 


(e) a 2 - b 2 
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18. (a) x 4 + 4 x*y + 6 x*j/* + 4 xy 3 + y* (c) 1+3 R + 3 R 1 + R 3 
(e) 16x 4 - 32x 3 + 24x J - 8 x + 1 

2x - 5 1 - r + r 2 x 

19. (a) - (c) --- («) 


(x 2 - 1) 

29. (a) xV (c) 2 (e) -24xV (g) 6 In (*) (^j 

30. (a) 70,000 (c) rr (e) 14 V<> 

31. (a) 8.71 (c) 32.04 (e) 0.38 (</) 14.21 (») 3.00 

Chapter \ I. Page 208 
Self-Test: 

1. 5m — 7n 

2. iV(Lx + L z + i)(D + 2) dollars 

3 . 1— b — c + be — a + ab + ac — abc 

4. n(a + L) 

5. (a) — 6x (6) 2a *6* (c) - t 


(*) 


a 5 6 3 


W) 


a 


a 3 6 2 


6. (a) - VS (b) 2 (f) 3xt/ ! 10. 


7 . 1+2 + 

7H 

8. f/2 

lOOr* 

9. 


ii 


m 


P + s - fl 

R' 

9 + 3x + x* 

11 . - 

3x 

12. m(m* - «*) 

13. 2x + 5 


19. Increase 

20. 48.58 


100 + k 

14. H J + 3// 2 r + 3//r 2 + T 3 

15. x 1 + ?/ 2 + r 1 + 2xj/ + 2xr + 2i/r 

16. 7, 23 

17. Between t = 2 and * = 4 

18. 

Section 75. Page 213 
Problems: 

1. (a) log 10000 = 4 (c) log 87.55 = 1.94226 (e) log 35 = 1.54407 

2. (a) 5 = 10 c 69897 (c) 290 = 10* 46240 (e) 5.25 = 10 0 - 72016 

3. (a) 5 (c) 3 (e) 3 (g) 10 (*) A 

Section 76. Page 215 
Problems: 


1.0 3. 1 

5. 0 

7. 2 

9. 5 

11. 0 

13. 0 

15. 0 

Page 217 

1. 9 - 10; -1 

7. 8 

- 10; -2 

13. 6 

- 10; -4 

17. 5 - 

10; -5 

3. 9 - 10; -1 
5. 8 - 10; -2 

9. 7 
11. 7 

- 10; -3 

- 10; -3 

15. 6 

- 10; -4 

19. 5 - 

10; -5 
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Section 77. Page 218 
Problems: 

2. (a) 2.77866 (c) 3.77815 (e) 3.78097 ( g ) 7.77887 - 10 
( i ) 5.78089 - 10 

3. (a) 2.95036 (c) 1.57634 (e) 8.74966 - 10' ( g) 3.53782 

(i) 0.99782 (k) 2.01368 (m) 1.11628 (o) 9.86320 - 10 


Section 78. Page 219 
Problems: 

1. 60.07 3. 6011 5. 0.06015 7. 36 9. 2195 11. 0.005429 

13. 467,800 15. 1.448 


Section 79. Page 220 
Problems: 

1. (a) 4.77853 (c) 4.77857 (e) 1.77857 

2. (a) 9.67728 - 10 (c) 7.67731 - 10 (e) 4.67724 

Page 222 

1. 0.99185, 0.99185, 0.99185 4 . (a) 24.031 (c) 0.57565 

3. (a) 2,024.5 (c) 0.20247 


Section 80. Page 224 
Problems: 

1. (a) 5.62881 (c) 7.61470 - 10 (e) 5.41019 

2. (a) -8,096 (c) -7.1682 

3. (a) 1,728, 0 (c) 36,068, 0.32 ( e ) 1,499.2, 0.03409 

(g) 1,695,100, 35.60 

4. (a) 135.16 (c) 0.030011 (e) 1.2679 X 10 9 ( g ) 123,590 

(t) 7.6910 X 10 8 

Page 227 

1. (a) 2.12413 (c) 8.50982 - 10 (e) 7.52159 - 10 

2. (a) 15.004 (c) 10.393 

3. (a) 8.6143 (c) 0.90548 (e) 3.1734 X 10" 7 ( g) 4.6284 

( i) -0.059961 

4. (a) -37.258 (c) 31.849 (e) 1,559,300 ( 0 ) 1.2346 

(<) 5.0318 X 10“ 6 


Page 229 

1. (a) 6.49436; 3,121,500 (c) 9.52870 - 10; 0.33783 

(e) 6.19074 - 50; 1.56(10““) 

3. (a) 1.3685 (c) 23,730 (e) 0.79035 
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4 . (a) 170.30 (c) —9210.4 (e) 974.30 ( g) 16,782 (i) 334.32 

{k) 1.5259 X 10 -5 (m) 118.51 (o) 451,690 

Page 231 

1. (a) 0.89107 (c) 0.06090 (e) 9.61032 - 10 (g) 9.60025 - 10 

«) 9.67210 - 10 

2. (a) 21.030 (c) 0.45258 (e) 10.150 ( g ) 3.1591 (») 29,091 

(it) 1.6164 (m) 0.98322 (o) 1.2347 

4. (a) 70,482 (c) 4.0940 

Chapter VII. Page 237 
Exercises: 

1 . (o) 29,111 (c) 1,032.4 (e) 0.14319 ( g ) 597.41 (i) -3.0001 

(k) 1.7705 (m) 1.7768 (o) 0.57687 


5. 343,450,000 

13. 0.0137 

7. 3 

15. -0.71903 

9. 28 

17. 2.9439 

11. 2.38 

19. -7.9433 

Chapter VII. Page 238 

Self-Test: 

1. 2.74974 

11. 561.15 

2. 8.74896 - 10 

12. 0.056264 

3. 8.75097 - 10 

13. 0.056354 

4. 0.87533 

14. 56,020,000 

5. 1.75032 

15. 5.612 

6. 6.74860 - 10 

16. 1.0083 

7. 5.49947 

17. 0.13045 

8. 3.00178 

18. 134.98 

9. 3.18607 

19. 9,959.0 

10. 2.14 

20. 0.0306 

Section 82. Page 245 

Exercises: 

1. 79,486 

19. 26, 3 

3. -33, -60 

21. (a) 13, 20, 27, . . . 

5. -119, -605 

(c) -8, -3i l\, . 

7. 19.9, 505 

23. $23,625 

9. 2f, 22^ 

25. 190i in. 

11. 10, 25| 

27. 5% 

13. -2, 17 

29. S250 

15. 5, f 

31. $201 

17. £ 

33. 24 ft 
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Section 83. Page 255 


Exercises: 


1. 81,121 

21. 3\ 

3. 640, 1,275 

23. 1.9549, 1,307.1 

5. 405, 605 

25. 32.000, 3/22,768 

7. 12,288, 9,831 

27. (a) a “ 1)5 


r n _ l 

9. 54/2,401, 8,282/7,203 

29. A 

11. 88,064, 175,956 

31. ^ 

13. 1/128, -85/128 

33. 256 

15. 1,215 \/3, —- 640 - 

V 3 - 1 

35. 120%, 3,300,000 

17. 3, 605 

37. 3.1%, 1.9% 

19. 4, 0.042 

39. 11.99 ft 

Section 86. Page 264 


Exercises: 


1. (a) S109.34 (c) $249.99 

3. SI,118.29 

5. $5,361.60 

7. 4 yr 

9. 2-j%; 2.243% 

11. $345.03 

12. (a) SI,302.72 (c) $348.16 

13. SI, 100 due in 5 yr 

14. (a) 0.85% (c) 17.46 yr 


Section 87. Page 266 


Problems: 

1. (a) S366.06 ( b ) S565.56 (c) $776.70 

2. (a) S889 (6) $887.97 (c) $887.45 

3. $861.67; $742.47 

5. S8,203.48; $7,440.94; S6,755.64 
7. 0.861667; 0.622750; 0.975371 

Section 88. Page 268 
Problems: 

1. (a) 2.01% (c) 4.03% 

2. (a) 2.0% (c) 4.0% 

Section 89. Page 272 
Problems: 

1. $25,109.31 

„ rS 
3 - R = (1 + r)» - 1 
5. $9,419.24 
7. S8,831.77 


3. 12(^(100 + K)/100 - 1 ]% 
5. 2.51% 

9. S23,697.51 
11. $4,115.67 
13. Approximately 84 
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Section 90. Page 275 
Problems: 

1. $190.39 7. Approximately $15,000 

3. Cash, $236.24 9. 36.5% 

5. $3,444.69 

Section 91. Page 279 

Problems: 

1. $461.95 
3. $870.17 
5. $510.19 

Section 92. Page 283 

Problems: 

1. 5.013298 

2. (a) 9.949875 (c) 1.04875 (e) 3.87695 

3. (a) 1.001992 (6) 1.0192 

4 . (a) 1 - 2x + 3x* - 4x* (c) 1 - - + — - — 

2 8 16 

(e) 1 + 2R + 3fl* -+- 4 R* 

5. 0.44444, 0.25 7. 9.2096, 9.214226 

8. (a) a 1 + 7a*6 + 21a*6* + 35aV>* + 35a*6‘ + 21a*6* + Tab + b 7 
(c) 1 + 5(0.02) + 10(0.02)* + 10(0.02)* + 5(0.02)* + (0.02)* 

(e) x 7 - 14x9/ + 84x*y* - 2S0x*i/* + 560x9/* - 672xV + 448xi/« - 128 y 1 
(g) a 1 * — 8a u 6* + 28a‘*6* — 56a l0 6« -f 70a 8 6* — 56a 6 6 10 -f- 28a 4 6‘* — 8a*6 u 
+ b lt 

9. $444.07 

10. (a) 10.049875 (c) 5.0661 (e) 3.018347 (?) 2.080102 

11. i = (1 +j/m) m — 1 

12. (a) 1,030,301 (c) 941,192 (e) 132,651 ( g ) 9,409 

13. (a) 1 la6 10 (c) 34r>« (e) (-30x)(j//2)» 

Chapter VIII. Page 286 
Exercises: 

1. (a) 75, 390 (c) -43, -329 


7. $847.35 
9. $3,421.30 


3. $405 


5. $1,220 


6. (a) 2 (c) (e) r* (p) (1.04)* (i) (1 + *): 

7. (a) 10.5828 (c) 17.25786 

8. (a) 1.0609 (c) x* + 5x9/ + 10x*i/* -f- 10x*i/* + 5xy* + w* 

(e) 1.265319 (g) 1 — IO 2 + 452* — 1202 * + . . . + 2 io 

<*) O.OOOlp* - 0.008p? + 0.24p - 3.2pi + 16 

9. (a) 7.141429 (c) 12.041595 
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10. (a) $1,428.25; 8428.25 (c) 83,811.47; 8811.47 
(e) 35,649.50; 82,149.50 (g) S2,980.70; 8380.70 


11. (a) S819.54 (c) $441.79 

13. 5.9% 

15. 83; S3.01 
17. 0.058 
19. $476.89 
21. $84,000 

Chapter VIII. Page 289 
Self-Test: 

1. 19 

2. 69 

3. 16 

4. 32/125 

5. 2,062/125 

6 . 255/128 

7. 1/2 "- 1 

8 . 2 


23. $3,400, $31,900 
25. 2 A miles 
27. 49,500 yd 
29. 24.64%; 9,348,000 

31. 7.45 yr 

32. (a) 86,706.04 (c) 8.58 yT 


9. 5.98 
10 . 126py 
11, 12. 5.013 
13, 14. 8300.25 
15, 16. 25 yr 
17, 18. 1.0025% 
19, 20. S672.16 


Section 94. Page 291 
Problems: 


, R(1 + i) n - 1 

1 .0= - 

l 

7. Px = nEJv" 

3 . S = C - nD 

9. M x = -4.2 

5. 3 

11. M x = P X N X 

. 1 - (1.03)-" 

lo. i = - 

a Hli 


M im + M 2 TI 2 4- • • 

• + MtTIt 

' * Mx+M* + - • 

■ + Mr 

17. h = —— 

1 - V 

31. A 

Xdid.2 

19. n =- 

r<ri<r 2 

33. 7 

6 6 - X 

21 • 1 1 + 2 e 1 ix 

35. 82,000 @1%; 83,000 © 

23. 6 , - 2A ~ M 

h 

37. 66 § lb and 33* lb, respectively 

A\ A 2 

25. A = + + A$ 

V 2 V 

on 2 1 

39. - 5 - 9 - 

2 u — 3t> 

27. w =-— 

u — v + 3 

41. 3y min 

29. lA 
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Section 95. Page 297 


Problems: 


• 

H 

II 

to 

«• 

<C! 

u 

4- 

21 . 

x = 1 , y = 2 

3. P = 300, r = -0.94 

23. 

x = -2, y = 3 

5. x *= 1, y = 2, z =* 3 

25. 

40, 60 

7. X = TT» ?/ = TT> 2 = IT 

27. 

S8.000 assets, §2,000 liabilities 

9. x = 4, y => — 1 

29. 

§21,100 ® 3%, $8,900 ® 3^% 

11. x = 4, y = 4, z = 4 

31. 

§1,650.74 salary, §1,841.90 tax 

13. x = 4, y = -2, z = l 

33. 

§795.18 bonus, §530.12 tax 

15. x = -1, y = 1, 2 = 4 

35. 

§100, 6 months, 9 months 

17. w = 2, 2 = -3 

37. 

Si, 5 sheep; Alf, 7 sheep 

19. x = -2, y = -5 

39. 

A, §1,000; B, §1,500, C, §900 

Section 96. Page 301 



Problems: 



1 . x = — 8 , +1 

9. 

2 ft 

3. x = (3 ± a/5)/2 

11 . 

16.33% 

5. x = 5, 7 

7. 5 in. X 10 in. 

13. 

40 ft X 140 ft 


Section 97. Page 304 
Problem: 

3. $4,493 

Page 305 


Exercises: 


1 . 8 

9. 

4.68 

3. 4.71 

11 . 

1960 

5. 2 

13. 

§l,349.9f 


„ log L — log a , „ 

• • n = -;-h 1 

log r 


Chapter IX. Page 312 


Exercises: 


1 . §1,088.20 

13. 

§12,485 

3. §130 cash; §3.67 

15. 

31.7 montns 

5. 0.45 yr 

17. 

209.18 

7. 90 days hence 

19. 

104.4 days 

9. 51.1% 

21 . 

5.27 yr 


11. 1.64% 

23. (a) S477.68, Sl,014 (6) 34 days hence 
25. 6 qts 
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27. 20 sheep, 18 pigs, 6 cows 

29. (a) x = 15, y = 9 (c) x = 150, y = 5 (e) x = 16, y = 


31- 6.6 yr 37. S586.15 

33. $3,654.43 39. 8.8 yr 

35. $13,590.33 


Chapter IX. Page 315 

Self-Test: 

1 . 12.2 yr 

2. S2,668.04 

3. 2.44 yr hence 

4. 15f lb @ $1.80, 9f lb ® $1 

5. 2.02 


Section 99. Page 320 

Problems: 

1 . 6 
3. 24 
5. 7, 60, n 
7. 120 
9. 60 
11 . 1,260 


6 . x = 3, y = 5 

7. T = 2.5, 3 

8 . SI,530.34 

9. 12 




Pr 

1 - (1 + r)~" 


13. 60 

15. 2,450,448 
17. 210 
19. 22,308 
21. 66 
23. 81,796 


Section 100. Page 323 

Problems: 

1. 5/8 
3. 4/9 
5. 1/3 


7. 8/25 
9. False 
11 . 1/2 


Page 326 
1. 0.99712 



5. 0.99065 


Section 101. Page 328 
Problems: 

1. S2,916.67 
3. SI,402.16 
5. SO.25 
7. $426.72 


7. 0.40124 
9. 0.029 
11. 0.002 


9. S990.39 
11. $0.04 
13. $3,750 
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Section 102. Page 330 
Problems: 

1. 1/8 
3. 0.058 

Page 332 

1. 0.002 
3. 3/10, 9/25 

Page 333 

1. 5/18 
3. 11/20 
5. 1/2 


5. 1/64 
7. §1,178.27 


5. 0.0179 


7. 0.907 
9. 5/7 


Section 104. Page 339 
Problems: 

1. (a) 0.3125 (6) 0.6875 (c) 0.875 

3. (a) 1; 0.913 (6) 3.6; 0.6 (c) 3; 1.225 ( d) if; 1.146 

5.0.008 7. 0.081; 0.0005 

Section 105. Page 346 
Problems: 

1. (a) 0.3413 (c) 0.4773 (e) 0.6826 (g) 0.1934 (i) 0.3669 

2. (a) 0.207 (c) 0.666 5. 27 

3. 0.034 7. 10.12 

9. (a) About 151 (6) About 135 (c) About 69 (d) S0.80-S0.94 

Section 106. Page 352 
Problems: 

1. 0.067; no 5. Yes; t = 2.33 


3. 0.002 

Chapter X, Page 353 



Self-Test: 

1 . 120 

6 . 

1/18 

2. 1,140 

7. 

8/27 

3. 1/(47).* 

8 . 

About 34 

4. 0.933 

9. 

96.1-143.9 

5. 0.999 

10 . 

Yes; t = —5 
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A 

Absolute value, 50, 109 
Addition, 1, 51 
check in, 35 
methods of, 1 
of algebraic fractions, 185 
of common fractions, 16 
of decimals, 23 
of like terms, 54 
of logarithms, 222 
of polynomials, 181 
rules of, 52 
Algebra, 45, 181 

fundamental assumptions of, 50 
meaning of, 45 
Algebraic operations, 45, 181 
Amortization, 276 
Amount, compound, 256 
table, 381 
Amount, net, 137 
Amount at simple interest, 152 
Amount of Ordinary annuity, 269 
table, 397 
Annuities, 269 
amount of, 269 
table, 397 

present value of, 273 
table, 405 

Antilogarithm, 218 
Approximate numbers, 28 
operations with, 31 
Approximate time, 156 
Arithmetic mean, 94 
Arithmetic operations, 1 
Arithmetic series, 240 
application of, 244 
formula for last term of, 241 
formula for sum of, 242 
Associative laws, 50 
Asymptote, 342 
Average, the, 94 


Average deviation, 107 
formulas for, 109 
Average due date, 313 
Axes, coordinate, 203 

B 

Bank discount, 163 
Bank discount rate corresponding to 
interest rate, 168 
Bar graph, 84 
Base: 

in index numbers, 119 
in logarithms, 212 
in percentage, 127 
in taxation, 140 
Binomial, 46 
cube of, 281 
product of, 183 
square of, 183, 281 
Binomial distribution, 335 
Binomial formula, 280 
Braces, 56 
Brackets, 56 

c 

Cancellation, 16 
Carrying charge, 171 
Casting out nines, 35 
Central tendency, 94 
mean, 94 
median, 101 
mode, 105 

Characteristics of a logarithm, 213 
negative, 215 
rules of, 215 
Charts, 81, 84 
histogram, 92 
logarithmic, 232 
Checking computations, 35, 
casting out nines, 35 
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INDEX 


Class intervals, 88 
limits of, 88 
Class marks, 89 
Coefficient, 46 
Coordinate axes, 203 
Coordinates of a point, 204 
Combinations, 318 
Commission, 134 
Commutative laws, 50 
Compound amount, 256 
formula for, 258 
table, 381 

use of table of, 260 
Compound interest, 256 
Compound interest law, 304 
Computations, checking, 35 
Constant, 202 
Continuous variable, 90 
Conversion period, 260 
Coordinates, 204 
Cost, profit on, 142 
Cube root, 191 
Current ratio, 74 
Curve, normal, 341 
table, 415 

D 

Data, presentation of, 81 
Date of maturity, 162, 164 
Debts: 

accumulated, 311 
discounted, 311 
settlement of, 310 
Decimal point in division, 26 
Decimals, 23 

addition and subtraction of, 23 
division of, 26 
multiplication of, 25 
rounding off of, 25, 30 
Denominator, 15, 185, 196 
Dependent events, 329 
Dependent variable, 83, 202 
Deviation, 98, 108 
average, 107 
from mean, 98 
quartile, 117 
standard, 111 
Discount, 136 
bank, 163 
cash, 136 
date of, 165 


Discount ( cant .): 
single equivalent, 137 
successive, or chain, 137 
trade, 137 
true, 161 

Discounting debts, 311 
Discount rate corresponding to inter¬ 
est rate, 168 
Discrete variable, 90 
Dispersion, 107 

average deviation, 107 
point measures of, 116 
standard deviation, 111 
Distribution, frequency, 88 
binomial, 335 
normal, 340 
•probability, 334 
Distributive law, 51 
Dividend, 9 
Division, 9, 67 
by means of logarithms, 225 
check in, 37 
of decimals, 26 
of fractions, 20, 188 
of numbers, 9 
rules for signs of, 67 
Divisor, 9, 12 

greatest common, 12 

E 

e (the number), 285 
Effective rate, 267 
Equations, 46, 68 
conditional, 46 
exponential, 197, 302 
linear, 68, 290 

steps in solving, 70 
quadratic, 300 
simultaneous, 294 
Equations of value, 305 
Error, 29 

normal curve of, 342 
probable, 345 
Estimation, 347 
Events: 
dependent, 329 
independent, 329 
mutually exclusive, 329 
Exact numbers, 29 
Exact simple interest, 155 
Exact time, 156 
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Exact time ( cont.): 

table for finding, 156 
Excise tax, 142 
Expectation, 327 
Exponential equations, 302 
Exponents, 60, 190 
fractional, 190 
integral, 60 
laws for, 190 
negative, 193 

operations with, 61, 195, 197 
zero, 192 

F 

Face value, 162 
Factorial, 319 
Factoring, 10, 46, 66 , 184 
Factors, prime, 10 
First degree equations, 68 , 290 
Formula graphs, 201 
Fractional exponents, 190 
Fractions, 15 

addition and subtraction of, 16, 185 
changing, to decimals and per cents, 
127 

complex, 21 
division of, 20 , 188 
improper, 15 
multiplication of, 19, 188 
proper, 15 
rational, 49 

Frequency curve, normal, 341 
Frequency distribution, 88 
Frequency polygon, 92 
Frequency table, 89 
Function, 202 

G 

Geometric series, 247 
formula for last term of, 248 
formula for sum of, 250, 253 
Graphs, 83, 201 
bar, 84 
formula, 201 
line, 83 

logarithmic, 232 
Greatest common divisor, 12 
Gross cost, 143 
Gross profit, 143 


H 

Histogram, 92, 341 

I 

Income tax, 140 
Identity, 46 

Independent events, 329 
Independent variable, 83, 202 
Index numbers, 119 
Infinite series, 253, 282 
Installment buying, 171 
Integers, 49 
Integral exponents, 60 
Interest, compound, 256 
compound amount under, 256 
conversion period under, 260 
Interest, simple, 152 

and the application of arithmetic 
series, 245 
formula for, 152 
ordinary and exact, 155 
Interest rate corresponding to dis¬ 
count rate, 168 
in installment buying, 171 
Interpolation, 219, 202 

L 

Least common denominator, 14, 185 
Least common multiple, 14 
Limits of class intervals, 88 
Linear equations, 68 , 290 
Line graphs, 83 
Logarithmic graphs, 232 
Logarithms, 210 
base of, 212 
characteristics of, 213 
rules of, 215 
computations with, 222 
finding the number corresponding 
to, 218 

interpolation of, 219 
mantissa of, 213 
meaning of, 210 
of a number, 217 
outline of solution, 232 
table, 357 

Loss and profit, 142 

M 

Mantissa, 213 
Markdown, 146 
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Marked price, 143 
Markup, 144 
Maturity date, 162, 164 
Maturity value, 163 
Mean, arithmetic, 94 
deviations from, 98 
formulas for, 94, 95, 99 
of binomial distribution, 338 
short-cut method of calculating, 98 
Measures of central tendency, 94 
Measures of dispersion, 107 
Median, 101 
from grouped data, 102 
Merchandise turnover, 74 
Merchants’ Rule, 175 
Modal group, 106 
Mode, 105 
Monomial, 46 

Mortality, Commissioners 1941 
Standard Ordinary, 325 
table, 413 

Multiple, least common, 14 
Multiplication, 7, 64 

by means of logarithms, 222 
check in, 36 
of decimals, 25 
of fractions, 19, 188 
of polynomials, 183 
rules for signs of, 65 
short cuts in, 7 

Mutually exclusive events, 329 

N 

Negative characteristics of logarithms, 
215 

Negative exponents, 193 
Negative numbers, 49 
Net amount, 137 
Net cost and selling price, 143 
Net proceeds, 134 
Nominal rate, 267 
Normal distribution, 340 
table, 415 

Note, promissory, 162 
face of, 162 
maturity value of, 162 
term of, 162 
Numbers, 1, 

absolute value of, 50 
approximate, 28 
exact. 29 


Numbers ( cont .): 

finding the logarithm of, 217 

index, 119 

mixed, 15 

negative, 49 

positive, 49 

rational and irrational, 49 
rounding off of, 30 
Numerator, 15 

o 

Operations, order of, 54 
Operations with exponents and radi¬ 
cals, 195, 

Ordinary annuity, 269 
Ordinary simple interest, 155 
Organic growth and decay, 304 

P 

Parentheses, 56 
Partial payments, 175 
Payments, installment, 173 
Percentage, 126 

applications of in business, 134 
base, rate, and percentage in, 127 
changing into fractions and deci¬ 
mals, 128 

formulas for, 130, 131, 133 
meaning of, 126 
of profit, 142 
types of problems in, 129 
Percentiles, 117 
Permutations, 318 
Point measures of dispersion, 116 
Points, 204 

Polygon, frequency, 92 
Polynomials, 46 

addition and subtraction of, 181 
factoring of, 184 
multiplication of, 183 
square of, 183 
Positive numbers, 49 
Powers: 

by means of logarithms, 228 
by means of tables, 195 
table, 377 
Present value, 159 

at compound interest, 265 
at simple interest, 159 
formulas for, 159, 265 
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Present value (cont.): 
of ordinary annuity, 273 
table, 405 
table, 389 
Prime number, 10 
Principal, 152 
Probability, 321 
empirical, 324 
mathematical, 322 
Probability curve, 341 
Probability distributions, 334 
Probability laws, 329 
Probable error, 345 
Proceeds, 134, 164 
Product, 7, 19, 25, 64, 183 
Profit and loss, 142 
Progressions, 240 
arithmetic, 240 

simple interest and the applica¬ 
tion of, 245 
geometric, 247 
infinite, 253 
Property tax, 141 
Proportion, 74 

Q 

Quadratic equations, 300 
methods of solving, 301 
Quadratic formula, 301 
Quartile deviation, 117 
Quotient, 9 

R 

Radicals, 191 
operations with, 195 
Radicand, 191 
Range, the, 117 
Rate, 152 

by interpolation, 262 
effective, 267 

in compound interest, 258 
in installment buying, 171 
in percentage, 127 
nominal, 267 
of discount, 136, 164 
of profit or loss, 142 
per period, 258 
simple interest, 152 
Rates, corresponding, 168, 170 
Ratio, 72 

in geometric progressions, 248 
inverse, 73 


Real number system, 50 
Rediscount, 166 
Remainder, 9 
Roots of a number, 191 

by means of logarithms, 230 
by use of tables, 195 
square, 198 
table, 377 

Rounding off a number, 25, 30 

s 

Sales tax, 142 
Sampling, 347 

Self-tests, 42, 79, 124, 150, 180, 208, 
238, 289, 315, 353 
Selling price, profit on, 143 
Semilogarithmic graph paper, 234 
Short-cut method of calculating the 
arithmetic mean, 98 
Significant figures, 29 
Signs, 187 

Simple equations, 68 
Simple interest, 152 
Simultaneous equations, 294 
Single-equivalent discount, 137 
Sinking funds, 276 
Square of a binomial, 183, 281 
Square root, 198 
Standard deviation, 111 
formulas for, 112, 113, 114 
of binomial distribution, 338 
Standard error, 348 
of a mean, 349 
of a proportion, 349 
Standard unit, 343 
Statistics, 81, 317 
Subtraction, 4, 53 
check in, 36 
methods of, 4 
of algebraic fractions, 185 
of common fractions, 16 
of decimals, 23 
of like terms, 54 
of polynomials, 181 
rules of, 54 

Successive discounts, 137 
formula for, 138 
Summation symbol (2), 95 
Symbols of grouping, 56 
rules for, 58 
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Tables, 357-417 
Taxation, 140 
Term of an expression, 46 
Term of a note, 164 
Term of discount, 165 
Time, approximate and exact, 156 
finding, in compound interest, 259 
by interpolation, 262 
Trade discount, 137 
True discount, 161 
Types of percentage problems, 129 


Value: 

absolute, 50, 109 
equations of, 305 
face, 162 
maturity, 163 
of an expectation, 327 
present, 159 
table, 389 
Variable, 89, 202 
Vinculum, 56 


u 

Unbiased estimate, 348 
Unit, standard, 343 
United States Rule, 175 


z 

Zero in operations, 51 
Zero exponent, 192 





